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TO THE READER. 



TH£ inconveoience ariiing from the great 
fcarcity of former editions of Sir Ifaac Newton's 
Principia, and System of the World, added to 

the exorbitant prices churged for them when to be 
met with, determined the Editor to midertake a 
New Edition of tliole Works ; and he is imprefled 
with confidence, that no other apology will be 
thought neceffary, at a time when Mathematics is 
become a fafhiunable fcience, and is looked upon as 
« a necefiary acquilition in the polite world. 

In cpmpliance witli the folicitations of feveral 
refpeflable Mathematicianb, to this Edition is added 

Mr. W. Emerfon's much admired Combient, and 
Defence of Sir Ifaac Newton's FiiiNciFiA, thereby 
rendering the Work more eafy of comprehenlion to 
ftudents, and others^ not fully acquainted with the 
higher branches of Mathematics ; and the Editor is 
not without hope that the whole will be found gene- 
rally corre£l m-pejifection he has not yet thought 
of afpiring to, 

W, DAVIS, 
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to 

SIR HANS SLOANE, BART. 

OF TUB 

College of Phji/icianSf 

AND or 

THE ROTAL SOCIETY. 

SIR, 

The gencmis 2eal yoti always Haew for what- 
ever tends to the progrefs and advancement of 

Learning, both demands and receives the univerfal 
acknowledgments of all who profefs or value its fe- 
veral branches. 

They juftly admire, that, am id It a clofe attendance 
on tlie cares of your profeffion, in which you now 
fill the moft honourable feat, you are indefatigal ily 
promoting the improvement of natural knoM ledge, 
by carrying on fome laudable deiigns of your own, 
by affifting and encouraging others, and by adding 
new ftores to that immenfe trcafure, aheady brought 
into your extenfive colleflion, of whatever is rare 
and valuable in nature or art. 

Your beneficent difpofition to countenance and 
favour Science and Literature has procured you 
the efteem of the Learned over all the world ; and 
has induced a body of men, the mod eminent for 
their (kill and diligence in all ufeful enquiries, and 
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Vlll DEDICATION. 

in purfuing difcoveries for the public good, to make 
choice of you, to fupply the place of him whofe 
name will be an everlaiting honour to our age and 
nation. 

To whom, therefore, but to you, fhould I offer to 

infcribe the tratiflation of the moft celebrated Work 
of your illuftrious piedeceUbr ? which, on account 
of its incomparable author, and from the dignity of 
the fubjeft, claims and cicfcrves your acceptance, 
even though it palicd through my hands : a lefe va» 
luable piece I fliould not have prefumed to prefent 
you with. lam, with the greateft refpeft, 

SIR, 

Your moft obedient, and 

Moil humble iervant, 

Andrew Motte. 
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AUTHOR'S PREFACE. 



Since the antientB (as we are told bj Pappus) made 
great account of the fclence of mecliaDics in the invefligation 
of natural things ; and the moderns^ laying afide fubfiantial 

forms and occult qualities, have endeavoured to fubjedl the 
phcenoiiic iia of nature to llic laws of mathematics, I have in 
tjiis treuLiic cultivated matbcmatics to iar as il regards phiio- 
fophy. The antients confidered mechanics in a twofold re^ 
fpe6t; as rational^ which proceeds accurately by den)on* 
firatton ; and pra^Ueah To pra^cal mecbaoics all Uie ma* 
noal arts belong, from which mechanics took its name. But, 
as artificers do not work with perfedl accuracy, it comes to 
pafs that mechanics is fo diflinguiQicd tVom geometry, that 
what IS perfedij accurate is called geometrical ; what is lefs 
foj is called mechanical. But the errors are not in the art» 
but in the artificers. He that works with lefs accuracy is an 
\mperk£t mechanic ; and if any could work with perfeft ao* 
curacy, he would be the moft perfe^ mechanic of all ; for 
the defcri[)Lioii of right lines and circles, upon uliich geo- 
metry is founded, belongs to mechanics. GeonieUy docs not 
teach us to draw thcle lines^ but requires them to be drawn ; 
- for it requires that the learner (houid &rft be taught to de^ 
fcribe thefe accurately, before be enters upon geometry; then 
it fliews how by thefe operations problems may be folved. To 
defcribe right lines and circles are problems, but not geom 
metrical problems. The folution of thefe problems is required 
from mechanics ; and by geometry the ule of them, when i'o 
folved, is ihewn ; and it is the glory of geometry that froo^ 
thoie lew principles^ fetched from without, it is able to pro- 
duce ib many things* Therefore- geometry is founded in me^ 
chanical practice, and is nothing but that part of univerfal 
mechanics which accurately propofes and demonftrates the 
^rt of meafuring. But iioce the manual arts are chieilj^ 
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X TQE author's preface* 

coiiT^rfant in the moving of bodies^ it comes to pa& that 
geometry is commonly reigned to their magnitodet, and i^e- 
dhaoics to their motion. In this fenfe rational mechanics 

will be the fcience of m6tLons refultiiig from any forces 
whatfoever, and of the forces required to produce any motions, 
'accurately propofed and demonftrated. This part of me- 
chanics was cultivated by the antieots in the five pwers 
^bich relate to manual, arts, who confidered gravity (it not 
being a manual power) nootherwife than as it moved weights 
by thofe powers. Our defign- not refpe^ling arts, but philo- 
fophy, and our fubjecl not manual but natural powers, we 
; confider chiefly thoie things which relate to gravity, levity, 
elailic force, the rehilance of fluids, and the like forces, 
• whether attra6live or impuliivc ; arid therefore we offer this 
I work as mathematical principles of philofophy; for all the 
^difficulty of philofopby feems to confift in this— from the 
phaenomena of motions to inveftigate the forces of nature, 
,and then from thcfe forces to demoiiiuate the other phaeno- 
mena; and to this tad the general propofitions in the firfl 
land fecond book are dire<51:ed. In the third hook we give an 
(example of this in the explication of the Syftem of the World;*. 
I for by the propofitions mathematically demonftrated in the 
\ firft book, we there derive from the celefiial phaenomena the 
. forces of gravity with which bodies tend to the I'un and the 
feveral planets. Then from thefe Forces, by other propofi- 
tions which are alfo mathematical, ^e deduce the motions 
of the planets, the comets, the moon, and the fea, I wiih 
we could derive the reft of the phsn^mena of nature- by the 
fame kind of reafoning from mechanical principles; for lam 
induced by many reafons to fufpe<Sl that they may all depend 
upun certain farces by which the particles of bodies, by fome 
caufes hitherto unknown, are either mutually impelled to- 
wards each other, and cohere in regular figures, or a^e repeW 
Jed and recede from each other; which forces being unknown^ 
philofophers have hitherto attempted the fearch of nature iq 
vain; butyl hope the principles here laid down wiU aftbrd 
fp(i^^ light either to thai ui i'ume Uut^r method ul phiioiophy, 
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la ^ piiblicatkNi of tht» Work die moft acute and oiiimi* 
rally learned Mr. Edmrntd Halley not only affifted Die witlt 

his pains .in corre(5ling the prel's and taking care of the 
fcheraes^ bnl it was to his folicilations thai its becoming pub- 
lic is owing; for when be had obtained ot mc my demon* 
^rations of the fignre of the eelefiiai orbita, he oontittaally 
preflRkl me to commnoicate the fame to the JSojyai Society, 
who afterwards, by their kind enoonragement and entreaties, 
engaged me to think of publifhing them. But after i had 
begim to confider the inequalities of the lunar nujlions, and 
bad entered upon fome other things relating to the laws and 
meafures of gravity, and other forces; and the figoves that, 
would be defcribed by bodies attra6M according to giYeii 
laws; and the notion of fereral bodies' moving among 
ihemfelves ; the motion of bodies in refifting mediums ; thd 
forces, dcnfities, and motions, of meduans; the orbiU of the 
comets, and fuchlike; I put off that publication till T had 
made a fearch into thofe matters, and could put out tiie whole 
together. What relates to the lunar motions (being impeiy 
fe^) I have put all together in the corollaries of prop, 66, to 
avoid being obliged to propofe and diftin^tly demonftrate the 
feveral things there contained in a method more prolix than 
the fubje<Sl deHirved, and inlcrnipt the feries oi' the feveral 
. propofitions. Some tilings, found out after the reft, 1 chofe 
to infert in places Icik fuitable, rather than change the num- 
ber of the proportions and the citations. I heartily beg 
that what I have here done may be rea^ with candour ; and 
that the defe^ I have been guilty of upon this difficult fob- 
jeift maybe not fomuch reprehended as kindly lupplied, and 
inveiligated by new endeavours of my readers. 



ISAAC NEWTON. 



May 8, 1686. 



In the fecond edition the fecond fe<5lion of the firft book 
was enlaiged. In the feventh fedlion of the fecond book 
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Ifae theory of the lefiftances offloids was more aGcnrately 
inyeftigated^ and confirmed by new experimentfl. In the 

third book the moon's theory and the praeceflion of the equU 
noxeswere mo)e fully deduced from their principles; and the 
theory of the comets was coohrmed by more examples of the 
cakulation of their orbits, done alfo with greater accuracy. 
, In this third edition the reiii3»nce of mediums is fome- 
what more laigdy handled than before ; and new experiments 
of the reliftance of heavy bodies falling in air are added. 
In the third book, the argument to prove that the moon is 
retained in its orbit by the force of gravity is enlarged on ; and 
there are added new obfervations of Mr. Pound^s of the pro-^ 
portion of the diameters of JupUcr to each other : there are« 
befides, i|dded Mr* KirAf's obfervations of the comet in l680| 
tl^e orbit of that comet computed in an ellipfis by Dr. Halhy ; 
ead the orbit gi the co^ie^ \i\ il'l^j computed b^- Mr. Jjradk^^ 
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THE . 

PREFACE 

OF 

JRf JR. ROGER COTES, 

TO TBI *' 

SECOND EDITION OF TBIS WQKK, 

*0 ?AR AS IT RELATES TO THE INVENTIONS AKD DISCO- ' 
V£RI£S THEREIN CONTAINSP. 



IP* 

JL HOSE who have treated of natural philofophy may 
l>e nearly reduced to three claifes. Of thefe, fome have 
attributed to the ieveraJ fpecies of things fpecific and occult 
qualitiesion whicfa» in a manaer unknown^ they make the 
operations of the feverai bodies to depend. The fam of the 
do<5lrineof the fchools derived fioia xlrijiotlc and the Peripa- 
tetics is herein contained. They affirm that the feveral 
^iTeifts of bodies arife froiii the particular natures of thoie 

« 

bodies; but whence it is that bodies derive thofe natures 
they do not tdi us^ and therefore they tdl us nothing* And 
being entirely employed in giving names to things^ and not 
in ilearching into things themfelves^ we may I'ay^ that they 
have invented a philofophiqal way of fpeaking^ but not that 
they have made known to us true philofophy. 

Others, therefore, by laying afide that ulelefs heap of words^ 
thought to employ their pains to better purpofe, Thefe fup- 
poTed all matter homogeneous^ and that the variety of forms 
which is feen in bodies arifes from fome very plain and fimple 
affedions of the component particles ; and by soing on from 
fimple things to thofe which are niurc couipuuiKied, they 
certainly proceed right, if they attribute no other properties 
to thofe primary affediions of the particles than nature has 
done* But when they take a liberty of imagining at pleafure 
unknown figures and magnitudes^ and unceftam fituations 
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X\y MR. COTES'S PR£JFAC£. 

and motions of the parts; and> moreover^ of fuppofing 
occalt flnids^ fieely parvading the pdres of bodies^ endued 
mth an all-peribnning fublHty^ and totaled with occult 

motions; they now run out into dreams and chimeras, and 
iiegl€<5l the true conftitutioii of things; which certainly is not 
to be expe^ed from fallacious conjedlures, when we can 
fcarcely reach it by the moft certain obfervalions. Thofe 
who fetch fi^m hypothefes the foundation on whidh thejp 
bqild their fpeculaUons, nay form^ indeed, ao^ln^^ou* 
romance , but a romance it will ftill be. 

There is left, then, the third clafs, which profefs experi- 
mental phiiofophy. Thefe, indeed, derive the caufes of ali 
things from the moft Umple principles poflible; but, then, 
they aiTuiKie nothing as a principle that is qot proved by . 
pbeeqomena. They frame no hypothefes, nor recdve them, 
into phiiofophy otherwife' than as queftlons whofe truth may 
be difpuled. They proceed, therefore, in a twofold method, 
fynthelical and analytical. From fome fe1e<5l phaenomena 
they deduce by aualyiis the forces of nature, and the more 
iimple laws of forces; and from thence by iynthefis (hew 
. the ^nftitution of the reft. This is that incomparably beft 
way of philofophizing which our renowned author moft juftly' 
embraced before the reft, and thought alone worthy to be 
cultivated and adorned by his excellent labours. Of this he 
has given us a moft illuftrious example by the explication of 
the Syftem of the World, moft happily deduced from the 
theory of gravity. That the virtue of gravity was fomid iv 
all bodies, otheia fufpeded or imagined before him; but he 
was the only and the firft. philofopher diat could demonftrate 
it from appearances, and make it a ibiid foundaliuii tp thtt 
moft noble fpcculations. 

1 know, iudeed, that fome perfons, and thofe of great 
name, too much prepoiTefled with certain prejudices, ate un- 
willing to alTent to this new principle, and are ready to pre- 
fer uncertain notions to certain. It is not 'my intention to 
detract from llie reputation- of tlicfc eminent men; I iliall 
only lay before the reader fucli confiderations as wiH enable 
him to pafs an equitable ientence in this difpute* ' 
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Therefore, that we may begin onr reafoDing from what 
h moft Ample and oeaieft to let us confider k little what 
is thenatore of gravity with us on earthy that we may proceed 
the more fafely wheit we come to confider it in the heaTenljr 

bodies tliiit lie aL fo vaft a diftance from us. It is now 
agreed by all pliiiolbpliers, that all circunitcrreftrinl bodies 
gravitate towards the earth. That no bodies really light are 
to be found; is now confirmed by manifold ex|)^iibode. That 
^which is relative leVity is not true levity^ hat appaftfnl oiify ; 
and ariies from the preponderating gravity of th^ cbbtiguoiiji 
bodies. 

Moreover, as all bodies gravitate toward.^ the earth, fo does 
the earth a^nin towards bodies. That the a^lion of gravity 
is mutual, and equal on both tides, is thus proved. Let the 
mafs of the earth be difiiagaifhed into any two parts whatever, 
either equal, or any how uneqttal : now, if the heights of the 
parts towards each other wer^ tfot mutually equal, the leffer 
weight' wdiild give Way to the greater, and the tWo parts 
joined together would move on a<?tw/fmVwm in a right line 
towards that part to which the greater weight tends ; al- 
together againft experience. Therefore, we maft fay, that 
the weights of the parts are confiituted in ^uHibrio; that 
ii, that the ^oh of grinrity isiiintnal ahd eqdal ^n both ^des. 

Hie weights of bodies, at equal diftancei from ihecentf^ 
of the earth, are as the quantities of matter in the bodies. 
This iscolle€led from the equal acceleration of all bodies that 
fall from aftate of reft by the force of their weights; for the 
forc^ by which unequal bodies are equally accelerated muil 
he proportional to the quantities of the matter to be moved. 
Now, that all bodies are in falling equally acdef^rated, appears 
' from hetfce>^that when the refinance of the a?r is taken away, 
as it is under an exhaufled receiver, bodies falling defer i be 
equal ipaces iii equal times; and this is yet more accurately 
proved by the experiments of pendulums. 

The {^tti'aiSiive forces of bodies at equal diflances are as the 
quantities of matter* iir the bodies; forfince bodies gravitate 
towards Ae earth, and the clarth again towaifds bodies with 
equal momeirts, the weight' of the earth towaids every body^ 
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or the force with which the body atLra6ls the earlb, will be 
equal to the weight ot the fame body towards the earth* But 
this weight was ihewn to be as the quantity of matter in the 
, body; and therefore the ibrce with which every body aitrads 
the earthy or the abfolute force of the body^ will be aa the 
fame quantity of matter. 

Therefore the attractive force of the entire bodies arifes 
from, and is compounded of, the attractive forces of the parts; 
becaufe, as was juil fhewii, if the bulk of the matter be aug« 
mented or diminifhed, its virtue is proporllonably aug* , ' 
mented of diminiihed. We muft, therefore^ conclude that 
the a^ion of the earth is compounded of the united a^ons of 
its parts ; and therefore that all terreflrial bodies muft attradl 
each other mutually, with abfolute forces that are as the 
matter attradling. This is the nature of gravity upon earth : 
let us now fee what it is in the heavens. 

That every body perfeveres in its (late either of reftj or of 
moving aniformly in a right line, unleis in fo far as it is com-, 
pelled to change that fiate by forces impreifed, is a law of 
nature univerlally received by all philoi'upliers. But iroiu 
thence it foilows^ that bodies which luove in curve lines^ and 
are therefore continually going oil from the right lines that 
are tangents to thdr orbits, arc by fome continued force 
retained in thofe curvilinear paths* Since, then, the planets 
move in curvilinear orbits^ there muft be fome force operating, 
by whofe repeated actions they are perpetually made to de- 
fledl from the tangents. 

Now it is collected l y' mathematical reafoning, and evi- 
dently demonftrated, that all bodies that move in any curve 
line defcribed in a plane, and which, by a radius drawn to 
any point, whe&er quiefcent, or any how moved, defcribe 
areas about that point proporUonal to the times, are urged 
Ly forces directed touaidi that puiut. l liib muft, therefore, 
be granted. Since, then, all aftrouomcrs agree that the 
primai'y planets defcribe .a^iout the fuo^ and the fecondary' 
about the primary, areas proportional to the times, it follows 
that the forces by which tbey are perpetually tnmed afide from 
the reftilinear tangents, and made to revolve in curvilinear 
orbits, ar^ diredled towards the bodies that are fituate in the 
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centres of the orbits. This force may, thereforey not impto- 
p«riy be called centripetal, ia refpedl of the rcvolviog body | 
aod in selpe& of ibe central body, aUradlivei; whatevtr, 
Ciuife it may be imagined to arife from. 

' But, befidesy thefe things moft be alfo granted as bei^g 
mathematically demonftrated. If leveral bodies revolve 
with an equable motion in concentric circles, and the l^uarcs 
. of the periodic times are aa the cubes of the dillances &om. 
the common centre,* the centripetal forces will be recipro- 
cally as the iqnares of the diilances. Or, if bodies revolve, ia , 
orbits that are very near to circles, and the apfides of the, ^ 
orbits reft, the centripetal forces of the revolving bodies will 
be reciprocally as the fquares of the dillances. That both 
thefe cafes hold m all the planets, all aftronomers confent. 
Therefore the centripetal forces of all tlie planets are reci- 
pirocally as the fquares of tlie diftances from the centres of, 
their orbits. If any Ihould obje& that, the apiides of tlie 
planets, and efpecially of the moon, are not perfedlly at refi^. 
but are carried with a flow kind of motion in confequentia, > 
one may give this anfwer;— tliat, though we fliould grant j 
this very ilow motion to arife from lience, that the p!oi)or- 
tion of the centripetal lorce is a little dilfereut from the 
duplicate^ yet tliat wc are able to compute mathematically . 
the quantity of that aberration, and find itperfedlly infenfiblewi 
For the ratio of the lunar centripetal force itfelf, which muil 
be the moft irregular of them all, will be, indeed, a little 
greater than dae duplicate, but will be near iixty times nearer 
to that than it is to the triplicate. But we may give a truer 
anfwer^ by faying, that this progrcflion of the apfides arifes 
not from an aberration from the duplicate proportion, but 
from a cpiite different caufe, as is moft admindily ihewn 
in this philofophy. It^ is certain, then, that the centripetal 
forces with which the primary planets tend to the fun, and 
tlie Iccondary to iheir primary, iiie ugcurately ilie it^uurci 
oi the diftances reciprocally. 

From what has been hitherto faid, it is plain that the 
planets are retained in their orbits by fome force perpetually 
a^g upon them; it is plain that that force is always dire^*^ 
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€d towards the centres of their orhits; it is plaia ihat its effi* 
cacjtsaogmeDted with thenearneft tothecenlie, and dhAiiuOH 
ed with the fame; and that it is augmented in the fame propor- 
tion with which the fqimre of the diftance isdiiniiiiihed, and di- 
minifhed ill the iaine proportion with which the fquare of the dif- 
tance is ougmented. Let us now fee whether, hy making a com- 
parifon between the centripetal forces of the planets and the 
force of gravity, we may not by chance find tbent to be of 
the fame kind. Now they will be of the fame kind, if we find 
on both fides the fame laws, and the fame uffedliona. Let us, 
then, firft confider the centripetal force of the moon, which 
is nearcil to us. 

Tlie redlilinear fpaces, which bodies let fall from reft de« 
fcribe in a given time at the very beginning of the motion, ' 
when ibe bodies are niged by any forces whatfoerer, are 
proportional to the forces. This appears from mathematical 
reafoning. Therefore the centripetal force of the moon re* 
volvuig in its orbit is to the force of gravity at the furface of 
the earth, as the fpace which, in a very fmail particle of 
time, the moon, deprived of all its circular force, and defcend- 
ingby its centripetal force towards the earth, would defcribe, 
is to the fpace which a heavy body would defcribe, ' whea 
falling by the force of its gravity near to the earth, in the 
fame given particle of time. Ttic iiift of thefc fpaces is 
eqnal to the verfed fine of the arc dcfcribed by the moon 
in the fame time, becanfe that verfed fine nieafures the 
tranflation of the moon from the tangent, produced by the 
centripetal force; and therefore may be computed, ^f the 
periodic time of the moon and its diftance from the iJentre 
of the eai tli are given. The laft fpace is found by experi- 
ments of pendulum^, as Mr. Hitygais has fhewn. Therefore, 
by making a calculation, we fhall find that the firft fpace is 
to the latter; or the centripetal force of the moon revolving 
in its orbit will be to the fprce of gravity at the fupefficies. 
of the earth as the fquare of the femi-diameter of the earth 
to the fquare of the femi-diameter of the orbit. Bot, by what 
was fhewn before, the very fame ratio holds between the 
centripetal force of the moon revolving in its orbit, and the- ' 
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otntripelal fevce of the mooo near the fiuface •f the tefth^* 

Therefore the centripetal force near the farfaceofthe earth 
is equal to the force of gravity. Tbere^e tbefe are not two 
dilierent forces, but one aud the fame; forrf tbey were dif- 
imoly thefe forces united woald caufe bodies to defcend to 
the earth with twice' the yelocttj they ivoukl fisll with bf' 
the fiNPce of gravity alone. Thefefbre it is plaia that 
the centripetal force, by which the woon is perpetually* 
.eitlxir iiiipcllefl or attra<5led out of the tangent and rc ialned' 
in its orbit, is the very force of terrcftrial gravity reaching up' 
to the mooo. And it is very reafooabie to believe that virtue 
ihoald extend ilfelf to vaft dances, iince upon the tops of 
the higfaeft mornitaios we find no fenllble dinmution of it* 
*M)efefore the moon gravitates towards the earth; hut, on 
the othei hand, the earth by a fflutual a^ion equalU gravi- 
tates towards the moon; which is alfo abundantly eonfirmc ci 
in this phi lolbphy., where the tides in tliefea and the praeccf- 
£on of the equinojdes am treated of, which ariie from the 
a^nhoth of the moon and of the ihn npon the earth. 
Hence^ laftly^ we dticover by what law the force of gravity 
decreafes at great diftancea from the earth; for ilnce gravity 
is no vva^'s d liferent i'vuui tlie moon's centripetal force, and 
this is reciprocally proportional to the fouare of the dillance, 
it follows that it is in that very ratio that the force of gravity 
^ecfcafes. 

Let tts now go on to the reft of the planets. Becanfe the 
vevdntlons of the primary planets about the fao> afid t>f the 

fecondary about Jupiter and Saturn, are phsenomena of the 
fame kind with the revolution of the ntoon about the earth ; 
and becauie it lias been moreover demonflrated that the cen- 
iKipetal forces of the primary planets are direi^ied towards 
the centi^ of the foo^ and thofe of the* fecondary towards the 
centres of JajHter and Saturn^ in the fame manner as the 
eentripetal force of the moon is direAed towards the centre o^ 
the earth; and linec, befides, all thefe forces arc reciprocally 
• as the fquares ut the diftances irom the centres, in the fame 
manner as the centripetal force of the moon is as the fquare of 
Ihedifinnce fiopi die earth; we muii of coorfe conclude*^ 
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tli&t ihe nature of all is the fame. Therefore as the mofMk* 
gravitates towards the earth, and the earth again towards the 
moon, fo aUb all the fecondary planets will gravitate towards 

theii" piimary, and the piiinarv planets again towards their, 
fecondary; and fo all the primary towards the fuD^ and the 
iiiD agaia towards the primary. 

Therefore the fun gravitates towards all the planets, and all 
the planets towards the fun ; for the fecondary planets, while 
they accompany the primary^ revolve the mean while with the i 
primary about die fun , Therefore, by the fame argument^ the 
planets ot" both kinds gravitate towards the fun, and the fun 
towards them. That the fecondary planets gravitate towards 
the fua is moreover abundantly clear from the inequalities 
of the moon; a moil accurate theory of which, laid open with 
a moft admirable fagacity, we find explained in the third hook' 
of this Work. 

That the attra<5live virtue of the fun is propagated on all fides 
to prodigious diiuuices, ynd is diffufed to every part of the 
wide fpaee that furrounds it, is mofk evidently ihewn by the 
motion of the comets, which, coming from places immenieiy 
difiant from the fun, approach very near to it; and fomettmesfo 
near, that in their perihelia- they almoft touch its body. The 
theory of thefe bodies was altogether unknown to altronomers,- 
till in our own times our excelleiil author moil liiippily diicovcr- 
ed ita and dcinonftrated the truth of it by moll certain obierva- 
tions; fo that itib now apparent that the comets move in couic^ 
fe6iions having their foci in the fun's centre, and by radii drawn, 
to the fan defcribe areas proportional to the times. But from- 
thefe phenomena it is manifeft, and mathematically demon- 
iirated, that thofe forces, by which the comets are retained in 
their orbits, rei'pcct the iau, utid are reciprocally proportional to 
the fcjuares oi' the diihuices from its centre. Tbciefore the 
comets gravitate towards the fun ; and therefore the attrac- 
tive force of the fun not only a^ on, the bodies of the planets 
placed at given difianoes, and very nearly in the fame plane, 
but reaches alfo to the comets in the moil different parts of the 
keavensj and at the mofc different diftances. This, therefore, 
is the nalurt^ of gravitating bodies to propagate their force 




Digitized by 



MR. coteb's preface. ^xI 
rI id dift«iecs to rH other graTitRting bodi^ But from 

thence it follows that all the planets and comets attract «ack 
other mutiuilly, and gravitate mutually towards each other; 
which is alio confirmed by the perturbation of Jupiter and 
Saturn, obferved by ailronomers, which is caufed by the mu- 

. tual anions of thefe two planets upon each other; as alAi 
Irotti that veiy flow motion of the apiides above taken notieo 

. of, and whieh ariles from a like caufe. 
• We have now proceeded fo far as to fhevv tliat it muft be 
ackuowiedged that the fun, and the earth, and all the hea- 
venly bodies attending the fun, attra(5l each other mutually. 
Therefore all the leail particles of fuatter in ever}' one muft 
have their feveral attra^ive forces^ whofe effedit is as their 
qoantity of matter; as was {hewn aboye of the terreftrial par- 
ticles, Ai diflerent diftances thefe forces will be alfo in the 
duplicate ratio of the diilances reciprocally; for it is mathe- 
maticalJy demonftrated that particles attracting according to 
this law lyiii compule globes attra<^ting according to the fame 
Jaw. 

Th^ ibregoing conckfions are grounded on this axiom^ 
which is ffeeeived by all philofopfaers; namely* that effis6b of 
the fame kind, that is, whofe known properties are the fame, 
take their rile from the iauie caufes, and have the fame un- 
known properties alfo ; for who doubl.->, li gravity be the cautie 
of the defcent of a itone m Europe, but that it is aifo the cauio 
of the fame defcent in America ? If there is a mutoal gra- 
Titalion between a ftone and the earth in Europe, who 'will 
deny the fame to be mntnal in America f If in Europe the 
attra^ve force of a ftone and the earth is compounded of 
the attra6live forces of the part^, who will deny the like com- 
pofition in Atrifrica ^ If in Europt the attradlion of the 
earth be propagated to all kinds of bodies, and to all dt^nces, 
why may it not as well be propagated in like manner in 
Amerkaf All philofophy is founded on this rule; for if 
that be taken away, we can affirm nothing of uniTerfals. 
The conftitution of particular things is known by obfervations 
and expenments ; and when tiiat in duue^ it is by this rule 
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thftl we jadge aaiverfallj of ih« Mtiire of fiich tfaiiKBi hi 
feneral. 

Since, then, all bodies, whether upon earth or in ilie hea- 
vens, are heavy, fo far as we can make any exfjerinumts or 
4>yervations concerning them* we mud oertuiniy aUow tkafc 
gnrrltj b found ia «U bodies uniTerfally ; and in like manlier^ 
, aa m ought not to fnppofe that any bodies can he otbenriCo 
/ I than extended, moveable, or tmpeiietrahle, fo we oogbt not 
/ I to ccmceive that any bodies can be otberwife than heavy. 
The extenlioii, int}lji!Uy, and impenetrability of biidics be- 
come know II by ub only by eiiperiments ; and in the very faxhe 
liuumei- tiieic gravity becomes kn^wn to us. Ail bodies we 
can aaake any obfervatiens npon are extended, moveable,, ancl 
impenetrable; and tbeace we boncinde all bodies, and thofo 
we have no obibrvatkms concerning, to be extended, an4 
moveable, and iirvpenetrable. So all bodies we can make ob- 
fervation> on vvl iiiid to be heavy ; unci thence we conclude 
all bodies, and thofe we have no obfervations of, to be heavy 
alfo* if any one lliould fay that the bodies of the fixed dart 
aie not heavy, becanie their gravity it not yet obfierved^ tbej 
1 msty iay> for the fame reafon, that th^ are neither extended, 
I nor moveable, nor im penetrab1e,becaafe thefe alEedtions of the 
I txctl liars are not yet obrcrvcd. in l]i or t, either gravity mud 
j have a place aiuonir the primary qualities of all bodies, orex- 
' , teniioii, mobility, aud impenetrability, muil iK>t. Aud if the 
nature of things is not rightly explained by the gravity of 
/ I bodies, ii will not be rightly explained by their exien£onj 
1 Viobility, and impenetrahility. 

Some, I know, difapprove tbiscondnlion, and mutter {bme- 
Uiing about occult qualities. They are continually cavilling 
with us, that gravity is an occult property; and occult caviles 
are to be quite baniihed from philofopby. But to this tlie an- 
fwer is eafy: that thofe are, indeed, occult caufes wbofeexid- 
ence is occult ^ and imagined, but not proved ; but not thofe 
whofe real exiftence is clearly deraonilrated by obfervations. 
Therefore gravity can hy no means be called an ocCnlt caofe 
of the cel< Mual niolions,becaufeit is plain from thephaenomena 
that fuch a virtue does really exid. Thole rather have re- 



Digitized by Google 



MB* COTES's PBE^ACJIt ' XXlil 

courfe. to occult caofts^who fet imagiiuiry mtioet^ of a aiatU 
ter entirely fiditipi^^^ mi imperoeptiUe by our fenfes, todirad 

tlioie motions. 

But fhall gravity be therefore called an occult caufe, and 
tbrown out of philofopby, becaufe the caufe of gravity is oc- 
ca% and no( yfit, difcovered ^ Thofe who a&iia this (bould 
be careful not to fall into an abfurdity that may overtiurn tbo 
foandation9 of all philofopl^; for caofes ufe to proceed io m 
continued chain from thofe tW are more compounded tp thole 
• that are more iiaiplc : when we are arrived at the mod (imple 
caiife, we can go no farther. TIu icfore no mechanical ac,-^ 
count or explanation of the molt iitnple caufe is U>> be exped* 
ed or given ; for if it could be given, the caufe were not the 
i^oit fimpk. The 910ft £unple canfea will yo«^ tben» call oc^ « 
cult, and r^ed them ? Then you muit reje6k thofe that inime* 
diately depend upon them^ and thofe which depend upoi^ 
thefe Jalij till phiiorophy is (^uile cleaied aud dUlncuLubered 
of all caufes. 

Some there are who fay that gravity i$ prsBternaUiral, 
itpd call it^a perpetual miiacle ; therefore they would have it 
lejedledi becaufe prntematural caulea have no place in phj^ 
$C8. Itis hardly worth while to fpend time in anfwertog thi% 

ridiculous obje<^ion, which overturns all philofophy; for 
either they will deny gravity to be in bodies, wiiich cannot be 
faid,DreU"e they will therefore call it practernatural, becaufe it 
is not produced by the other affedions of bodieij, and thece^ 
fore not by mechanical caufes. But certainly there are prir 
mary afife^ons of bodies; and thefe, becaufe they are prima* 
ry, have no dependence on th^ others. Let th^ coniidev 
whether all thefe are not in like manner pra&ternatural, and in 
like manner to be rejedled ^ and tiien what kind of phiiufophj^ 
yre are like to have. 

Some there are who diflike this celeilial phyGcs, becaufe it 
cootradi^ the opinions of Defcarta, and .ieems hardly to be 
reconciled with them. Let thefe enjoy their own opinion ; buf 
let ihem a6l fairly, and not deny the fame liberty to us which 
they demand for themlclves. Since tlic Newtonian Pliilofo- 
^h^ aj^jpeafs tfu^ to usj kl havg the hberty to embrace and 
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retftlnit^ and to folbur caufesproved by phaBnomena/ratLcr 
Xhtun Cftufes only imagined, and not yet proved. The buli nef? 
of true philofophy is to derive the natures of things from caufe« 
truly cxiftent; and to enquire aftor thofe laws on which the 
Great Creator adually chofe to found this mod beautiful frame 
of the world; not thofe by which might have done the 
ffime^ had he fo pleafed. it is leafonable enough to fuppole 
lliat, fifom feveiai caufes fomewhat differing from each other, 
the fame effe&. may arife ; but the true canlb will be that from 
i«rliich it Uu\y and actually does arifc : the otliors have no 
place in troe philofophy. The fame motion of the hour-hand 
in.a clock may be occafioned either by a weight bung or a 
iprrog flint up within ; but if a certain clock ihould be really 
moved with a ^ight> we ihould langh at a man that would 
fuppofe it moved by a fpring, and from that principle, fudden- 
ly taken np without farther examination, Hiould iro about to 
explain the motion of the index; for certainly the way he 
ought to have taken Ihould have been actually to look into 
the inward parts of the machine, that he might find the true 
principle of the propofed motion. The like judgment ought 
be made of thofe phtiofophers who will have the heavens 
to be filled with a moft fubtile matter, wliich is perpetually 
carrieti round in vortices; for if they could explain the 
phaenomena ever fo accurately by their hypothefes, we could 
not yet fay that they have difcovcred true philofoph}', and the 
true caufes of the celeftial motions, unlefs they could either 
demonftrale that thofe caufes do adlaally exill, or, at leaft, 
that no other do exift. Therefore if it bemadeclL iy that 
the attraAion of all bodies is a properly ai^nallv exifting in 
renim naturd, and if it be alfo fliewn how the motions of the 
ceieftial bodies may be foived by that property, it would b0 
leiy impertinent for any one to objedl that thefe motions 
ought to be accounted for by vortices^ ev^n though we (hould 
ever fb much allow fnch an explication of thofe motions fo be 
poffible. Bot we allow no fljch thing; for the phLenoinena^ 
can by no means be accounted for by vortices, as our author 
has abundantly praved from the cleareft reafons. So that 
men mnft be ftrangely fond of chimeras who can fpend their 
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thne fo idly as in patching up a i;kliculoii9 figmanl* and let;* 
ting it off with' neiir oomments of ibieir owa« 

If the bodies of the planets and comets m carried round 

the fun in vortices, the bodi< s io carried, and the parts of the 
vortices next fuiToundiiig them, muft be carried with the fame 
Telocity and the fame dire(^ion> and have the fame jd|wilt/y 
and the faiae iaerHe anfiKering ti» the buUc pf the mattei^ 
But it IS certain the planets and comets^ whan in the veiy 
fatme parts of the heavens, are canried with Wious velocitfei 
and various diredions; therefore it neceffarily follows th# 
thofe parts of the celcftial fluid which are at the fame dif- 
tances from the fun muft revolve at the famje time with dif- 
ferent velocities in diifcrent dire^ions; &>r one kind of veloc^ 
and direction is required ibr the qiotioci of Abe plaQets» jand 
another for that of the comets. But^ iinoe this cavnot he mfr 
^counted for, we muft either fay that all ihe eele^l hodiat 
are not earned about by vortices, or elfe that their motions 
are derived not from one and the fame vortex, but iiuiu ie- 
. vera! diftimSl ones^ which &U and pervade the fpace^ xofind 
about the iiin. 

But ^ leferal vortices ave contained in the fame ipace^ UfX^L 
axe fnppofed to penetrate each other, and to jevolve with di$-' 
fevcnt flcntions, then, becaofe ihefe motions muft agree with 

thofe of the bodies carried about by them, which areperfe6llyre* 
gular, and pci formed in conic feiftions which are fometimesverjr 
eccentric, and Ibmetimes nearly circles, one may reafonably 
afk, how it comes to pais that ihefe vortices remain entire, 
and have foffeied no manner of {terturhation in fo laai^y ag^ 
-from the aAbns of the coafli6ling matter ? Certiaafiliy^ if thejs 
'iS^tioos motioas are moKe oompomided and .more hard .to be 
accounted for than the true motions of the planets and comets, 
it feems to no purpofe to admit them into plnJoiuphy, fince 
every caufe ought to l>e inore limple.^han itis.eftecl. Allowing 
men to indulge their own fancies, fnppafe any manfhould affirm 
that the Janets andcometsare faitoundedwithatmofpheieslil^ 
our eavthj which hypothecs ieems move reafonahle than that 
of vortices. Let him then affirm that thefe atmoTpheres^ hy 
llietr own naluie, move about the fun, and defci'ibe conic 
Vol. I. a • 
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fe^^ions^ which motion is mnch more eaiily conceived thaa 
that of the vortices penetrating each other. Laftly, that the 

planels and coniLia ure carried about the lun by thcfe almo* 
fphcres of their's ; and then applaud his own fagacity in 
dilbovering the caufes of the ceieitial motions. He that 
fi^eds this fahk^ mail alfo rejedl the other; for two drops of 
ivater are not more like than this hypothefis of atmofpherei^' 
and'that of votices. 

Galileo has fhewn> that when a done projedled moves in a 
parabohij its deflexion into that curve from its redtilinear 
path is occaiioned by the gravity of the lloue towards the 
^th; that is^ by an occult quality. But^ now, iomebody 
inore cunning than he may come to explain the caufe after 
this manner. He will fuf^fKyfe a c^ain fubttJe matter, not 
difcernible by our fight^ our touchy- or any other of our fedfes^ 
trhich fills the fpaces which are near and contiguous to th« 
fnperficies of the earth; uiid that tliis matter is carried with 
different dire(5lions, and various, and often contrary motions^ 
deicribiug parabolic curves. Then fee how eaiily he may 
account for the deflexion of the flone above fpoken of. The 
Hone^fayshe^ floats in this fabtile fluid, and, following its mo- 
tion, cannot chnfe but defcribe the fame figure. But €be fluid 
moves in parabolic curves, and therefore the ftone muft move 
In a parabola of courfe. Would not the acutenefs of this 
pliilofopher be thought very extraordinary, who could deduce 
the appearances of nature from mechanical caufes, matter, 
and motbn, fo clearly that the meaneft man may underftand 
It I Or, indeed, flionld not weTmile to fee this new GoHleo 
taking fo much mathematical pains to introduce occult quali- 
ties into philofophy, from whence they have been fo happily 
excluded ? But I am afliamed to dwell fo locg upon trifles. 

The fum of the matter is this : the number of the cometi , 
is certainly very great; their motions are perfedly regu- 
lar, and ob£ierve the fame laws with thofe of the planets. 
The orbits in which they move are conic fe6tions, and thofe , 
very eccentric. Th^ move every way towards all parts of 
the lu avLii^, and pals through the ]5lanetary regions with all 
' poilible Irccdom » and their motion ii oftt^u cuntmry to the or- 
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der of the figns. Thefe phsnomeoa are moft evidently con- 
firmed by aftrouomical obfcrvations, and cannot be accounted 
for by vortices. Nay^ indeed^ they are utterly irreconcileable 
with the vortices of the planets. There can be no room foe 
the motions of the cometSjunlefs the oeleftial fpaces be entire* 
Ij cleaxed of that fidiitious matter. 

For if the planets ane carried aboot the fun in vortioesj th« 
parts of the vortices which immdSiately farround every planet 
muft be of the lame denfity with the planet,- as, was Ihewa 
above; therefore all the matter contiguous to the perimeter 
of the magnus orbis muft be of tbe fame deniity as the earth. 
But now. that which lies between the magnus orbis and the 
csh of Saturn mail have either an equal or greater denfity ; 
for^ to make the conftitution of the vortex permanent^ the 
parts of lefs denfity muft lie near the centre, and thole of 
greater denfity muft go farther from it ; for fince the periodic- 
times of the planets are in the fefquiplicate ratio of then dif- 
tances from the Xun, the periods of the parts^ of the vortices 
muft alfo preferve the fame ratio. Thence it will follow that 
the centrifugal forces of the parts of the vortex muft be reci* 
procally as the fquares of their diftances. Thofe parts, thei^ 
fore, which are moreremote from the centre endeavour to recede 
from it with lels iorce; whence, if their denfity be deficient, 
they muft yield to the c^reater force with which the parts that 
lie neaier the centre endeavour to afcend. Therefore the den- 
fer parts will afcend, and thofe of lefs denfity will defcend; 
and there will be a mutual change of places, till all the fluid 
matterin tbe wholevoriex be fo adjufted and difpofed, that, be- 
ing reduced to an equilibrium, its parts become quiefcent. It 
tvvu tiuids oi diiierent deniity be contained in the fame vefTel, 
it will certainly come to pafs that the fluid of greater denfity 
will fink the loweil ; and by a like reafoning it follows that 
the denfer parts of the vortex 1j»y their greater centrifugal 
force will afcend to the higheft places. Therefore all that far 
greater part of th^ vortex which lies without the earth's orb 
will have a denfity, and by confequence a vis inertuc anfwer- 
ing to the bulk of the matter, which cannot be lefs than the 
denfity and vis imrtia of tbe earth* But iiom heace will 
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atlfe a mighty refiflance to the paffage of the comets, and 
fuch as cannot but be very fciidblr ; not to fay enough to put 
a flop to, aod abforb, their motions entirely. But now it ap- 
pears^ from the perfe<^ly regular motion of the comets, that 
they fufier no refinance that is in the leaft fenfible ; and ' 
therefore that they meet with no matter of any kind that hat 
any icfifting force, or, by confcqucnce, any denfity or vis iner^ 
ti(B; for the rciiltance of luetliuiiis urilcs either from the rner" 
ii(£ of the matter of the fluid, or from its want of lubricity. 
That which arifes from the want of lubricity is very fmall, and 
isfcarcely obfervablein the fluids commonly known, unlefs they 
be very tenacious, like oil and honey. The reiidance we find - 
In air, water, quickiiiver, and thelike fluids thatatehottenacions, 
is alinofl all of the firft kind ; and cannot be diminilhed by a 
greater degree of fubtilty, if the denflty and vis inertia, to 
which this rcfiftance is proportional, remains ; as is moft evi- 
dently demonflrated by our autl)or in his noble theory of refiiU 
ances, in the fecond book. 

Bodies in gaing on through a fluid communicate their mo* 
tion to the ambient fluid by little and little, and by that com* 
munication lofe their own motion, and by lofing it are retard- 
ed. Therefore the retardation is proportional to the nnitioa 
communicated ; and the communicated motion, when the 
■velocity of the moving body is given^ is as the denfity of the 
fluid; and therefore tlie retardation or reiiftance will i>e as the 
fame' denfity of the fluid ; nor can it be taken awa3r» tinlels 
the fluid coming about to the hinder parts of the body reftore 
the motion loft:. Now this cannot be done unlefs the impref- 
fion of the fluid on the hiutlcr part=; of the body be equal to the 
impreflion of the fore parts of the body on the fluid ; that is, 
vnlefs the relative velocity with which the fluid pufties the 
body behind is equal to the Velocity with which, the body 
puihes the fluid; that is;un1efs the abfolute velocfty of the re- 
curring fluid be twice as great as the abfohite velocity with 
which the fluid is driven forwards by the body ; which is im- 
^ jjoiiil le. Therefore the rcfiftance of tiuid > arifing from their vis 
ina ticc can by no means be taken away i fo that we muft con-* ^ 
elude lhat the celeiUal fluid has no m in^rlie^ becaule it hat 
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no refifting force ; tlint it bas no force to conimunlcate mo* 
tioD wttb/becaufe it lias no vi$ iucrtut i that it bas no force 
to produce any change in one or more bodies, becaufe it has 
no force wherewith to communicate motion ; that it hat no 

manner oi ciiicacy, bcciiulc il lias no faculty wherewith to 
produce any change of any kind. Therefore, certainly, this 
hypotheiis may be jultiy called ridiculous, and unwortby a 
philofopber; fiuce it is altogether without foundation, and 
does not in the leail fervc to explain tbe nature of things. 
Thofe who wo«ld have the heavens filled with a fluid matter, 
but fuppofe it void of any vis inertia, do, indeed, in words, 
deny a vacuum, but allow it in fa<5l; lor lincc a tlual niaUcr 
of that kind can no ways be diftiuguiihed from empty (pace, 
the difpute is now about the names and not tbe natures of 
things. If any are fo fond of matter, that they will by no 
ineans admit of a (pace void of body, let us oonilder where 
they mnft come at laft. 

Pur either they will fay, that this confiitution of a world, 
every where full, was made fo by the will of God, to tins end, 
that the operations of Nature might be aUilled every where 
by a fubtile asther pervading and filling all things (which 
caqnot be £aid^ however, fince we have (hewn from the phaor 
nomena of tbe comets that this sether is of no efficacy at all); 
or they will fay, that it became fo by the fame will of God, 
for fomc uiiknown end; wliich ought not to be fuid , l>ecauie, ior 
the fame reafon, a diiicrent conililution may be as well fup- 
pofed ; or, hilly, they will not fay lb at it was caui'ed by tbe wiU 
of God, but by fome neceflity of its nature. Therefore they 
mU at laft fink into the mire of that infamous herd, who dream 
that all thUigs are goverued by Fate, and not by Providence; 
and that matter exiils by the neceffity of its nature always and 
•every where, being infinite and eternal. But, fuppofing tbefe 
things, it mull be alfo every where uniform; for variety of 
forms is entirely inconfiftent with neceflity. It mull be alfo 
unmoved ; for if it be necffiarily moved in any determinate 
dire^on with any determinate velocity, it will by a 'like ne*. 
ceifity be moved in a different diredlion with a different ve« 
locityi buL it c^Q lievei iiiuvc in diiicieuL directions with dif- 
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fercDt velocities ; therefore it mnft be onmoved. Wilhoot 

ill doubt^ this world, fo diveriified with that variety of forms 

and motions we find in it, could aiilb from nothing but the 
perfc(5lly free will ot God directing and preiiding over all. 

' From this Fountain it is that liiofe laws, which we call the 
laws of Nature^ have flowed; in which there appear many 
traces^ indeed^ of the Aioft wife contrivance^ but not the leaft 
fhadow of neceflTity. Thefe» therefore, we muil not feek from 
uncertain conjectures, but learn them from obfervations and 
experiments. He who thiuks' to find the true principles of 
phyfics and the laws of natural things by the force alone of 
his own mind, and the internal light of his reafon, muil either 
fappofe that the world exifts by neceffity, and by* the fame 
neceiOity follows the laws propofed ; or, if the order of Nature 
was eftabliihed by the will of God, that himfelf, a miferable 
reptile, can tell whui was fitleft to be done. All found and 
true philuiophy is founded on the appearancta of things, 
which, if they draw us ever fo much againft our wills to fuch 
principles as moft clearly manifcft to us the moft excellent 
counfel and fupreme dominion of the Ailwife and Almighty 
Seing, tbofe principles are not therefore to be laid aiide, ben 
caufe fome men may |)efhaps diilike them. They may call 
them, if they plcafo_, miracles or occult qualities; but names 
malicioully given ouii;l\t nut to be a difailvantage to the things 
themielvcs; unlefs they will fay, at lalt, that all phiiofophy 
ought to be founded in atbeifm. Phiiofophy muft not be cor- 
rupted in complaifance to thefe men ; for the order of things 
will not be changed. 

Fair and equal judges will therefore give ibntence in favour 
of this mofi excellent method of phiiofophy, which is founded 
on experiments and obfervations. Tothis method it ishardly to 
be faid or imagined what light, what fplendor, bath accrued 
from this admirable work of our illuftrious author, whofehap- 
"py and fublime genius, relblving the moft difficult problems^ 
and reaching to difcoverics of which the niind of man wa^ 
thought incapable ^)efore, is defervedly admired by all thofe 
who are foinewhat more thau fuperficially verfed in thefe 
matters. The gates aie uow fet open j and by his meaps 
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may freely enter into the knowledge of the hidden fecrets and 

wonders of nataral things. He has fo clearly laid open and 
fet before our eyes the moft be;iutif ul J i auie of llie Syftem of 
the World, that, if King Aiplumfti^ were now alive, he would 
not complain for want of the graoes either of iimplicity or of 
hannony In it. Therefoie we may now more nearly behold 
ihebeaoties of Natore^and entertain onrfelYes with the delight* 
fnl contemplation ; and^ which is the heft and moft yaluable 
fruit of philofophy, be thence incited the more profuuudly tu 
revcrenccand adore tilt' great Maker and Luid of all. He iiiuft 
be blind, who, Irom the moll wife and exceiieut contrivances 
of things, cannot fee the infinite wifdom and goodnefs of 
their Almighty Creator; and he mail be mad itnd fenfel^fii 
who refutes to acknowledge them, 
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SIR ISAAC , NEWTON. 



Sir ISAAC NEWTON, one of the greateft pbilo- 

foplicib and malhcmaticians the world lias produced,, was 
\)OTn at W ooliiiop, in Lin colli (hi re, on Chrifbnas day, \642, 
He was defcended iVoui the eldeil braiicii oi the family of Sir 
John Newton, hart., who were lords of the manor of Wool- 
ilrop, and bad been poflefTed of the eftate for about tiro cen* 
taries before, to wbicb tbej bad removed from Weftley, in 
tbe fame county, but originally they came from the town of 
Kewton, in Lancafhire. Other atcouiiLs fay, I tliiiik moic 
truly, that he was the only child of Mr. John Newton, of 
Colei worth, near Grantham, in Lincolnihire, who had iliere 
an eflale of about ISOl. a year, whicb be kept in his own 
bands. His motber was of tbe antient and opulent family of 
tbe Ayfcoughs, or Aikews, of tbe fame county. Our autbor 
lofing his father while he was very young, the care of his 
education devolved on bis mother, who, though flie married 
again after his father's death, did not negle^l to improve by 
a liberal education the promifing genius that was obferved in 
her fon. At 19 yean of age, by tbe advice of bis maternal 
•uncle> be was fent to tbe grammar fcbool at Grantbamj wbere 
he made a good proficiency in tbe languages, and laid tbe 
foundation of Lib iatuic iluuies. Even here was olfervedia, 
him a ftrong inclination to figures and philofophical fubje^ls. 
One trait of this early diipofition is told of him ; he had then 
a rude method of meafuring the force of the wind blowing 
againil bim, by obfervtng how mafih farther he could leap 
in the diredion of tbe wind, or blowing on bis back^ than be 
could leap the contrary way, or oppofed to tbe wind : an 
early mark of his original infantine genius. 

AWf'v a few years f[)ent here, his mother took him home; 
intending^ as ilie had no other child, to have the pleafure of 
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bis company ; Aod tbat^ after the luanoer of his father bdore 
bim, he ftiould occupy his own eftale. 

Bat» inileadof miodiog the markets, or the bnfiiieiaof the 
farm, be was always ftudying and poring over his books^ even 
by ilealtb^ froni^bis molher*s knowledge. On one of tbefe 
occufiuiis his uncle dilcovcred him one dav in a hnv-lof't at 
Grantham, whilhei he lia-l I'Cen lint to the iTKukft, working 
a raathemalical problem; having otherwilc obierved the 
boy's mind to he uncommonly bent upon learning, he pre- 
iailbd npoQ his diler to part with him > and he was accord-* 
iiigl}' fent^ in to Trinity College^ tn Cambridge, where 
tiis nncle^ having himfelf been a member of it, had ilill many 
friends. Ifaac was fuon takon notice of by Dr. Barrow, who 
was foon after appointed the firfl Lncniian profeflbr of ma- 
tlieniatics ; and, obferving his bright genius, contracted a great 
fricndlhip for him. At his outfelting here, Euclid was fiiTi 
put Into his hands, as ufual, but that author was foon dif- 
miifed ; feeming to him too plain and eafy, and unworthy of 
taking up his time. He underftood him almofl before be read 
him ; and a caft of his eye upon the contcnls of his theorems 
was fuihcient to make him niafter of them : and as the ana- 
lytical method of Defcaites was then much in vogue, he 
particularly applied to it, and Kepler's Optics, &c. makhig 
feveral improvements on them, which he entered o|K>n the 
margins of the books as he went on, as his cuilom was iQ 
fiutlvin'i am* autiior. 

Thus he was employed till the year when lie opened 

away inio his new method of Fluxions and Infinite Series • 
and the fameyenr took tlie degree of bachelor of nrts, 'la 
the mean time, obferviqg that the mathematicians were mac^ 
engaged In th^ buAuefs of improving telefcopes, by grinding 
glaffes into V one of the figures made by the three ie6Uons or 
a cone, upon the principle then generally entertained that 
light wa'? lionioirciieous, he fet himfelf to pjriiulini^ of optic 
glafles, of other figures than fplierieal, having as yel no 
dtftruftof the homogeneous nature of hgbt : but, not hitting 
prefently upon any thing in this attempt to f^tisfy his mind^ 
he procured a ^h.u pnfm, that he mi^ht try the celebrated 
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phenomena of colours, difcovered by Grimaldi not long be- 
fore. He was much nleafed at firft with the vivid brightnels 
of the colours produced by this experiment ; but, after a while, 
confidering them in a philofophical way, with that circum- 
fpe6tion which was natural to him, he was furprifed to fee 
them in an oblong form, which, according to the received 
rule of refradions, ought to be circular. At firfl he thought 
the irregularity might poflibly be no more than accidental ; 
but this was what he could not leave without farther enquiry : 
accordingly, he foon invented an infallible method of de- 
ciding the queftion, and the refult was, his New Theory of 
Light (^d Colours, \ . 

However, the theory alone, unexpe6led and furprifing as 
it was, did not fatisfy him ; he rather confidered ihe proper 
ufe that might be made of it for improving telefcopes, which 
was his firft defign. To this end, having now difcovered that 
light was not homogeneous, but an heterogeneous mixture of 
differently refrangible rays, he computed the errors arifing 
from this different refrangibility ; and, finding them to ex- 
ceed fome hundreds of times thofe occafioncd by the circular 
figure of the glaffes, he threw afide his glafs works, and took 
refle6lions into confideration. He was now fenfible that op- 
tical inftruments might be brought to any degree of perfection 
defired, in cafe there could be found a refle<5ling fubftance 
which would polifh as finely as glafs, and reflect as much 
light as glafs tranfmits, and the art of giving it a parabolical 
figure he alfo attained : but thefe feemcd to him very great 
difficulties; nay, he almoft thought them infupcrable, when 
he farther conlidered, that every irregularity in a refledling 
fuperficies makes the rays ftray five or fix times more from 
their due courfe, than the like irregularities in a refradting 
one. 

Amidfl thefe fpeculations, he was forced from Cambridge, 
in 1665, by the plague; and it was more than two years be- 
fore he made any farther progrefs in the fubje6l. However, 
he was far from pafling his time idly in the country; on the 
contrary, it was here, at this time, that he firft ftarteu the 
flint that g^ve rife to the Syftcm of th^ World, which is the 
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main fiibject of the Prmdpia, In his reUiement, he was fiU 
ting alone in a garden^ when fonic apples falling from a tree, 
]ed hb thoughts upon the fabje(5t of gravity ; fuid, reflediog 
on the power of Uiat principle^ he hfigam to confer, th^% 
as this power Is not found to be feofiUy diminiihed at the re- 
moteft diftance from the centre of the earth to which* we can 
rife, neither at ilic top^ of the loftiefl buildings, nor on the 
fummits ul the liigheR mountains, it appeared to him reafoo- 
able to conclude that this power muft extend much farthejr 
than isufually thought. " AVhy not as high as the moon I" 
faid he to himfelf ; and if fo, her motion mull he indaenoe4 
by it; perhaps ihe is retained in her orlnt by it: bo^ever^ 
though the power of gravity is not ienfibly weakened in the 
little chiin2;e of diiiauce at which we can place ourfelvcs from 
the centre of the earth, yet it is vrrv poflible that, at the 
height of the moon, this power may difler in itrength much 
■from what it is here." To make an eftimatc what might be 
the degree of thb diminution^ he confidered with himfelf, 
that, if the moon be retained in her orbit by the force of gva* 
vitv, no doubt the primary planets are carried about the fun 
by the like power ; and, by comparing ihe periods ui the fe- 
vera! planets with their diftances from the fun, lie found, 
that, if any power like gravity held them in their courfes, its 
firength mail decreafe in the duplicate proportion of the Vk^ 
creafeofdiftance. Thishe eonolttded by fhppofipg thm to 
move in perfe£k circles, concentric to the fun, from which the 
orbits of the grealeft part of them do not much differ. Sup- 
poljng, therefore, the force of p:ravitv, when cxtciidcd to lIk* 
moon, to decreafe in the fame manner, he computed whe- 
tiier that force would be fu&cient to keep the moon in he( 
orbit. 

In this computation, being abfent firom books, he took the 

common cftimate in ufe among the geographer^ a^d our 
feamen, before Norwo cl had meafurcd the earth, namely, 
that do miles make one degree of latitude ; but as that is a 
Tery erroneous fappoiition, each degree contaming about ()<1t 
Wonr Engtiih miles, bis oompatelion upon it 4id ^t ipake 
the pom of gravity, deaeafiiig duplicate proporliiw 
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tlie diftance, anf^erable to the power which retained the 
moon in her orbil: whence he concluded that Tome other 
cauie muft at leaft joui with the a6lion of the power of gravity 
on the moon. For this reaion he laid afide^ for that time, 
Any farUier thoughts open the matter. Mr. Whiftoti (in 
his Memoiitty p. 33) fays^ he told him that bie thought Dei^ 
cartes's Tortictis might coneor with the a^ion of gravity. 

Nor did he refume this enquiry on his return to Cambridge 
which was fhortly after. The trutii is, his thoughts were now 
engaged upon his newly projedled retle<Siing lelefcope, of which 
be made It fmall fpecimen^ with a metal he refietSlor fpheri- 
cally concave, it was but a rude eiTay, chiefly defedkive by 
tbe wAnt 4>f a good poUIh for the metal. This inftrument is 
now in the pofieffion iof the Royal Society. In 1667 he was 
cbofen fellow of his college, and took the degiee of maiki uf 
arts. And in 1669 Dr. Barrow refigned tohim the mathema- 
tical chair at Cambridge, the bufinefs of which appointment 
interrupted for a while his attention to the telefcope : however, 
as bis thoughts bad been for fome time chiefly employed 
npdb optics, he made his difcoveries in that fcience the fiib* 
je^ of bis kiftnies, for the firil three years afber he was ap* 
pointed Mathematical Profeffor : and having now brought 
his Theory of Light and Colours to a confiderable dogroe of 
perfection, and having been ele6led a Idlow of the Royal 
Society in Jan. 1(>72« he communicated it to that body, to 
bave their judgment upon it ; and it was afiterwards publiihed 
ih tbetr Tranfa^ltons, viz. of Feb. VSi, 1672. This publication 
occafloned a difpute upon the truth of it, which gave him fo 
much uneafinefs, that he refolved not to publilh any thing 
farther for awhile upon the fubjeft ; and in that relolutiuu 
he laid up his Optical Le6iurts, uithougli he had prepared 
tbem for the prefs. And tlie JnalyJU by Jtifinite Series', 
rnhHth be bad intended to fubjoin to them^ unhappily ibr 
the Wofrld^ underwent the fame iate^ and for the fame 
feafon. 

In this temper he refumed his telefcope ; and obierving that 
there was no abioliite neceflity for the parabolic figure of the 
gliiffes^ iince^ if metals could be ground truly fphehcal^ th«y 
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would be able to bear as great apertures as meii could give » 

poll ill to, he completed aaother inftrument of the fame kind. 
This iinfwering the purpofe fo well, as, though only halt a 
toot in length, to fliew the planet Jupiter diitin(5lly round, 
with bis four fateliites, and alfo Vexuis horned, he fent it to 
lite Royal Society> at their requeil, together with a defcrip- 
lion of it, with iiirther particulars; which were publilhed ia 
j^e Philofopbical Traufaaions for March 1672. Several at- 
tempts were alfo made by that fociety to bring it to per- 
fedtion ; but, for want of a proper compofition of metal^ and 
a good pohfli, nothing fucceeded, and tlic invention lay dor- 
mant^ till Hadley made his Newtonian telefcope in 1723. -At 
the requeit of Leibnitz^ in 1676, he explained bis invention of 
Infinite Series, and look nolice how far he had improved it 
by his Method of Fluxions, which however he flill concealed^ 
and particularly on this occafion, by a tranfpofition of the 
letters that make up the two fundamental piopufitions of li 
into an alphabetical order ; the letters concerning which are 
inferted in ColUns's Commercium EpiftoHcum, printed 1712. 
In the wint^ between the years I676 and 1677 he found ou% 
the grand propodtion, that, by a centripetal force a^ng re- 
ciprocally as the fquare of the diftance, a planet muft revolve 
in an ellipfis, about the centre of force placed in its loweir 
focus, andj by a radius drawn to that centre, defcribe areas 
proportional to the times, in iQOP he made feveral aftro- 
noniical obfervations upon the comet that ihen appeared; 
which, for fome confiderabJe time^ he took not to be one and 
the lame, but two different comets f and upon this occalion 
feveral letters palTed between bim and Mr. Planifted. 

He was Hill under this miftakc, when he received a letter 
from Dr. Hook, explaining the nature of the line defcribed 
by a falling body, fuppofed to be moved circularly by the di- 
urnal motion of the earth, and perpendicularly by the power- 
of gravity. This letter put him upon enquiring anew what 
was the real figure in which fuch a body moved ; and that en-» 
quirv, convincing him of another miftakc which he had be* 
fore fallen into concerning that figure, put him upon lefnra- 
ing bis former thoughts with regaid to the moon j oad ^icar^' 
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liaviilg not long before, nhe. in 1679, meafured a degree of 
the earth with fufficient accuracy, by ufing bis mcafures, 
thai pLmet appeared to be retained in her orbit by the iole 
power ot gravity; and coniequently that this power decreafes 
in the duplicate ratio of iize difiaooe ; aa he had teinec^coiH 
je^ored. Upon this principle be found the line defcribed 
hj a falling body to be an ellipfis, having one focns in the 
centre of the earth. And finding by this means that the 
primary planets really raovcd in fuch orbits ;is Kepler haj 
fuppof^d, he liad the fatisfaetion to fee that this enquiry, 
which he had undertaken at firil out of ufiere curiofity, could 
be applied to the greateil purpofes. Herenpon ,he drew up * 
aboQt a dozen propoiitions relating to the motion of tbe pri» 
mary planets round the fun^ which were communicated to 
the Royal Society in the latter end of iGSS. This coming to 
be known to T)r. Halley, that e:entleui.ii], vJio iiad attempted 
the dcmonUration in %'ain_, applied, ia Auguil J 68,4, to New- 
ton, who aflfured him that he had abfolutely completed the 
proof. This was alfo regiftered in the books of the Rojal* 
Society ; at wbofe earned foiicttation Newton finiihed the 
work, which was printed under the care of Dr. Halley, and 
came out about Midlummer l6S7, under the title of^ PhUo* 
fophict Nat ur Litis Prlncipia Mathetmiica, cuiitaminfr, in the 
third bookj the Cometic Aitronomy, which had been lately 
difcovered by him, and now made its iihi; appearance in tha 
world : a work which may be .looked upon as the produdiom 
of a eeleftial inteUigeace rather ^atf of a man* 

This work, however, in which the great author fias hoilt a 
new fyfiem of natural philofophy upon the molt liiblime geo- 
metry, did not meet at tirft with all the applaufc it (Idbrvcd, 
and was ^ne day to receive. Two reafons concurred in pro- 
ducing this ef!e(5i; : Defcartes had then got full poffellion of 
the world. His pbik^fopby was, indeed, the creature of a tine 
imagination, gaily drefled out: he had given h^ likewile 
foine of Nature's fine features, and painted the reft to a feem- 
ing likenels of her. On the other hand. New Ion had with an 
unparalleled penetration, and force of geniui, purCuctl Nature 
vp to her laoft fecret abode, and was intent to demoiiltjatc 
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lierfeficleiicetdotbers^ rather than anxkms to defcrftw pwtd^ 
' citlarly tlie'way by which he arrived at iihuhfelf i he finiflied > 
'his piece in that elegant concifenefs which had juftly gained 
the antic nts ;in uuiverfal efleem. In fa6^, the confequences 
flow Willi iuch rapidity from the Principles, that the reader is 
often left to fupply a long chain of reafoning to conne6l them'^ 
fo thai it leqaired fome time before the world could undet- 
^and it« The beft mathematiciana were obliged to ftady it 
with care, before they could make thmfelves mafiers of it; 
and thole of a lower rank dui il uol veiituic upon it, till en- 
couraged by the teftimonics of the more learned. But, at laft, 
"when its value came to be fufficiently known^ the approbatioa 
which had been fo ilowly gained became uuiverfal^ and no- 
"thing was to be heard from all quarters but one general burft 
of admiration, ''Doe^ Mr. Newton eat> drink> or ikep* like 
other men fa3rs the marquis de THofpital, one of-the great^ 
mathemaLicians of the aprc, to the Euglifh who vifited him. 

I reprefent him to myielf as a celeftial genius entirely dis- 
engaged from 111 alter." 

In the inidd of theie profound mathematical refearches^ 
juft before his Principia went to the prefs^ in 1696^ the privi* 
leges of the univeriityp being attacked by James the £d« Newh 
ton appeared among its mod ftrenuous defenders, and was on 
that occafiOQ appointed one of their delegates to the high- 
commiflion court ; and they made luch a defence, that James 
thought proper to drop the affair. Oui' author was alfo chofen 
one of their members for the ConTention-ParUamentla 
in which he fat till it was diflblved. . 

Newton's merit was well known to Mr. Montague, then 
chancellor oi tlic exchequer, and afterwards earl of Halifax, 
who had heen bred at the fame colle<re with him ; and, when 
he undertook the great work of recoinmg the money, he fixed 
his eye upon Newton for an afiiltant in it ; and accordingly, 
in 1696, lie was appointed warden of the mint, in which em- 
ployment: he rendered very figpal.ienrioe to the nation. And 
three years after he was promoted to be mailer of the mint, a 
place worth 12 or 15 hmidicd pounds per ainuim, which IiG 
held till bis death. U^on this prou^otion, he appointed Mi*. 
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Sffibttoq bis^eputj la iMnimMOuBamldMl^p^ tMam* 
flny^e, tgiving htm tbe^iiiJl profita!i»f>tbe |ikoe> t«rlifcli «ap- 

ij^hitment itrdf lie alfo procured for hua 1703. Tfie lame 
:ycar our author was- chotiin prefidentof the Roynl Society, in 
wbicU^^hau: beiat ibr» 46' years, aiaoiely, lUi the time- 
iSiAiatik^Hand be had^been chofea a iiMiiiber ofitfie^iRqyal^Aot* 

' \'^r£TecifiaGe>tli^£r^4tUbdvery of the heterogjeneoafr mixture 
lof iight,^ and the produ^ion a^' coble's thenoe .arifiiig', he hild 
/employed a good part of hid^ time in briugiug the exj^mjskmtkt, 
••^oo-w^ich' the theory^ is 'fouoded^ ito a (.dqgi^ <Ka^B«fs 
ribat ^might fati&fyili4iail«lf^ iTbe^-M ibisife^s to-have 

arduous talk before he pabliflied it in 1704* Id iDiiltoft« 

^iervlng ihc iblar fyfleiD, thei« had been- fome ^hou^h'd^^^^t 
•hints given by others before hi m : wbei^as in dilTt^ding a ray 
^Uight into U& prioiary' coailUjoeat partide$, ^hich tben ad- 
•4pitloio£ 90- farther £^fa|mii;iift^4A|euAiiomiy*cil*lM 

•«liii4hdA«0nftiiBeBt»TO3ff iMl^iaM^^ om ipeeaikff' ciri<oilv 

iinheretitin it ; that raysi falling in* iheTame aogle ineideoce 
ibaf« alberoate fits of refle^6lion and refru6lion ; that bodies are 
rendered UaafpareDt by^ ihc minuteneis of their pores^ aod 
; become opaque 'by bating ^Ihem iarge; ami that tbe.moft 
rMn^aiiDt body^ byt4i««ii^ a Hfeab^'tfaiQBeft, will become 
ikrs)^i«kM»4Q(llie'^^t;'iii -dhiMe^ mb^k sndke -vp^M 
theory of' %hl and ^elfteim, lie wa» ablbh&tely -aod^* 
'^iely the iirft ftarler ; and as the iubject is of the niuit iubtke 
t«mi -delieale nature, he thought it neceiTary to be himfeif 
4hef laft-finiiber of it. ' 

^la^^<ldj'4he* affair that eh iefly- employed his refearehes'for 
Wt^'WtMj^y^iSn'^wtmfMfrmn heiiig^oMlfiBed tathe^bjea ^ 
fij^Jltoe. ^Oii-lhe-eoiitrary, all'tbM wte koew of nabrd 
hddk^ ^l^emed to^ be-oeffrpfiehend^d-in it f - he- hadfoand' out 

4hal there wiis a natural ni-tion at m tliliaiu-e between hsiht 
«nd other bodies^ by whjicb both the feile<Stioiis and retra^ioiit^ 
Vou L . d 
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88 weii asinfledlioDs, of the former, were conftautly pi uduceJ. 
• To aiberlain the force and exU;at of tliis principle of adion, 
.was wliat bad,ali along engaged bis ibougbU, uodwiiiti «%r 
.*aU» by iU extfeiw iubU«iy» efcaped bia tsoft penelnui^g 
« Ijfiictt. Uowtnrer^ tboQgh he Un not made lb falLa dilccnreiy 
oftbit principle, which dtre^ihecourfe of ligbti as ho has 
in regard to the power by wbicb tbe planets are kept in their 
couiies, yet he gave the beft dire<5lions poflible for fuch as 
(hould be difpofed to carry on the work, and furiiiihcd mat- 
;4or abundantly fu^cieai to animale ibeoi to the purfuii. Ue 
\m UKieiNi beseby opened a way of pafling from optics to aa 
; lyilirefyileiii of phyfios ; and, if we look open h» qoeiioias 
;contatniDg Uiehiftoryof a great inaD'a fiiil tbonghli, em 
c in that view they muii be always at leaft entertaining aod 
. ourious. 

This lame year, and in the fame book with his Optics, he 
j|k|lUifiied, for the firft time, his Method of Fluxions. It hat 
':bew already, ohfenwd* tb|ifc.ihefie:t«o taventioBB mie io- 
.teqtfed for tbe.poUiofojloogbeftKeas 1674; hot weie laid 
hy then, in order lo-pieventrluBhehig engaged on thataQ- 
couiit in a dilpule abuut them. And it is not a Utile remark- 
^le, that even now this Ult j iece proved the occafion ot ano- 
ther dilpute, which continued for many years. Ever iinoe 
1684, Leibnitz had been artfully working the world into ah 
<0{MnioD> that be lirft invented tbis»nieibod« — Norton faw:biii» 
.deiign from the beginning, and had fuffioiently obviated It 
intbe firft edition of the Principia* in 1687 (vis. in . the 
Scholium Lo the ieauiuL oi" the 2d book); and with the 
fanic view, wiitii be now publiflied that nieLiiod^ lie ttx>k 
IM^aiion to acquaint the world, that he invented it in the 
yeais 1665 and l666« in the Ada Eruditoruui of Leipfiq^ 
where an account is given of this boojc, the author of thp^ 
aoQoont afcribed the invention to Leibnitz^ intimiltiiig that 
l>7ewton borrowed it irom him* Dr. Keill, the aftronomio4 
profefl'or at Uxtoid, uiidcrlook Newton's dclcncc ; arid after 
lever al anfwers on both iides, I^ibnit2 complaining to the 
Royai Society, this body appointed a committee of their 

fljembc^rsto exajip^iiie the merits of tjie cuic, Thefi^ afte^ 



Digitized by Google 



Sttt ISAAC VIWTOK. idlii 

confidering idl the papers and letten relRtSng to tlie pdiit in 

controveiiy, decided in favour of Ncwtoti and Keill ; as is 
related at large in the life of this lait meutioned gentleman ; 
and thefe papers tbemfelves were publifhed in 1712> under 
the Me of CoDiaierciiim Epiftolicum Johaanis Collins, 8vo» 
l« 17<l$, the honour of knighlhood was conferred upon 
our author hy queeu Aune, in confideratton of his great me* 
-rit.- And in 1714 he was applied to by the Hoafe of Com- 
mons for liis opinion upon a new method of difcovering the 
lorii^itudc at fea by fignals, which had been laid before them 
by Ditton and VVbiiion, in order to procure their encoucago- 
asent ; hot the petition was th^wn afide upon lesdiogSloii^ 
Ion's paper delivered to the coinmlttee. i 
• Tho MIowiDg yeafj 17 16, Leibnitz, with die view of hrio^ 
ing the world more eafily into the belief that Newton had 
taken the method of liuxions from his Differential method, 
attempted to foil his mathematical ikill by the famous pro- 
blem of the trajeetories^ which he therefore propofed to the 
Engltih by way of challenge; but the folution of this, thoogh 
the moil d'#eali pio|iofiebQ he was able to deviiRer^ and what 
might pafs for an arduous affair to any other, yet was haWUf 
any more tlian an amnfement to Newton's penetrating ge» 
nius : he received the problem at four o'clock in the af ter- 
noon, as he was returning from the Mint ; and, though ex- 
tremely fatigued with buAneis^ yet he iioiihed the iblntioi} 
before he went to bed* . 

As I^eibnita was privy-connfeUor of jnflioe to the eledor of 
Hanover^ lb when that prince was raiied to the Britiih throne, 
Newton came more under the notice of the court ; and it 
was for the immediate fatisfa6lion of George the Firft, that 
he was prevailed on to put the laft hand to the difpute about 
the invention of Fluxions* la this court, Caroline princefsi 
of Wales^ afterwards queen confort to George the Second^ 
happened to have a curiofity for pbilofophical enquiries ; no 
iboner> tfaereliDre, wasiheinformedof our anthor^s attachment 
io the houfe of Hanover, than (he engaged his converfation, 
which foon endeared biai tu her. Here flic found ia every 
difficulty that liiU iatisfai&ion which (he h,ad in vain (ought 

da 
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lbr%*^here; artiJ (he -ms ©ften hwd to 3etlafe |>wWi<^lw 
Umt ihc thought herfelf liap})y ni coinin?^ into the Id at a 
jiln(5lure of time which \n\t it in her power to converie with 
him. It was M ihis princ6f$'»'foticitation^ that he drcW up 
«D abUnuSi of his Chronology; a'Gtt)>y of «4iich was fit her 
ife^Bidl ieottimilnkiated, about 17 18/ to flg!rtor''CoMi« aVe* 
tMin noblmtiiif, i\m in Bfi^iaDd, upon Vtipromlib to'kMp 
•it^feiirel. But nolwithftancling this proihili?, the abl>^, wh^ 
^'hik herchnd nifo aflfctlcd tolhcvv a particular friciKiilup lor 
<Neivton, though prirately belfaying hitai as much as lay in 
-his^Wcr to Leibnitz, Was no foouer glH acrofs'i:hife ^aieriiilO 
-Aviiee, UiiUi he difperibd copi^ HOH, and pitKmred an a»Cl» 
qnary to tranilate it into-Fie«ii^tiy tts'W^lltti >tl>^«rile ^ ctftH 
"Aitatiotivofit: IRyk, -being printed nt 'Pri-Is m 17^5, nvs de* 
-'yivered'as a pre ft at fioiu the bookfefler that printed it to our 
•author, that he rtii^tit 6btain, as was faid, his confent to 
*the pubheaiion ; but though he expreisly refnfed luch confent, 
'<^<th« whole Was publiihed' the l«Une yw» HeiieiTpor! New- 
ttott^ftlilld htnoMffaiTtto'pa a Diifeneeof^bittirolf^ ivhkph 
Hum MktftA ili Ibe PbUdTophitfal ^TiattftLainnB* Tfaift ht, 
^«l4ib1iad'fo mu^all bb K4b long been flodtolto^tb atold dlf^ 
pules, was unavoidably all his hfe time, in a m^anner, involved 
in theoi ; nor did this laft difpute even finifti at his death, 
•which happened the year follow in ir, Newton's paper was re- 
»pobliflled In 1726 at Paris, in French, with a letter of the 
abb^ Conti in aniwer to it ; and the ikme yeiir -fome difl^f- 
•tntioas v^re'i^Hriteid tbdre by falfter Soixii^ dgnnrft Mbwton^s 
'Chronolon^ical Mex, an anfwer to wYli4!h was hlf<srted 
^by liulley in' the PiiiIoroT)hical Tranfa<5lton5, numb. S97. 

Some time l>cforo this bnfinefs, in his SOih yenr, our au- 
thor was feized with an incontinence of urine, tliought to 
'pi^d^fteed fi'om the ftone in the bladder, and deetnied to be in- 
curable. 'However, by ihe help Of a *ftri^' reginteii*imd othjSr 
^fttecantidns, whieh. till then he never had occafion 'for, lit 
^foeured iconfi^f^ble ^tkvak of eaf(e during the fi^e re- 
maining years of his life. Yefhe was not free from fomefe- 
vere paroxyfms, which even forced ont large drops of fwent 
thiit4:<Qn4o\^n hisiace. In theie circumiUnoes he was never 
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qbil^jvx^.ta. Utter- th^ 1^ complmq^^ ^Qf. ^i^r^n^ Jli^ teaiii 
iiO|i«lieace; and fqptk, ^ be ha4 ^ faon^eui\ ^te, he^ 
would, fmile and talk with his ofual cheerfulners. He waf^ 

now obliged to rely upon ^Jr. Conduit, who had luanied his^ 
niece, for the Uiicharge of. his oihcc in the Mint. Saturday 
morning, March 18, 1727, he read the newfpapers, and di£; 
^om^fj^ a.loog time with Dr. Mead, his phjhcian, havipg 
1^11. Ihe p^ed vfe.Qf all bis i^ofe» .ao,c| bi§ underftai^^Q^ 
l^nl that nif^ b^e.^tir^ljr Ipll Ihj&in a1l> and, not le^vering;' 
them afterwards, died the Monday following, March QO, in 
the S6Lh year of his age. His coipfe lay in iiale in the Jc» 
rufaJem-ch amber, and on the '28th was conveyed into AVeit- 
min^t^r-abbey, the pall heiu<5 fupported by the lord chan^ ■ 
ceilor, the dukea of Montrofie and Roxburgh, aod ib|^ earl^ 
9^. Fembrol^ei, ^uffisx, and A2^ccle$jBel4^ He w.aa,in^ri^ 
^e^ ri^ ^t^sippe.ii^o t)ate choir on the left band^ wbei[e ^ 
ftate^y nionum^nti h ereAed to, bis u^empryj, With a xs^oA ^le^ 
g^nt infcription upon it, 

Neu i,on's c harnder has been attcnjpted by M, FontQncll^.. 
^ud Jg^r. Penj^boi ijoij, itm fubitance of which is as ibllows. — 
wa^ of.ai^idillp i^ture, and fo^ap\ybat iucljiued to be fa<^ 
io^ tbis iattfsi; part of bi^ lifq* His countenance t^ras pleafmg 
and veiiejuible at the Oun^ time ; efpecially when he took 6S( 
his peruke, and (hewed bis wliite hair, which was pretty 
Vhiek. He never made uIl of ipectaelcs, and loft but one 
tooth durnig his H hole liie. Bilhop Attcrbiiry fays, that, in 
the whole ^ of bir Ifaac's face and makc^ tbpre was nothing 
of tbat peoetri^ting fagacity which appears in his compo* 
fitio^s^; that be had iometbiug rather languid in his look and 
ip^a^ner^ wblcb did not raiie any great expeAation in thofe 
who did not know him. 

His temper, it ib laid^ was fo cqnal and uiiid, ibat no ac- 
eideiit could diilurb it. A remarkable inftance ofwhieiiig. 
Klated as follows. Sir Ifaac bad a, iavourile little dog, wiiicb 

called Diamond* Being one /day called- out of his iludy 
into the n^xt. tfipm» Diamond was lefl behind. When Sic 
)£lBe x8Uinied> having been abfeot hut a few minutes, he had 
mt^t^bcatioa to %d, that DlumoDd^ havbij^ ovcrfct a 
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Xlvi ' tHE LIFE OF 

lighted candle among fome papers, the nearly finiihed labonr 
of mapy years was ia flames, and almoft confumed to athea* 
This lofs^ as Sir Ifaac was then veiy hr adyanoed in years, 

was irretrievable ; yet, without once ftlnkfng the dog, he only 
rebuked him with thisexchimation, '*0h, Diamondl Diamond! 
thou little knoweft the uiircljief thou haft done !'* 

He was indeed of lb meek apid gentle a dirpofitlon, and £b 
great a lover of peace, that he would rather have chofen to 
remain in obfdurity; than to have the calm of life ruffled by 
lihofe ^rms and difpules which genius and learning always 
draw upon thofb that are the mod eminent ibr them. 

Iroai his love of peace, no doubt, arofe that unufuai kind 
of horror which he felt for all difpules: a fteady unbroken at-, 
tention, free from thofe frequent recoi lings infeparably inei-. 
dent to others, was his peculiar felicity ; he knew it, and be 
knew the value of it. No wonder, then, that oontroverly was 
looked on as his bane. When ibme obje6Uoo8» haftily *ade 
to his difcoveries concerning light and colours, induced him 
to lay atide the defign he had taken of publiQiing his Optical 
Lectures, we find him refleding on that difpute, into whicl^ 
he had been unavoidably drawn, in thefe terms : " I blamed 
my own imprudence for parting with £b real a bleffiog as Qiy» 
quiet, to run after a fliadow.'* It b true this fliadow, as Fon- 
tenelle obf^es, did not efcape him afterwards, nor did It 
coil him that quiet which he fo much valued, but proved as 
much a real happinefslo him as his quiet itfelf ; yet this was 
a happinefs of iiis own making : he took a reiululion, from 
tbefe difpiues, not to puhlifh any more concerning that the- 
ory till he bad put it above the reach of cootroverfy, by the 
exadleft experiments, and the firideft demonftrations ; and 
accordingly it has never been called in qneftion dnce. Iri 
the fame temper, after he ijad lent ihc nianufcript to the 
Hoyal Societ), ^vith his coni'cnt to the printing of it by 
them, yet upon Hook's injuriouily inhfting that he himfeif 
had demonilrated Kepler's problem before our author, he de^ 
termined, rather than be involved again in a controverQr, to 
fupprefs the third book ; and be was very hardly prevailed 
uj>on to alter that refolution. It ia true, the pnhKc wa^ 
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ibelciby a i^rfMTi that book, wbicb indeed ao more tbaa 
X ooiolkffy of Ibme propofitions io th^ i^^, being origiDally 

Irawn up in the popular vfny, witb a ftefigti to publiOi it 
n that toru) ; vviiticiis he \viu> now convinced that it would 
le belt not to let it go abroad without a Unci denionftr^tion. 
Id contemplating genius, it preicutiy become* a doubly, 
rhkk of Ibcfiseodowiiieiito bad tbe grealeU (hare, — faga^ity^ 
leaeimtioD, iireiigdiy or diligence; and, after aU, tbe mark 
hat imu moft to diiliuguilb It is, tbat be bimfelf made the 
ideil eilimatioo of it, declaring^ that if he had done Uie 
odd any lervice, it was due to uolhlng but luduftry and 
atient ibought ; that he kept the lubjeift oi' contideraiioa 
onitantly before him, and waited till the firft dawning 
pened giadvaUyj by little and little^ into a fuU and clear 
^ai* k IB ftid, tbatp wben be had any mathematical pro* 
(eras or folotkmt in his mind, be vould never quit the fob* 
clonaDv accuuut. And his^ fervant Las faid, when he 
IS been getluig up lu a uiuiiiiug, he hi^ luiiietiuics begua 

diefd, and with one leg in his breeches^ fat down again on, 
e bed^ where be has retuaioed tor bovira before be has got 
8 elocbeaon; and tbat dinner hmbeea oft^n three faoura 
u(]y for him before be coald be brought to table. Upon 
18 head ii^veriJ little anecdotes are related ; among which is 
2 followiiJg : DuuLor Slukely coming lu accidciiially, one 
when iSiewton's diiinei was left lor Uiia upon the table, 
7ered up, as ufual, to keep it warm till he could iind it con- 
lient tp come to table ; the dodor, lifting thecover^ found 
jer it a chicken, which he prefently ate, putting the bones 
the diih, and replacing tbe cover. Some time after New-^ 

came into the room^ and after the ufual compliments fat 
VQ U) ilis dinner; but on Laka.g up the cover, and iccing 
y the bones ot" the fowl lel't, he obferved, wiUi Tome httie 
)rife, " I tb<Wgbt X btid not dined, but 1 no^ Had^ tba.t I 

kfter all, notwithflandiag bis anxious care to iiypid every 
aiion of breaking bit intenfe application to fludy^ he was 
great diilance froa;i being fteeped in philofophy. On the 
trary,^be could Jay afide his thoughts, thgu^Li engaged in, 
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hw atiidbtioii ahdt m footi i» be had lelftire, reibtb^tH^^sfilliii 

at thti point where he had kit off. This he fei^ms to have 
done not fo much by any extraordinary ftrengib of iriemor^^, 
as by the force of his inveolive faculty, lo-whieh every thiivg 
ojiened it(^l(^ Again witli eafe, if notliiiig' interirefilie#«G itifiie 
htm. TheiiM)liiie& of hin hMiitrntt'itiMle «hiili b# 

{totting bi8 nfeftfM^y li^ttchaa iht tria) ; bafc-HilS^ tuM' the tfiW 
%ingofa '«fi5^bh«ii'intfetifenclV dF fhought, cot of whidi 
Was but a cuinrnon rnnn'. He fpertt, there'fore, the prime o^". 
ni^ R?;0 iu thofe iibitrufe reiearches, wHen-his fituation in a 
dollege gave him leiiiire, and while iludy< was- bis pro]^ 
bofihefs. Bui as {(Mii nlf'-he vas^ removed to the miiNi^-iM^ 
^plM btmrfetf chieffy tb l!be dtriSe^-of tHiit olfifcet Wid ih^'UlP 
qfilll^ tttatbeinatics hnd fi^iilefophy a^nol th'etigEigeiiHMiyt 
puvfuits of cither kind aftei vvaids. • - * - ' s- - 

• ' Di*, Pemberton obfervesj that though his memory wa* 
ihiich decayed in the Iftft years of bis hfe, yet he perfe6ll^ 
underflood his own writings ; contrary to what I bad icffoml^ . 
beard, fi^s the do^or, in difeonrfe^iti many perlbD6» Thitti - 
6fHDiotf-of tbeif'^^ID^ht ttrife- perbftpi #0111* bia not beitig dlu 
Ways ready at fpeakhig oft lAefe f«bjeft^^ whi^ii* fft-iiiigbfl} to 
cxpcifted he fhotiW. But on this head it may be ob(^i<ved>^ 
that great ireniules are often liable to be ahlent, not only iti* 
relation to coinmon life, but with regard to foine of the parto' 
of fcience that they are beft informed of : inventofv^ leeat W 
tre^fuie up hi their snlods what they hM-ftNHk^ eM- aftw 
i^ftother mannei' than tbofe do the fsme fbings. Who h«v0' 
ml this inventive fticuHy . - The ferner^ whed they htfvifr 
Gufion to produce their knowledge, are in fome meafure^ 
o1)riged immediately to inveftigate ]mrt of what they want;* 
and for this they are not equally fit at all times; from whence* 
if has ofken happened, that iiich as nftatn things chiefly by 
means of a very ilrong memory, have appeanpd off-hand mctfe* 
expert than th^ difeoverers themlSelvcfS. 

It was evidently owing to the lame irtventive focolfy tifatf* 
N^wtoti, as this wiikr ionnd, had read fetver of the modern 
mttthetnaticiaiis tfaair one could huvc espetled ; his pw^ pro^ 




Digitized by Google 



SIR ISAAC X£WtOIC. xlix 

IHglMrkiiwviHiirMldlly Ibpplyitig' him with whet Be mighi 
itovraiMfiM fotp-iflK^ yMMf 0f vayMjefSt he nndertoolt; 

However, he afle» ecnftired the handling of geometrical fub* 
je^fts by algebraic calculations ; and his book of algebra he 
cilled by the name of Umocrjal Arithmetic , in oppoiiLion to 
the iiiflMlieioiiB title Geome/iy \vhich Defcartes had given 
«>'4lie>tMillfe*liii lAmh km fliewhbvip ibei}BM[^itUheii may 
iMItlig imMM hy (kak kM- o# oomfrntttkMB. He fre- 
yw ii ly praiM»SMii8> HbMi^' sfid'HuygenV fof not being 
iiiiiuenced by ihe falfe tafte which ihcn bep>aii lo prevail. He 
ufed to commend the laudable attempt of Uul^o d'Omprifiiie- 
to leltore the antient analyfis ; atid very rauch eiteeraed Apoi- 
ibaivft'sbook De SeSHone liefiofits, for giving us a deiire^ fio* 
tfon ef tHflt analyfis than HM^ before. Dr. Bbmw may 
M g ^e emol arhmng fhetni'abettij^ftRi of Snt^ntfon eqn^^ if 
fa^nory to any of Hie inaribnifl', oar aatlror only ex^ 
' cepted ; buy Newton plirtietifarly recoirtmendod Huygens's 
Ihfki&nd manner; he thoii^^ht liim the moft elegant of any 
Biathcmiifcical writer ot modern times, and the traeft imitatoa 
ei' the antient^. Of their tafte and mode of demonHrHtionf 
oo^ aatifer Alwaj« profefied himself « great admirer; frnd 
even Mifur^d' Mttrfi^ ftV not following them yet more doibfy 
Hittv fee dt# V ftndfiMiAw with regret ^ hib mifttlbe et the be* 
ginnini]; of his mathematical ftodies, in applying himfelf to 
the works of Del'cartes, and' other algebraic writerf?> before 
he had coniidered the Elements of Euclid with that attention 
Whrch fo ezeeiki^ a writer deserves. 

Ba« if thit wn a ftrallV it ia eerfaiin it wa» » fatiH lo whicb . 
we ewe kolh M great ittventums h» fpecnlative mathematics^ 
aud the^oArme of FlinioBs and IniRnlle Series. And per- 
haps this might be one reafon why li is particuiar reverence 
for the antientsis omitted by Foriten^llc, who, however, cer- 
tainlj iDafce» fome aumids by that juft eulogiura whicii he 
makes af oar antbor's aMxiefty, which amiable quality he re- 
{Meftsllaas ftMidmg ferem^ in' theehara^ bf this great- 
manVoHiMl' and maoners. It wa» m reatrty greater than diir 
eilify' hiMgreed, ot^wiK-he readify heiieved : yet it always' 
coniinutxi iu wUiioul any alteiulioii j though the whole v>und. 
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fays Foirten^Oe/ ebtiii^bred egainft it ; lei «» add, .tliongfa ht 
w$9 thereby robbed of his invention ol" Fluxions. Nicholas 
Mercator publifliing his Logariihmotcchnia in 1668, where 
he gave the quadrature of the hyperbola by an intinite feries, 
which was the firft appearance in the levned world of aienw 
of ibis fort drawa fn>m 1^ parlieQUit oafcwie of Ibe cnnre> writ 
that in a spanner vfBgy^ inaw.aod abOiadlod:; Br* BaiMv, tkon 
at Cambridge, whera^ Mr. Newton, then alH>at 86 yean of 
age, refided, iccuUcL^tecl, that he had met with the lame 
thing in the writings of that young gentleman ; and there not, 
£oa6ae4 to the hyperbola ,only, but extended, by general 
forms, to all forts of curvosj even iiich as are mecbfuiical; ta 
ibcjir quadratorety Ibair leAificatiQn^ and their oantm of 
gravity f to the folida fonaed. by their rolatkHii^ 'aiid to tho 
ibperficiesof thofe folldB; fo that, when their determiDationa 
were polliblcj the icries flopped at a ceitaio point, or at leaft 
their iums were given by ilated rules; and if the ahioIuLe de- 
terminations were impoOiblcj tbey could yet be i a tiniteiy ap- 
proximated ; which is the happieft and mod refined method^ 
ftp Foutenelle^ of fnpplyiag thedefe^ of hamao knowledge 
that man's imagination could poflibly invent. To be maflier. 
of fo fruitful and general a theory was'a mine of gold to a. 
geometrician ; but it was a gicater glory to have been the 
difcoverer of fo furprifing and ingenious a fyfteni. So that 
Newton, finding by AlercaLor's book that he was in the waj 
to il» and that others might follow in bis tracks ihotttd aatii* 
rally have been forward to open his treafttres» and fecnpe the 
property,- which confifted in making the diieovery ; bat he 
contented himfelf with bis tieafure which he had found, 
without regarding the glory. Wliat an idea does it give us 
of his unparalleled modedy, when we find him declaring, that 
he thought Mercator had entirely difeovered his ^flcret> or. 
that otheii would, befoire he fliould became of a proper 1^ 
for writing ! His nia^Ccript upon Infintle Series was com* 
municated to none but Mr. John Collins and. the lord 
Broun kcr, then Prefident of the Koyal Society, w ho had alfo 
done fome thing in thii way himli^li'^ and th^ had (19^. 
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teen coiDplied with, but fat Dr. Bairow^ wbo would aol 
Met bim to Indulge hk oiddefty (b nmcb at be defired. 

It is farther obierved, concerning this part -of his cba* 
racttr, that he never talked either of himfeU' or others, nor 
ever behaved in fuch a manner as to give the moll malicious 
eenfurers the lead occafion even tP iiirpe<5l him of vanitj. He * 
wai ciuidid'aiid affable, sad always pot bimfbH^viioii a level 
wiUi bis eompany. He never thoogbt either his merit or bis 
reputation foffieient toexeufe btm from any- of the common* 
oiiicc^ ot iocialUfc. No iinguluiities, either natural or af- 
fedled, drflinguiihed hira frf)m other men. hough he was 
firaily attached to the church of England, he was averfe to 
the perfecutioii of tbe noo^conformifts. He judged of mea 
by tbeir manners; and tbe trae ft^hiCmaticSy in bis opinion^ 
vicions and tbe widccd* Not that be iconfined bis 
principles to natural religion^ for it'ls ibid he was tboroiighly. 
perfuaded of" the tnith of Kevckifion ; and amidft ihe great 
variety of books which he had euulrantly belore him, that 
which he Itudied with the grealeit application was the Bible, 
at leaft in the latter years of bis life; and he underftood the 
nature and force of moral certainty -as well as be did that ol 
a ftriA demonfiration. 

Sir Ifbac did not negle^ tbe opportnnittes of doing good, 
when the le venues of his patrimony and a profitable employ- 
inent, improved by a prudent oeconomy, put it in his i^ower. 
We have two remarkable iQilaopes of his bounty and gene* 
rofity ; one to Mr* Maclaurin, extra profeifor of mnthc matics 
at ^iabujgbf to encourage whole appointment be o&red €0 
poonds a yelur to that office; and the other lo bis niece 
Barton^ upon whom be bad i^^ttled an annuity of 100 pounds 
per annum. When decency upon any occution required ex- 
pence and flicw, he was magnificent without gru lging it, 
and with a very good grace; at all other times, that pomp 
which feems great to low minds only, was utterly retrenched, 
and theexpeoce referred Ibr better ufes. 

Newton never married \ and it has been faid, that ^ per* 
haps he never bad* leifnte l6 think of it; that, being im- 
nier fed in pfofonnd fludies d uring the prime oi his agc^ and 
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drew to him, he was qot fendbie of any vacancy iq life, nor 
of the want ui a companion at liuine." Thefe, however, dQ 
Dot appear to be any liifBcient rcaibus for \m oevjc^r Jiouiri^iog, 
if be had bad an inclination fo to do. It is iiiuch.jaMr# like^ 
^b«i be b«d 4KcoiiitiMiUqo»l iud^n/kob tQ Ihe ftaliib mid even 
to the Ibx iag^otrai i apd.U bnacv^n been iMd of Wiib ^fafll 
lie never, otiee knew. woiaftii.r-*He kSk nl bia deaths U fem^ 
52 thouliintl pounds; but he made no will; which, Fon** 
tenelle tells us, was becaufe be thought a, kfr-d^y wab ito gilt, 
As to bjis works, befides^ whajt were publi(li«d iu bisiile-UuM« 
|befewersi£Dund after his ^^alh, among his papers, fevera} 
diftioiirfe9b.qiKHl tjbe /ujlje^iof AntiquUji) Uidoiy^ XKvinitf^ 
Ckmi&ty^ imd; M«lbeivntiGai, iSmnd qf whkb vei^ psbr 
liAied at different ttmca^ at appears from the following catfrr 
logue ot all his* works; Vihore liicj arc ranked m iUe order o^ 
lime ill whicii tiicfe upon the fame fubjrct were publinied. 

1, Several papers reiaUng to his Teli fcope, and his Theory 
^ Ugh^.m^ CoUmrM^ prinled iq, ib« Pbiioibj^iical Traniiv 
i^&xm lUHi^te* 90> aJ^9^> 8% 84^85, 88/1^ 97> 11^ 181j» 
ICS, 128; orvol«.6, 7,8, 9» 10, JK . 

2. Optic$j or a Tnaiife oftJu! Mfftedlons, Rt/radiorfs, ajid 
htJkttwiiSy and the Colou/ ^ of Light 1704, 4lo. — A Latin 
inaoilation by Dr. Clarke ; 1700, 4to.- — And a i'V^nch traniV 
ktion by Pet. CoUe, AmiL k72Qt 2 voW 18oi0w--fielide ie^^ 
Yeral En^iih editieoa ip 8vo. 

i a OytTiW LtSwre*; 1798, 8to. AUb. imfeveral lelten 
to Mr. Oldettbttiigv fecretary of the Royal Society, iofetted in 
ibe General Dictionary, under our authocs article. 

4. Lectiotics OptkfC ; 1729, 4to. 

6, Nctujralk rhiiojophifc Priucipia Mathemutica; l687^ 
4Ul^A iocoud edition in 1715, with a Preface, by Rqger 
)Clote8.*Tbe tbird edition in 17^» iindei. tbe diiv^ioa of 
Dr. Pemberton. — ^An Engliih tranflation, by Moiie, 1780» 
£ vols. 6vo. printed in feverol editions of hi» works, in diffe* 
rent nations, paiixuuUiiy edition, wiiU u Wge Com* 

I » 
» • 
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metitary, by the two learned Jefaits, Le Sear vad Jacqtiier, 
in '4 vols. 4to, ill 1739, 1740, aad 1742. 

6. jI S^Jtem of the World, traullated from the Latin or^ 
^ikifll^ 17^7, 8vo.— ->n>is, as has been already obiervecl, wa§ 
at firft intended to make the third book of bk Pdncipia^-^Ali 

7. Severn! -Ltttm toMt: FUanfteA, /Ih*. ilalley , and Vii. 

XMenburg.^See oai- auUio^'^ articie in the General Dic- 
tionary* 

8. ^ Paper coucermitg the Longitude i drawn op^ bjr order 
4>f the Honfe of Commons; ibid. 

■^.^ Jbr€gi*df4Jhfonol^, £&c$ Wider the direAioa 
of the abb6 Cooti, together with 'fdme oBfiErvatioiii updii 
it* 

10. Remarks upon the Obftrvattom madf upon a Chrono- 
'hgical Index of Sir 7. Nercfon, <?fc. Phiif )!". Tranf. voi. 33.-+- 
•Bee alfo the i&me, voi. 34 and 35, by Dr. H alley* " 
• lU Hiitf- CAroiMi^ of AnUttU Kingdom amiiMtf 'is^:^ 

i ifi. Arithwdkm Vwkt9foH$,^if€\ ; tinder the infpeHfieia of 
#Mr. WWfloD, Oantab. 1707, 8vo. Printed,'! think, withodt 
ithe author':? confcnt, and even againfl his will: an oifencfe 
-which it leeiHs was ncv^r forgiven. There are alfo Englilh 
- flsditioas of 'the fame, particularly one by 'Wilder, with u 
fCDrnMnttny^ m 17^ e vols. Svd. And a Latin edition^ 
wilfa*4 Comnteaiarj^ by Cail%oii» ^ vols. 4to« Anift;&c. '<^ 
IS. 'Amiyfis per (httbulitctim SeHe*^ Flumones, et iHffe' 
rentias, cum Entmeratione Lituarum Tertii Ordinis ; 1711, 
,4tQ; under the infpe<Stion of W. Jones, Efq. F, R. S. — The 
lafl tra<5l had been publiflied before, together with another 
on die Quadrature of Curves, by llie Method of Fluxions^ 
nnder the title of Tra&atm duo de Specidnu 4r MagnihMine 
•^gurarum CuftUmearum ; fnbjoined to the firft edition of 
'fits Optics in 1704; and other letters in the Appendix to 
.'Dr. Gregory's Catoptrics, &c. 1735, 8vo. — Under this head 
may b<^ I naked y eu toni Genefii Curvarumpcr Umbras he j- 
4^a, 1740. 
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14. Seteta I Letters relating to his DifpuTe zcith Leibnits, 
upon his Right to the Invention of Fluxions ; printed in the 
Cwnmerciiim Epijiolicum D, Johannis Collins S)' aliorum de 
^afyfi, . .JPromotu, jujfu Socictaiis Megia editum; 171^ 
8vo. . . , " 

15. Poilfcript and Letter of M, Leibnitz to the abbe Conliy 
with Remarks^ and a Letter of his own to that abb^'; 17t7» 
8vo. — ^To which wab added, liaphCba's lliltoiy of Fluxions, 
as a Supplement. * ** 

X6. T&e Method of liiiiions, and Analyfis bif Infinite St^ 
nVs^ tranflated into Englifh from the original Ltitin ; to which 
u added, a Perpetual Commentary, by the tranflator Mr. 
John Colfon \ 1736, 4to^. 

17. Several Mifcellaneous Pieces, and Letters, as follow : 
(1). A Letter to Mr. Bojle iipun the luhject of the Philofo- 
pher's Stone ; infertcd in the General Dictionary, under the 
article Boyle — (2). A Letter to Mr. Aition, containing di- 
■re<^ions for his Travels ; ibid, under onr author's article.-"— 
(S). An £ngli(h Tranflation of a Latin Diflertation npoa die 
Sacred Cubit of the Jews. Ipferled iimong the mifcellaneottg 
works of Mr. John Greaves, vol. 2, publifhed by Dr. Thomas • 
Birch, in 1737^ 2 vols. 8vo. This Diflertation was found 
fubjoiijcd to a work of Sir Kaac*s, not finiihed, entitled LeX" 
icon Frophetictm* — (4). Four Letters from Sn* Ifaac Newtoa 
to Dr. Bentley, containing fome arguments in proof of a 
Deity; 1756, 8vo.— (5). Two LeUers to Mr. Clarke, &c. 

18. Obfervatiom on ike Prophecies of Darnel and the Jipa* 
tafypfe of St. John ; 1733, 4to. 

ig. If. Netitoni luUmaita Ferfpeciiva Vniverfalis ; 1746, 
8vo. 

80. Tables for pure Jt a fni:^ College Leafes; i742, 12mo. 
61. Corollaries, by Whiilou. 

fiS. A colle^ion of feveral pieces of onr author's, under 
the following title, Newtoni If Ojmfcula Mathematka Philcfi 

4 FkiluL ctiliegit J. Caltiiioneus i Luuf. 1744, 4tu. eight 
tomes. 

23. Tica Treatifes of the Quadrature, of Curves, apd Ana^ 
iyiis by liji|uatioos of an Infinite Number of Terms, cx« 
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jilained: traoikifed by John Stewf^^ vitb % lai^.Coin- 
meat^; 1745, W 

S4. Dejcriptiofi of an Jnftrument forobferving the Mooo'd 
. diTtance from tlie fixed ftars at fea. Philof. Traiif. vol. 42. 

12.5. Newioa alfo pubiiihcd Jiarrow*& Optical Letturcs ia 
\\^9, 4to; and ^<jr/i. Faremi Geographia, btc; 1661, c8vo. 
^ £6. Tbewhole works. of N^wtoa^piibliibisd by Pr. Horiley; 
1779> 4to.j|i^.^]s. 

Tbe foUpwing is a lift of the papers left fsewtua at iiis 
* death, as n^entiouQcl above. 
A Catalogue of Sir IJ'aac Newton's Manu/'cripts and 
'fapers,: 4H4mttexed to a bond, given hy Mr, Conduit, to the 
«AlMH^b^M of. Sir ifmtci Ijy which kc Mig(i% hhi^ty' to 
aeemmtfwmiy profit hejkall trndu by publiffuiig any of the 
papers. 

Dr. Pellet, by agreement of the executors, entered into 
A6ls of the Prerogative Court, being apj)oiated to pcruijp all 
tbe papers, and judge which .were proper for thp pirefs^ 
1. Viaticaai»ii^k«ri]in ; by Robert Wright, 

5. Mifcellanea ; not in Sir Ifaac's haDd-vrrilii||f« 
' Sm MifoeUeneii ; pftrfc Sir Ifaae's hmdm 

4. Trigonometria; about $ (heetB*.' 
. : 3. Definitions. 

6. Mifcellanea; part in Sir Ifaac's hand. 

7. 40 ilieets in 4to, relating to Church Htdorj. 

.8. 1116 (lieets written on one fi4e^ being foul draughts of 

tbe Prophetic Style* 
9* 86 (heels relating to'Ckuv«ib Hiilory. 
10. About 70 loofe iheets in fmall 4to, of Chemical 

papers ; fome of whicii aie not ni Sir liaac's hand. 
IK Ahoiit 6^ ditto, iii folio. 

Ifi. About 15 large (lieets, doubled into 4 to ; Chemical. 

15. About 8 fhcets ditto, written on one fide. 

14. About 6 Ih^ts of foul papers, relating to Cbemiftry. 
.1^. lft'half4heeu of ditto. 

16. 104 half-Oieets in 4to, ditto. 

17. About flieets in4to, ditto. 
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10. 29 ba]f-fheeu» beiug an anfw6s<tD Mr.:Ho(^f Sir 

■I faac's Theory of Colours. 
30. 87 bah'-flK?els rt iaUag Lo the Optios^ fame of which 

ore not in Sir vHauc'a hand. 
Flom^NKx. lUo No, SDexAmmedon tbeieoili.'of May» IW9 
•yniljiidgBd not ftt.jtoibe>paoted> 

- '^Wtoefs, Piikingtm. 

11. 3*38 hii]i-flic€ts, in folio, and 6u in fmall ^Uo ; l>eing 

loofe and foul papeis 'relating to Uie Reveialioua 
and Propriecie8. 
£9, 6 balf-Oieete in fiziaIl 4to, relating) to^QMireh M«Uef8« 

£4. 353 half-fheets in iblio> and 57 in fmall 4to ; being 
- foul and loofe papers rekting, to i ii^urch and ^la- 
th* lualics. - ■ ' 
1^. ^1 balf-iheets in folio» and 21 in (inall 4to; loofe and 
foal <|NiperB >9riating to ' the Cmmerciuui Epifio* 

126. 91 half*(heH»WlBiii]l'4toytililiatm^ japon^tfatfTttDple 

of Solomon.- . 

27. 37 half-flieets in folio, upoa the Tloil of Heaven, the 

Sanctuary^ and other Church Mattm. ' ' . * 
68. 44 half (beets in folio, upon ditto. ^ . 

^5 half<-(heets in tfilio; being aiarthor jmMiiit of the 
Hoft of Heaven. 

30. 51 half*iheels in folio; being mKiHoriei] lAocoant of 

two notaWe" CorrnpHoos of devipUire« ' - 

31. 88 half-^eets in fiuaii 4tOi being lixtra^;of Church 

Hiftory. 

^d'i. 1 16 haU^heets in folio being Paradoxical Que&ions 
concerning Atbanafinsy of which 'ieveral ^leaires in 
the- b€|;rmiiog ere very mueh dameged; • 

33. 56 balf^iheels in folio, DeMotu Corpemrai j tbo^reateilr 
part not in Sir Ifaac's hand* 
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^ 6i half-ilieets in fmail 4to ; being 

the j\pocalypl'e. 
55. 25 half-flicets la iuiio, the Working of the My&erj 
of Iniquity. 

86. dOhiOf^ih^ in folk>^ of^Tbec^gy of the Hea* 
tbens* 

57* M faalf-Aeets in fdio ; being an Account of the Conteft 
between the Hoft of Heam and the Tranigreflbrs 

of the Covenant. 
'3^31 balf-*iheet8 in iu lio; being Paradoxical Queilious 

coDceming Athauaiius. 
' 39* 107 ^uarter-flieeis in fmali 4to» npoo the Revelations* 
40* 174 half-fheets in folio y being loofe papers xelating to^ 

Chvfch Hiflory. ' 
Maf flfi^ 1797^ examined from No. t\ to New 40 inclufive, 
and judged them not fit to be printed : only No. 33 and No« 
38 (bouid be recooiidered, 
. . : . . T. PellU. 

Witnefs, Tho. PUkington. 
4U 167 hi^*iheets in folio \ being loofe and tbul papers 

relating to the €oniiBerci|Mn fipiftolionm* 
, 42. ^1 half-aieets in folio ; being the dd letter npon Texts • 

of Scripture ; very much damaged. 
43. Si half-(beets in folio ; being foul papers relaliug to 

Church Matters. 
44* 406 iialf^beets in folio ; being loofe and foul papeis 
relating to Calculations and Mathematics. 
• 45. dS5 hatf-iheets in folio j being loofe and feulpi^iers 

relating to the Chronology. 
. 46« 1 12 (heets in fmail 4to, relating to the Revelations, and 
other Cluirch Matters. 

47. I2O half-lheets m folio ; being looiie papers relating to 

the Chronology, part in Enghih and part in Latin. 

48. 400 faalfi^flieets in iic^; being loofe Mathematical 

papers* 

40. lOQ flieets in 4IO5 fdatiog to the Prophecies^ ahd 

Church Matters. 
Vol. L e 



Digitized 



liriii nm lifb ov 

50. 1^7 half-lheets in folio^ relatinf^ to the Unimfi^ ; 

great part nol iu Sir li : hand. 

51. 18 ihteLs ill 4io ; being ( inmical papers, 

52. 235 quartcr-ihc^eU ; beiug Cheiuical (laijers. 

63* An Aficaimi of CoimpUgo* of Scriptme; noftiaSur 
Ifaac s band. 

die SI qqafterwflieeCs; bdog Flamaidl's EspliMtlkm iof 

Hieroglyphiefti Figuret. 
55. Abuui .)oO haU-lhccls ; being Mifcellaneous papers. 
5ti, 6 balf-(heets ; being an Accouui ot lijt: iiujpues, &c» 

repre Tented by St. John. 
9baH-iIiflet» folio, and 71 qoartef 4hc«to 4tD ; beiQg 

Mathemalaoai pB|wi8« 
58. 140 half-iheetSj in 9 chaptaiy and % piefsas in foUo^ 

titled, Conoerniiig the Langaage of I V ^ p he t g . 
JQ. €oG huU'-ilieet4 foiio^ rtjaliug to liie Chrouuiug^ ^ ^ 

more in Latin. 

60, 1S2 h^U' Uieets folio ; being loofe papers reiabng to the 

Chronology aod Prophecies. 

61. 14i qnart€r*awete» and hal^flmU folia; hcing 

loofe Mathemalical papen. 
137 half-ilKets folio ; being loofe pupw ralaiing tQ the 
Diiputc with Lc4Miiit^. 
GS» A. folio Commoa^ikce book ; part in Sir ICaac's 
baud. 

A bundk of £nghih Leilm to Sir Uaac, rdalii^ to 
MitriffTtnMtifi 

54 iKtlfrikeela; being lode pafim fonnd in tbt Pria- 

eipia. * 

66. A buu(iIo of looie AlaliiemaUcal Papers; not- Sir 

67. A bundle of French and Latin Letters to Sir ifaar. 
6B» 136 flieets tbiio, relatiog to Optic^ 

§^ es bal^^ibeelsibttoi, De RalioMhoa Motonn, kic. ; ttot 
in Sir liaac's hand. 

70m. 70 hali-iheeta folio being looi^ Mathematical papers. 
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71. 38 haU^fliBSli ftiio; fafliog kofe papm aelating lo 

Optics. * ... 

72< 47 half-flieets folio ; being loofe papen relating, to 
Cbroaology and rrupliecies. 

73. 40 balf-<fiKeia Iblio ; Procefhis Uy£beni Magtii Phi^ 

lofopldooiy bjr Wfli* Yworth; not in Sir KmmTi 
hand. . 

74. S half-flieets; being a letter fromjlizzetto to Martine, 

in Sir Ifaac's hand. 
73* 41 hair-Oipets; being loole papers ot ieveral kindd, 
part in Sir ICaac's hand. 

76. 40 half-iheets ; being loofe papen, foul and dirty, re*» 

iatiDg to Calcnlations. 

77. 90 half-lheets foUo ; being loofe Mathematical pa- 

pers. 

78. 176 liaU-iheets folio j being ioufc papers relating to 

Chronolojrv. 

79* 176 half-iheets iblio ; being loofe papers relating to 
the Prophecies. 

haif-flieets folio; an Abftraa of tihe Chro* 
nology. 

92 half-(hcets folio ; ibc Chronology. 

81. 40 haif-ilieets folio ; the IJilroi y of the Prophecies, in 

10 chapters, and part of the llth unfinilhed. 

82. 5 fmall bound books in 12mo ; the greateft part not in 

Sir Ifaac's hand, being rough Calculations. 
May26ih, 1727, examined firom No. 41 to No. 8t in- 
clttfive, and judged not fit to be printed, except No. 80, 
•which is agreed to be printed, and part of ISo. Gl and 81, 
wiiit ij are to be reconfidered. 

r. Pellet. 
Witnefs, I'ho, Pilkington. 
It is aftoniihing what care and induftry Sir Ifaac had 
employed about the papers relating to Chronology, Chvrch 
Hiftory, &c. i as, on examining the papers diemfelTCi, 
which are in the polfeflion of the family of the carl of 
Portfmuuth, it appears that many of them are copies over 

e 2 



Digitized by Google 



be THB LIFE9 &0. 

and ofer again^ oflen with litile or no yaiiatioii; tite wboTe 

number being upwards of 4000 flieets in folio, or 8 reams 
oi lolio paper ; befide the bound books, &c. in this cata- 
logue, of which the number ot flieets is not mentioned. — • 
Oi tbefe there have been publiibed only the Chronology^ 
Md Obfervations on the Prophecies ot Daniel; and the A^Oe* 
ealjpfe of $t. Jofan« 



* ♦ 
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MAXHEMATlCAIi PRINCIPpSS 

or 

NATURAL PHILOSOPHY. 

m 

» 



DEFINITION L 

The quoiUity of matter is the meafure of the fame, anfin^ 
fnm iU det^y and Mk con^w^hf* 

JL HUS ftir of a double denfitj, in a double fpace^ is 
quadruple in quantity; in a triple fpaoe> iextapk in quantity. 
The fame thing is to be nnderfiood of fasam, and £ne doift 
or powders^ that are condenied by ooiiipfeffion or liqnela^n ; 

and of all bodies that are by any caufes whatever differently 
condenfed. I have no regard in this place to a medium, if 
any iuch there is, that freely pervades the interfticesbetweea 
\he y£art*. of bodies. It is thu quantity that I mean hereafter 
3Tei7 mhexe wndet Itw umbc of Body or Mais. And the 
fame is known by the weight of each bo^y : Ite *t ;5 propor* 
ional 10 the weight, as I have found by experiments on pu&« 
lulums, very accurately made, which giall be iliewa heitaften 

DEFINITION IT. 
UAe quantity of motion if tkt meafure of the fame, artfinf^ 
from the veheiiu^^ quantity of matter em^wuBfy. 
The motion of tUe whole is the fum of the moliona of all 
be iMurts; vdA therefore in a body double in qnahtity, with 
cjual velooty, the motion is double j with twice the velocity^ 

. is quadruple, v 

V01..I. . B 



9 MATBBMATICAZ. PRlNCIVLSft Book L 

DEFINITION TIL 
The vis infita, or innate force of matter, is a power of re* 

Jifiing, by which every body, as much as in it lies, endeavours 

i6feffwtt t» itspri^hnt Jta$€, wh^her U h4 of pefi, or 0f 

ftming umfarmfy forward m a right Ime. 

This force is e?er proportional to the body whofe fierce it 
is j aad differs noUiing from the ina<5livity of the mafs, but 
in our manner of coni-'civmo; it. A body from the inadlivity 
of matter^ is not without difficulty put out of its ilate of re& 
or motion. Upon which account^ this tn^a^ mayi hya 
moft figntficant name, be ca&ed m merUm, or forc^ of 
tuSdntf. But a body ewto thk force only^ when another 
foree^ imprefled upon it, endeavours to change its condition ; 
and the exercile of Lhis force may be confidered both as re- 
finance and impulfe : it is refiftance, in fo far as the body, 
for maintaining its prefent Hate, withilands the force impreiied; 
it isimpulfe^ in fo far as the body^ by not eafily giving mqf 
to the impiefled force of anoter^ endeavom io change die 
jftate of that other*. Refiftance ia uibally afcribed to bodies' 
at reft, and impulfe to thofe in niotion : but motion and reft, 
as coinmouly conceived, are only relatively diftinguiiliedi 
nor are thole bodi^ always truly at rei2> which commodljf 
aie taken to be ibu 

DEFINITION IV. 

imprejfcd fotu u tt» o&im exerUd t^pon a hodjf, in ankr 

t9 change its Jtate, either of r^, or of mmng w^formfy 

forward m a right line. 

This force confifts in the a(5lion only; and remains no 
longer ^n the body, when the action is over, lor a body 
inainta^ j^lP gy new ISItfttltcqmres, by hs gts ineriia only« 
IfftfXSt&ai foroes are of diffieient origtoa; m &Qm fexwSm, 
lioqpi preffuze, tgm centripetal force. 

^ BjEFIMTlOiN V. 
t4 centripetal force is iht^^i^^i^lMch bodies are drawn or im* 

pelled, or an§f way tend, tou'ara3»-^^1 point us to a centre. 

Of this fovt is gmvity, by which bodif^^j^ to the centre 
of the earth; magnfitifm^ by which iron tei^db to the load* 
ftone; and that foro^ whatercr it is, by whidn^ phnels 
are perpetually drawn afide £rom the redilixiear moi^iwiV 
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wKich c^hmnlk thxy woald pacGae, and inaide to sawolve ia 
cwiliiiearoibitft* A fiooe, whifkd aboM itt a flbg^ endea* 
Yours to recede fk>m the liend that turns it; and by that en- 

deavour, diilends the fling, and that with lb much the greater 
fbrce^ as it h revolved with the greater velocity, and a% iboa 
as ever it is Jet go, flies away. That iprce which oppoies it« 
lelf to thk endeaYOOTy and by which the fling perpetually 
dram Vaok the ^one towards the head, and selaiitt U in Hi 
0rbily becani^itiadife^ed tothehaod aallie ecMe of the 

erbit^ I call the centripetal force. And the fame thing is to 
be nnderftood of all bodies, revolved ui any orbits. They all 
endeavour to recede from the centres of their orbits | ^nd were 
k not for the oppofltion of a contrary force which reftn^S 
ihmm. to, and detains them in ibeir dbitB, uriudi I t to caafewi 
eaU centripetal, wmdd % off in right iinNd wiCh an uniforaa 
motion. A proje^Ie^ if it was not for the ^sroe of grayity, 
would not deviate towards the earth, but would go off from 
it in a right line, and that with an uniform motion, if the re- 
£llanoe of the air was taken away. It is by its gravity that 
it is drawn aflde perpetually fim its re^liinear conrfii^ mad 
made to deviate towards the eartb# moie or idk, accoiduaig 
to tbe force of its gravity, and the uddeity of its motion* 
The lefs its gravity is, for the quantity of its matter^ or the 
greater the velocity with winch it is projected, the lefs will it 
deviate from a re^ihnear courfe, and the farther it will go. 
If a leaden baB> pn^fei^ed from tbe top of « monntain by the 
:foioe of gon-^K)wder witii a given vdocilgr> and in a duedlion 
peraflel to liieliodaoii. Is earned id a<^orve li^e to tiiediftanoe \ 
>6f two msfes before It foils to the ground ; the fome, if tbe , 
refiltance of the air was took away, with a double or decuple ' 
velocity, would fly twice or ten times as far. And by in- • 
ereaflng the velocity, we may. at pieafure increale the difiance 
to which it might be proje(5!ed, and diminifli the curvature of 
#ieMne, wluch it might deferibe, tUl at left it ftrndd ^ al 
liie dlftanee of 10, 30, or gO degrees, or even might go qmto 
round the whole earth before U falk; or laflly, fo that It 
might never fall to the earth, but go Ibrwards into the ce- 
leftial fpaces, and |m)ceed in its motion i7i infinitum. And 
ato the jOune manner that a proje<^iie, by the ioroe of gra- 
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yntj, maj be made to leYolye in an orbtt> and go round the 
whde earth, tbe moon either bj tiie foice of gvavl^^ 
if it is endned with gravity, or by any other force, that im- 
pels it Lowurdi tiiu cailb, may be perpetually cliawii aiide 
towards the earth, out of the rcdiUiiear way, whicii by its 
innate ibrce it would purfue ; aod be made to revolve in -the - 

' orbit which it now describes : nor could the moon without 
Ibme ibch forcej beretained in its orbit. If thisfo^oe waa too 

. imall, itwoikldnot fafficiently turn the moon out of a redi- 
linear courfe : if it was too great, it would turn it too much, 
and draw down the moon from its orbit towards the earth. 
It is neceiiary^ that the force be of ajuft quantity, and it be- 
longs to the mathematicians to find tlie force, tliat may ierve 
exai&ly to retain abody in a given orbit, with agiven velo- 
city ; and vke 9erfa, to determine the oiirvilinear way, into 
which abody projeded from a given {>lace, with a given ve- 
locity, may be made to deviate from its natural re6lilinear 
way, by means of a given force. 

The quantity of any centripetal force may be couiitkred 
as of three kinds ; abfolute, accekcative, and motive* 

DEFINTnON VL 
The abJohtU quasUity of a cenitipetai force i$ the tntqfure 

the fame, proportional to the efficacy of the caufe that pro^ 

pagates it from Lhc centre , through the fpaces round about. 
Thus the magnetic force is greater in one load-Hone and lefs 
in another, according to their fizes and ilreugth. 

DEnNITION VIL 
The aeceleratitte quantity of a eentr^i^al farce is the mafurc 

of the fame, prcportioml to ike ifckdiy which it generates^ 

in a given time. 

Thus the force of the fame load-ftone is greater at a lefs 
diftance, and lefs at a greater ; aifo the force of gravity is - 
greater m valleys, iefs on tops of exceeding high mountains ; 
and yet le& (as fhall be hereaiier ihewn) at greater diftancen 
from the body of the earth ; bat at equal diftanoes, it is the 
lame cvory where ; becanfe (taking away, or allowing for, 
the r^ftance of the air) it equally accelerates aU faliixig ba« 
dies, whether lieavy or light, great or iinaU* 
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DEFINITION VIII. 
The motioe quanHiy of a cefUr^tatforce^ ii tk mafun 
the feme, proportional to the motion d^u^ it generates in a 

given time^ 

Thus the weight is greater in a gi cater body, kls in a lefs 

• body ; it is greater near to the earthy and lefs at remoter 
diilances. This fort of quantity is the*oeDtripetency^ or pny> 
penfion of the whole body towards the centre^ or, as I may 
iay, its weight; and it is ever kpown by -the (quantity of 41 
force equal and contrary to i^ thatis juft fafficteat to hinder 
the delceiit ot' the body. 

' Tlicle quantities of forces^ we may for brevity's fake call by 
the names of rndtive, accelerative> and abfoliite forces ; and 
fordiftin^on's lake confider them, withiefped); to the bodies 
that tead to the centre ; to the places of thofe bodies i and ^ 
to the centre of force towards which they tend : that is to 
fay, I fefpr the motive force to the body, as an endeavour 
and propenfiLy oi the whole towards a centre, arifing froia 
the propenfities of the feveral parts taken together ; the ac- 
ceierative force to the place of tiie body^ as a certain power 
or en^gy diffofed firom the centre to all places around to move - 
the bodies that are in them ; and the abfolute force to the 
centre, as endned with ibme canfe^ without which thofe mo- 

• live iorces would not be propagated through the fpacesromid 
about; whether that caufe is feme central body (fuch as is 
the load-done, in the centre of the force of magaetifm, or 
the earth in tiie centre of the gravitating force), or any thing 
elfe that does not yet appear. For I here defign only to give 
a mathematical notion of thofe forces^ withoat . ooniidering 
their phyflca] canfes and feats. 

Wherefore the accelerative force will ftaiid in the iaine 
relation to the motive, as celerity does to motion. For iIjc 
quantity of motion ariles from the celerity drawn into tlie 
q^iantity of matter ; and the motive force arifes from the ac- 
edeiative force drawn into the iame quantity of matter* For 
the fwn of the adkions of the accelerative force, vpoa the fe* 
veral particles of the body, is the motive force of the whole. 
Hence it is, that near the furface of the earth, where the ac- 
celerative gravity^ or iui:ce produiSUveof gravity^ in all bodies 

B3 
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isthefamej the motive grsfity or the weight is ei the body: 
tet We fhouid aleeiid to higher regions, where the aoce- 

lerative gravity is Ms, the weight would be likewife dimU 
nifhed, and would always be as the produ<^ of the body, by 
the accelerative gravity. So io thofe regions, where the ac- 
celerative gravity Is dimitiifhed into one half, the Weight of i 
body two or three times le&, will be fiour or fix times kls* 

I Ukewife call attra^ons and impiilfes, in the fame fenfci, 
accelerative, lind motive; and ufe the Words attra^on, im» 
pulfe or propenfity of any fort towards a centre, promif- 
cuoufly, and inddierently, one for another ; coniidering thofe 
forces not phyficallj, but mathematically: wherefore, the 
reader is not to imagine, that by thofe words, I any where 
take npon me to define the kind, or the manner of any bc^ 
kton, the caafes or the phyiical reafon thereof, or that I ai^ 
tribute forces^ in a tiue and phyfical fenib, to certain ccjjtres 
(wliit h are only mathematical points); when at any time I 
hap[>en to fpeak of centres as altrai^iing, or as endued with 
attra^ve powers, 

SCHOLIUM. 

' Hillierto I have laid down th^ definitions of focifa words a^ 
are lefs known, and e^rplained the ienfe in whtch^ I would 

. have them to be underftood in the following difcourfe, I do 
not define time, fpace, place and motion, as being well 
known to all. Only I mufi obferve, that the vulgar conceive 
thofe quantities under no other notions but Irom the relatM 
they bear to fenfible obje&. And thence arife certun pro* 
judices, for the removing of whi<^, it will be convenient 
diftinguifh tbem into abfolute und rdativc, true and ap* 
parent, mathemaLical and common. 

I. Abfolute, true, and mathematical time, of itfelf, and 
ftom its own nature flows equably without regard to any thing 
external, and by another natoe Is called duration : rdative, 
apparent, and common time, is fome fenfible and external 
(whether accurate or nnequable) meafure of duration by the 
means of motion, which is commonly ufed inilead of true 
time ; fuch as an hour, a dsty, a month, a year. 

II. Abfolute fpace, in its own nature, without regard to 
any thing esternal^ itmains always fimUar and immovable* 
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•bfatate l)M0i } whkh our ftniiea detefniae li^ Hi pofitkni 
to bodiet; aad whkh is viilgarlj tatai for ii&itMi«dble fpace ; 
fuch is the dhneiifloii of a fobterraneous^ an areal^ or celeftial 

Ipacc, determined by its politioii in rerpc6^ of the earth, 
jAbfolofce and lelalive fpace, are the lame la figure and mag- 
ailiide ; but thej do not remain always numericallj theikme* 
liar If tlie eatlfa^ for iaftaneej mowtB, a fjpaion of our air^ 
wlueb r^fMfy and in refped of the earth remaiin alwayt 

" the itene, will at one tHiie be one part of the abfohite fpace 
into which the air paiTcs ; at another time it will be another 
part of the fame, and £o, abfolutelj underitood^. it will be 
perpetually mutaUe. 

! III. Pkoe is a part of fpace which a body takes up, and b 

I aoGOidiag to the ^paoei eilto abfoiute or telattve. I ihy> a 
part 0f Qiaoei not the fitnation^ nor Ihe estemal foifoce of > 
the body. For the plaoes of eqna) ibiids, are always equal ; 
bul their fuperficies, by reafon of their diffimilar figures, are 
often unequal. Pofi lions properly have no quantity, uor are 
they fo much the places themielves, as the properties of places* ' 
ne motkm of the ii^de is the fame thing with the ilim of 
Ibe Mtionsof the parts; Ibat is^Uie tranflation of the wboie, 
«iitof iCB pkee, is liie teie thing witb the fotn of the tnni^ 
lations of the parts out of their places ; and therefbre the 
place of the whole, is the fame thing with the ium of the 
places of the parts, and for that reaion, it is interaal, and in 
the whole body. 

1}': IV. Abfeittte motion, is the ttanflatkm of a body from one 
*jj abfolnte plaoe into another; and relative motion, ilie tfanf« 

' lation from o&e relaUve place into another. Hins in a Ihip 
under fail, the- relative p^acc of a body is that part of the 
fliip which the bqdy polTefles ; or that part of its cavity 
which the body hlls, and which thereibre moves together with 
the (hip s and illative reft, is the continuance of the body 
inibefame part of theihip, cnrof its cavity. Bnt reai, ab- 
filiate reft, is the coniinoance of llie body in the ihme part 
of that immovable fpace, in which the ihip itieff, its cavity, 
and all that it contJlihs, is moved. Wherefore, if the earth ' 
m really a|. reil, tlie body, wliich reiativeiy xdh in the fliipt 
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' will really and abiblntelj move with the i^e velocity which 
tfaeihiphaBOii the earth. Bat if 4he ear& alio movent the 
tnie and abiblale motioii of the hody wUl arile^ partly from 
the ti ue motion of the earthy in immovable fpace ; partly 
from the relative motion of the (hip on the earth : and if the 
hody moves alfo relatively in the (hip ; its true motion will 
arife^ partly from the true motion of the earthy in immovable 
fpace, and pa^y from the relative n^otionf as weU of theihip 
on the eardi, a^ of the body in the ihip ; and from thefe 
lelative motions will ariie the idative motion of the body on 
the earth. As if th^t part of the earth where the fliip is, 

/ was truly moved toward the eaft, with a velocity of 100 la 
parts; while tlie ihip itfelf with a frefh gale, and full fails^ 
Is carried towards the weft» with a velocity exprefied by 10 
of fhofe parts; bnt a iailor walks in the fliip towaxds the 
. eaft, with 1 of the laid vdocity : then the (ailor will hia 
moved truly and abfolntely in immovable fpace towards the 
call with a velocity of 10001 parts^ and relatively on tliei 
earth towards the weft, with a velocity of 9 of thole pai-ts. 

Abfolate time, in aiironoiny, is dillmguilhed from relative, 
by the eqnattoa or oonedion of the vulgar time* Por the 
natoral days aie truly unequal, though they aie commonly 
confideied as equal, and ufed for a meafuie of time : aftro- 
nomers corre<5l this inequality for their more accurate de- 
ducing of the celefUal motions. It may be, that there is no 
fuch thing as an equable motion, whereby time may be accu- 
rately meafured. All motions may he accelerated and re« 
larded, hut the true, or equable, prpgieis of ablblnte time - 
is liable to no chaoige* The duration or perfeverance of the 
exigence of things remains the lame, whether the motions 
are iwilt or flow, or none at all : and therefore it ouglit to be 
diftinguiflied from what are only fenfible nieafuics thereof ; 
and out of which we colled it, by means of the aitronomicai 
equation. The neceffity of which equation, for detonntning 
the times of a phsanomenon, is evinced as wdl from the'ex* 
periments of the pendulum dock, as by eclipfes of the fateh 
Utes of Jupiter, 

As the order of the parts of time is hnmu table, fo alfo is 

tjie order of the parts of fpace* Soppoie thoie pacts to he 
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moved out of their places, and tbey will be moved (if ihe ex- 
preffion may be allowed) out of themfelves. For times and 
fpaces are, as it were, the ])laces as well of tliemi'clves as of 
all other things. All thiqgs are placed in time as to order 
of iiicceflion ; and in fpace as to order pf iituatioD. It is 
from their effence or nature that they are places ; and that 
Ihe primary places of things ihonld be moveable^ is abford. 
Thefe are therefore the abfolute places ; and tranilatious out 
pf thofe places, are the only abfolute motions. 

But becaufe the parts of fpace cannot be icen, or diilin- 
guifhed from one another by our fenfes^ therefore in their 
Aead we nfe ienfible meafanes of them. For from the- por- 
tions and diftances of things from anybody confiderecl as im- ' 
movable, we define all places : and then with refpedt to ihch 
places, wc eftimatc all motions, confidering bodies as trauf- 
ferred from iume of thofe places into others. And fo inftead 
of abibkte places and motbos we )ife relative ones ; and that 
without any inconvenience in common affairs : but in phllo* 
fophical difqnifittons^ we oi|ght to abftra^ from our fenfes, 
and confider things themfelveBy diftin^ frmn what are only 
feniible meafores of them. For it may be that there is no 
body really at reil^ to which the ^lace:> and. moiious of others 
inay be referred. 

But we may diilinguilh reil and motiouj abfolute and re- 
^iative, one from the other by their properties^ cauies and 
fiSe6k* It is a property of teSt, that bodies really at reft do 
left in refpe^ of one another. And therefore as it is poffible, 
that in the remote regions of the £xed flars, or perhaps far 
beyond them, there may be fome body abfolutely at reft ; but 
impoflible to know, from the poiUion of bodies to one another 
in our regions^ whether any of thefe do keep the fame po(i- 
tion lo that remote body ; it follows that abfolute reft cannot 
be determined from, the pofition of bodies in oar regions. 

It is a property of motion, that the parts, which retain given 
pofitions to their wholes, do partake of the motions of thofe 
ivholes. 1 oi all the parts of revolving bodies endeavour to re- 
f^e from the axis of motion ; and the impetus of bodies mov^ 
ing forwards, arifes £rom the joint impetus of all the parts* 
TbelefDie^if fonoQiMGiig bodies are moTed^ thofe th»t are 
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Ifittvely at reft within tbem^ will partake of Ifadr moliott; 

L pon which account, the true and abfolnte motion of a body 
mil not be determined by the tranllatlon of it from ihufe which 
only fecm to reft: for the external bodies ought not only to 
appear at reft^ but to be really at reft. For otherwife^ allia* 
daded bodiei> befide their tratiilation from near the furrouid* 
ingones, partake likewife of ]iheir true motions; and though 
that tranflation was not made they wonld not he really at reft, 
but onl}' feem to oe i'o. For the furrounding bodies ftand in 
the like relatioii to the fuiioimded as the exterior part of a 
whole does to the interior^ or as the Hiell does to the kernel ; 
hat| if the fhell moves^ tiie kernel will alfo move, as being 
part of the whole^ without any remoral from near the ihelL 

A property near- akin to the pieoedtng« is this, that tf 4 
place is moved, whatever is placed therein moves along with 
it; and therefore a body, which is moved hom a place in 
motion, partakes alfo of the motion of its [)lace. Upon which 
account all motions from ]>Iac€s in motion, ace no othei: 
than parts of entire and abiolute motions; aiid every entiit 
motion is coiApofed ont of the motion of the body out of Ha 
tirft place, and the motion of this place oat of its place ; aal 
fo on, until we come to fome immovable place, as in the 
bcforc-menlioned example of the faiior. Wherefore entire 
and abfolute motions can be no otherwife determined than 
by immovable places ; and for that reafon I did before re- 
' kr thofe ahfolote motions to immovable places, hot relative 
cues to moveable pi aoes* Now no other places sire immovw 
able bat thofe thai, from infinity to infinity, do all retain the 
fame given poiiLioiis one to aiiolber; and upon tliis account 
rouft ever remain iinmovedj and do thereby coniUtute, what 
I call, immovable fpace. 

The canfes by which true and relative motions are 4ii^ 
tmgoiflied, one liom the other, are ^ forces imptefled op* 
•vm bodies to generate motion. Tree motioti is neither gene- 
rated nor altered, but by fome force impreffed upon the body 
moved: but relative motion mny he c^enerated or altered with- 
out any force imprelVcd upon tlie body. For it is fufficient 
only to imprefs fome force on other bodies with which the 
-fomer ise»mpaied> that by their giving w»y^ thatitlatign 
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mmf be changed^ in wbicfa the relatiye reft or motion of this 

oLhcr body did coniift. Again, trae motion fiilTcrs always fomc 
change fium mi y force iiiifjrelTed upon the moving body; 
but relative motion does not iiectjlariiy undergo any change 
^kj fttch forces. For if the fame forces are likewife imprefied 
«ni tbole other bodies^ with friiich the comparifon is madei 
ABt the xelatlYje pofition may be preiervedj then that oondi- 
tion will be preferred in which the relative motion confiib. 
And therefore any relative motion may be eliaugcd when 
the true motion remains unaltered, and the relative may be 
preierved whea the true fufiiers ibme change. Upon which 
•eoounts^ tme modon does by no meuis oonfift in fuch re- 
latioM* 

The 90k£U whidi diftuigiiHh abfolate £K>m relative motion 

are^ the forces of receding from the axis of circular motion. 
For there are no fuch forces in a circular motion puiely re- 
lative^ but in a true and abfdlute circular motion^ they are 
gieater or lefs^ according to the quantity of the motion. If 
a ftSel, hung by a long cord^ is fo oi^n turned about that 
the cofdis fiioogly twifled* then fiUed with water, and held at 
reft together with the wat^; after> by the fodden a^on of 
another force, it is whirled about the contrary way^ and while 
the cord is untwifting itfelf, the vcflel continues for ibme time 
in this motion ; the farface of the water will at firft be plain, 
OB beibfo the fieffd b^gan to move: bat the veiTel^ by gradually 
onrnimnioating its motion to the watov will make it begin 
lenfibly to revolve^ and recede by little and Itttie from the 
middle^ and afcend to the fides of the vefTel, forming itfelf 
into a concave iigure ( as I have experienced), and the fwifter 
the motion becomes, the higher will the water rife, till at laft, 
performing its revolations in the fame times with the vefTel^ 
•it beoones velatiTdy at reft in it. This afcent ei the wiMer 
- flem its endeavonr to*recede fyam the axis of its motion; 
'afad the true and abfolate eircalar motion of the water, which 
is here diie<Slly contrary to the relative, difcovers it felf, and 
may he meafured by this endeavour. At firft, when the 
yiiative motion of the water in the vefiei was greateft, it 
piodiiDed nd endeatoar to recede from tiie axb: the water 
ihmd no tendency to the oinmmfereneei nor any afceitt 
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. towards the fides of the veflel^ but remained of «platiifiii£u«^ 
and therefore its true circular motion had not yet begmi. 
But afkerwards^ when the relative motion of the water had 

decrcafed, the afcent thereof towards the fides of the veffel 
proved its endeavour to recede from the axis; and this endea- 
vour (hewed the real circular motion of the water perpetually 
increafingj till it had acquired its greateft quantity^ when the 
water refked relatively in ihe veiTeK And therefore this endea- 
vour does not depend upon any tranllation of the water- in 
rerpe<^ of the ambient bodies^ nor can true circular motion 

be defined by iueh tianil;itu>ns. Tiiere is only one real cir^ 
cular motion of any one revolving body, correfponding to only 
one power of endeavouring to recede from its axis of motion^ 
as its proper and edequate effed: hut relative motions in one 
and the &me body are Innumerable^ according to the vaiioas 
relations it bears 10 extemaf bodies^ and like other relations, 
aifc- allogeLher deftitute of any real effe<ft, any otherwife tliaa 
tlu V may perhaps participate of that one only trne motion. 
And therefore m their fyilem who fn-^pole that our heavens, 
revolving below the fphere of the fixed flars, carry the planets 
along with them; the feverai parts of thofe heavens, imd the 
planets, which are indeed relatively at reft in their heaven^ 
' d» yet really move. For they change their poiition one to ano* 
ther (whieh never happens to bodies truly at leil), and being; 
carried together with their heavens, participate of tlieir mo- 
tions^ and as parts of revolving wholes, •endeavour to recede 
from the axis of their motions. 

Wherefore relative quantities are not the quantities theuK 
felves^ whofe names they bear, but thofe fenfible meafures 
of them (either accurate or inaccurate) which are commonly 
ufed initead of the meafured quantities themfelves. And if 
the meaning of words is to be determined by their ufe, then 
by the names time, fpace, place and motion, their meafures 
are properly to be underftood; and the expreffion will he 
nnufual, and purely mathematical, if the meafured quantities . 
ihemfelves are meant. Upon which account, they do ftraht 
the facred writings, wlio there interpret thui'c words for the 
nieai'ured quantities. Nor do thofe lefs defile the purity of 
mathematleal and philofaphical truths, who confound real 
quantities themfelves with their relations and vulgar meafures* 
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li' 18 indeed a matter of great difficulty to difcovef^ and 

efFe6lually to dHlinguiih^ tlie ti ac motions of particular bodies 
from the apparent: becaufe the parts of that immovable 
^pace in which thoie motions are performed^ do by no means 
oome wider the obfervaiion of our fenfes. Yet the thing u 
BOl altogeclier defperate; lor we hate fome aigumento to 
guide us, partly from the apparent motioas, which are the 
differejices of the true motions ; partly from the forces^ which 
are the caiifes and eflccts ol the true motions. For inliaiice, 
if two globes, kept at ii fjiven diftance one from the otbfM- by 
means of a cord that connedls them, were revolved about their 
common centre <^ gnmty, we might, from the tenfion of 
the cord, difcover the endeavour of the globes to recede from 
the axis of their motion^ and from thence we might compute 
the quantity of their circular motions. And then if any equal 
. forces /hould be impreflcd at once on the alternate faces of the 
globes to augment or diminifh their circular motions, from the 
increafe or decreafe of the tenfion of the cord, we might infer 
the iiMarement or decrement of their motions ; and thence 
would be found on what faces thofe forces ought to be impreilP 
ed, that the motions of the globes might be moft augmented ; 
tiiat is, we might dileover their hindermoft faces, or thofe 
which, in the circular motion, do follow. But the faces 
which follow being known, an^ coniiequently the oppoiite 
ones that pveoede, we ihould hkewife know the determination 
of their motions. And thus we might find both the quantity 
smd the determination of this drcular motion, even in an im- 
menk vacuum, where there was nothing external or fenfible ' 
with which the globes could be conipared. But now, if in that 
ipace fome remote bodies were placed that kept always u ' 
given portion one to another, as the fixed &ais do in our 
legions, we could not indeed determine from the relative 
inuiflation of the globes among thofe bodies, whether the 
motion did belong to the globes or to the bodies. But if we 
obferved the cord^ and found that its tenfion was that very 
tenlion which the motions of the globes required, we might 
conclude the motion to be in the globes, and the bodies to 

lie at refii and ihei^ iiom the txaoiktion of the globes^ 
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among the bodies, we flioald find the deterreiaati^ of their 
motions. But how we aie to coUeft the trae maHkm horn 
their caufet^ effet^ls^ and apparent dififerenoee'; and, vke verfa, 

how from the motioi:is, ciliicii' Uue or apparent, may come 
to tUe kiiovvledgf ut" their caufes aiirl (.'llects, (liall be explained 
inoic at large in the foUowiug Tra^. Icot to this end it vaa 
that I compofed it. 



AXIOMS 5 OR LAWS OF MOTION. 



LAW I. 

Every body pcrftvcrts in its JiaU oj rejl, or of uniform motion 
in a right Unt, miefs ii ii wn^lUd to change that jtatc bf 
forces impreffcd thereon, 

PrOJ ECnLES perfeveie m theirmotionsifofarasthe^ 
are not retarded by the refiftance of the air> or impeRed down- 
wards by the force of gravity. A top, whofe parts by their 

cobeilon are perpetually ciravvii afide iioiii re(ililinear motions, 
does not eeafe its rotation, otherwife than as it is retarded by 
the air. The greater bodies of the planets aud comets^ meet* 
ing with lefs refiftance in more free fpaoes^ preferve their 
motions both progreffive and circnlar for amncii longer time* 

LAW II. 

The alteration of motion is ever proportional to the motive 
force imprejfed; and is made in the diredion of the right 
line in which that force is imprejfed. 
If any force generates a motion^ a double force will gene* 
! rate double the motion^ a triple for(% triple the motion^ whe- 
* ' I ther thai force be impiefled altogether and at onoe, or gradu- 
I ally and fnccefiively. And this motion (being always dire^ed 
the fame way with tlie generating force), if the body moved 
before, is added to or fabdu6led from the former motion, ac** 
cording as they diredtly confpire with or are diredUy contrary 
to each other; or obliquely joined, when they are oblique, 
ib as to produce a new motion compounded ftom the deter* 
mination of both. 
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LAW III. 

wTo €i?^fy a&ion there is always oppofid an equal reaBion: 
or ^ wmttwd a&ions of two bodiu upon tack other ar« 
mkmofi §quilU, nmd din&ed to contrary/ parti* 
Whatever drawn or preffes another is as much drawn or 
pfefled by that other. If yon prefii a fione with your finger^ 
the finger is alio prelTed by the ftone. If a horfe draws a 
ftone tied to a rope, the horfe (if I may fo fay) will be equally 
drawa back towards the ilone: for the diltended rope^ by 
the fame endeanFOor to relax or unb^d itfelf^ will draw the 
horie as madi towards the ftone, as it does the done towaids 
the hocfe, and wiQ ohAtoiSt the progreft of the one as 
much as it advances that of the other. If a body impinge 
upoa another, and by its foice change the motion of the 
other, that body alfo (becaufe of the equality of the mutual 
lUPeiTure) will undergo an equal change, in its own motion, 
toivands the eontrary part. The changes made by thefe 
adttooa ate equal, not in the velocities, but in the motions of 
bodies ; that k to fay, if the bodies aie not hindered by any 
other impediments. For, becaufe the motions are equally 
changed, the changes of the velocities made towards contrary 
parts are reciprocally proportional to the bodies. This law 
takes pkoe aUb in attra^ions^ as will be proved in the neict^ 
^BhohuDB* 

COROLLARY L 

jt hoiy hy twoforuM em^omtd wUl defirihe the diagonal of a 
paraUtlograniy in the fame time that it ZLouid dtjcribc the 
fides, hi/ thofc forces apart. (PI. 1. Fig. 1.) 
If a body in a given time, by the force M imprelTed apart 
jtt the pteoe A, (hould with an uniform motion be card^ fiom 
AtoB; aadbythefiiffoeNimpiefiled|apartinthe£iuneplace^ 
fluMiJdhe carried from A to eomjplete the paralldiogram 
A6CD, and, by both forces a^ing together, it will in the fame 
time be carried in the diagonal from A to D. For iince the 
force N acls in the diredlion of the line AC, parallel to BD, 
this iiwce (by the lecond law) will not at aH alter the velocity 
gsnented by the other force M, by which the body is carried 
lo waida the fine BD* The body therefoie will arrive at the 
ImcBD in theftM time, wheUMr the foreeNheunpc^fled 
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or not ; and therefore at the end of that time it will he found 

fomewhere in the tine BD. By the fame arp^ment, at tlie 
cud oi Uie fame time it will be found fomev, here in the line 
CD. Therefore it will be found in the point D, where both 
lines meet. But it will move in a right line £ron A to hj 

COROLLARY IL 
jtnd hence i$ eatpkdned the ewnpofUwn of amf one iireB force 

AD, out of any two oblique forces AB and i>D ; and, on the 
contran/, the refoiution of ant/ onedireB force AD in to two 
4ihijLqut forces AB and BD : which compofition and refoiutim 
are abundanify cot^rmed from mechanics. (Fig. 2.) 
A» if the unequal radii OM and ON drawn from the oentre 
O of any wheel> flumld fuftain the weights A and P hy the 
cords MA and NP ; and the forces of thofe weights'to move 
the wheel were k ([uik d. Tiii ougli the centre O cii aw the right 
line KOL^ mecliug ihe cords perpendicularly in K and L; and 
£rom the centre O, with OJL the greater of tlie diflances OK 
and OL, defcribe a cirde^ meeting the cord MA in D : and 
drawing OD, mak» AC parallel and DC perpendicalar thereto. 
JHow, it heing indifferent whether the points L, D, of the 
Qords be fixed to the plane of the wheel or not^ the weights 
will have the fame efie^H: whether they are fufpeuded from the 
points K and L, or from D and L. Let the whole force of 
the weight A be reprefented by the line AD, and let it be re- 
Ibhed into the fprces AC and CD ; of which the force AC, 
drawing the radius OD dlredUy firom the centre, . will haye no 
• efieift to move the wheel : hot the other force DC^ drawing 
the Viidius DO pcrpendicaiariy, will have the fame effeci as if 
it drew perpendicularly the radius OL equal to OD ; that is, 
it will have the fame effedl as the weight P, if that weight is 
to the weight A as the force DC is to the force DA; that is 
(becanfe of the iunUar triangles ADC, DOK), as OK to OD 
or OL. Therefore the wa^ts A and P, which are recjiiito^ 
cally as the radii OK and OL that lie in the fame right line,' 
- will be equipolienL, and fo remain in equilibrio : which is tlie 
well known property of the balance, the lever, and the 
wheel. If either weight is greater than in tius ratio, its force 
lo move the wheel will he fomuch the greater. 
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' If the w^igbt eqtial to the weight P> is pajrtly fuipended' 
lay the cord Np^ partly fnftained hy the obliqne plane pG ; 

draw pH, NH, the fonner i)ci pc]idicular to the horizon, the 
latter to the plane pG \ and iF the force of the weight p tend- 
ing downwards is reprelented by the line pH, it may be re- 
folved into the forces pN, H'N. If there was any plane per* ^ 
{lendicalar to the cord pN« cutting the other plane pG in a 
Ihie parallel io thfe horizon^ and die weight p was fnpported . 
mily by thofe planes pQ, pG, it would prefs thofe planes per- 
pendicularly with the foiccs pN, HN ; to wit, the plane pQ 
"with tilt force pN, and tlie [jlane pG with the force HN. 
And therefore if the plane pQ was taken away^ fo that the 
iveight might ftretch the cord, becaufe the cord, now fiilL 
taining the weighty fupplies the place of the plane that wa^ 
removed^ it will be ftrained by the fame force pN which 
prefled upon the plane bcftbre. Therefore the teniion of this 
oblique cord pN- will be to that oi" the other perpendicular 
cord PN as pN to pH. And therefore if the weight p is to 
the weight A in a ratio compounded of the reciprocal ratio of 
the ieaft diftances of the cords pN, AM, from the centre of 
the wheels and of Uie 6m€t ratio of pH to pN> the weights 
will hav^ the fame effied towards moving the wheel, and will 
therefore fufiain- etdi other; as any one may find l)y e^cpe^' 
rimenti 

But the weight p prelling upon thofe two oblique planes, 
may be con&dered as a wedge between the two internal fur-* 
feces of a body ^t by it ) and hence the forces of the wedge 
and the mallet may be determined ; for becanfe the force 
with which the weight p prefles the plane pQ is to the fofce < 
with which the fame, whether by its own gravity, or by the 
blow of a mallet, is iin|)eiled in the dire<Slion of the line pH 
towards both the planes, as pN to pH ; and to the force with 
which it preiTes the other plane pG> as pN to NH. And thus 
the force of the fcrew may he. deduced from a like refolutioil 
of forces^, it being no other than a wedge impelled with th« 
force of a lefer» Thenefote the ufo of Uiis Cdiollary fpreada 
far and wide, and hy that diffufive extent the truth thereof is 

farther cQuiumeii4 For on what has been iaid dependA th^ 
Vol. L C 
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ft 

,whole dcM^lrine of mechanics varioufly demon^ated by dif- 
ferent authors. ¥ot from hence are riilily deduced the forces 
of machines^ which are compounded of wheels, pullies, 
levers/ cords, and weights, afceodiog diredlly or obliquely^ 
and other mechanical powers; as aiib the force of the 
tendons to move the hones of animals. 

COROLLARY IIL 
The quantity of ynotion, ivhich is col/tded by taking the fum 

of the motions direct i d towards the. fame parts, and the dif- 
ference of tiiofe that arc direSlcd to cotUrar// parts, fuff ers 

no change from the a^ion of bodies among themfelves. 

For a^ioa and Its oppofitc i«-a<%on are equal, by Law S, 
and therefore, by Law 2, they produce in the motions eqeul, 
changes towards oppofite parts. Therefore if the motions are 
dire<5ted towards the fame parts, whatever is added to the 
motion of the preceding body wiil be iubdueted from the 
motion of that which follows; fo that the fum will be the 
feme is before. If the bodies meet, with contrary motions, 
there will be kti equal dedn^ion' firom the motions of both ; 
and therefore the diilerence of the motions directed towards 
oppofite parts \\ ill remain ilic lame. 

Thus if a fpht.rieal bodv A with two parts of vrlocitv 15 
triple of a I'phericai body B which follows in the lame right • 
line with ten parts of velocity, the motion of A wiii be to 
that of B as 6 to 10. Suppofe^ then, their motions to be of 6 
parts "and of 10 parts, and the fnm will be 16- parts. There* 
fore upon the meeting of the hodtes, if A aoqnire 3, 4, or 5- 
parU of motion, B will luie as many.; and therefore after re- 
flexion A will [)roceed with 9, 10, or 11 part^, and B with 
7, 6, or 5 j)art3; the fum. remammg always of 1(3 parts as be- 
fore. If the body A acquire 9, 10, 1 1, or l£ parts of motkm, 
and therefore after meeting proceed with 15, .16, 17, or IB- 
parti, the body B, lofing ib many parts as A has got^ will 
either proceed with one part, having loft or ftop and re- 
main at reft, as having loft its whole progreilivc motion of 10 
parts; or it will go back with one part, having not only loll 
its whole motion, but (if I may fo lay) one part more ; or it 
wik.go bafi: with ^ partly becaufe n psoigreflive motion of Ifi 
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ptrts U taken off. And ib the of the coofpimgmolioiis 
15 -i- 1 J or 10+O> and the difl^oces of the oontniiy oiotions 
17 — I aiid 18-^8j will alwayi be equal to l6 parts^ as they 

ivere before the niecLing and reflexion oi lire bodies. But^ 
the motions being known witli which ihe bodies proeeed aitei: 
reflexion, the velocity ot either will be alfo known, by taking 
the Telocity after to the velocity before reflexion, as the mo* 
tion after is to the motioii before. As io the laft oaie, where 
the motion of the body A was of 6 parts before reflexion and 
of 18 parts after, and the velocity was of 2 parts before re- 
flexion, the velocity thereof after reflexion will be found to 
be of 6 parts ; by faying, as tlie 0 parts of motion before to 
18 parts after^ fo are 2 parts of velocity beibre reflejKLioQ to 
6 parts after. . 

Bat if the bodies ar^ either not fpherical, or^moTtng iai 
different right linies, impinge obliquely one npon the other, 
and their motions af^er reflexion are required, in thofe cafes 
we are firft to determine the pofition of the plane that touches 
the concurring bodies in the point of concourfe; then the 
motion of each body (by Corol. is to be refolved into two, 
one perpendicular to that plane, and the other parallel to iU, 
This done> becanfe the bodies ad npon each other in ihe d^ 
le^on of CI line perpendicular to this plane^ the parallel mo- 
tions are to be retained the fame after reflexion as before 
and to the perpendicular motions ^'e are toafiigu equal changes 
towards the contrary parts ; in fuch manner that the fum of 
the confpiring and the difference of the contrary motions 
may remain the fame as before. From fuch kind of reflejuons 
aUb Ibmetimes arife the circular motions of bodies about thdi: 
own centre s» But ^efe are cafes which I do not oonfider in 

what follows; and it would be too tedious to demoiiitiatO 
every particular that relates to this fubjedi. 

COROLLARY IV. 
Xke common centre of gramty o/* two or mou Mm does not 
uUtr Us Jtait ofmatum or rejt by the a^iom of the hodia 
umiMg themf elves; -and therefore the eotmmm centre of 
vity of all bodies a&itis upon ea^ other ( ejsekidmg oi 

C « ^ 
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dBions and impediments) is either at reji, or moves unijormljf 
in a right iine. 

For if two points proceed with an uniform motion in right 
lines> and their diftanoe he divided in a given ratio> the di* 
viding point will be either at reft^ or proceed uniformly in a 
right line. This is demonftrated hereafter in lem. 23 and 

its corol. when the poiiif^ sCce moved in the fame plane ; and 
by a like way of arguing> it may be liemonftrated when the 
points are not moved in the fame plane. Tberetbre if any 
number of bodies move uniformly in right lines, the common 
<»eiitre of gravity of any tiro of them is either at reft, or pro* 
<5eed8 uniformly in a right line ; becaufe the line which con- 
nedls the centres ol' ihoic two bodies fo moving is divided at 
that common centre in a given ratio. In iike manner the 
common centre of thoiS^ two and that of a third body will be 
either at reft or moving uniformly in a right line ; becanfe at 
tliat centre the diftance between the common centre of the 
two hodiesy and the centre of this'laft, is divided in a given 
iritio. Iniike manner the common centre of thefe three, and 
of a fom'th body, is either ut left, or moves iiniruriiily in a 
riofhtline; becaufe the diftance between the common centre 
ot the three bodies, and the centre of the fourth is there aJfo 
divided in a given ratio,, and fo on in infinitum. Therefore in 
a fyftem of bodies where there is neither any mutual aciion 
' among tbemfelves, norany foreign force impreifed upon them 
from without, and which confequently move uniformlt in 
right lines, the common centre of gravity of them all ii either 
at reft, or moves uniformly forwards in a right line. 

Moreover, in a lyltem of two bodies mutually a6iing upon 
each other, fince the diftances between their centires and the 
common centre of gravity of both are reciprocally as' the bo- 
dies, the relative motions of thofe bodies, whether of ap« 
piuiiehing to or of receding from that centre, will he equal 
among themfclvcs. Thereioie iincc the changes which hap- 
pen to motions are equal and directed to contrary parts, the 
common centre of thofe bodies, by their mutual adion be* 
tinaen themfehes, is neither promoted nor retarded, nor fuf- 
fcis any change as to its ftate of inofcion or reft. But in a 
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iyilezu of I'everal bodies, becaule the com mon centre of gravity 
of aiiy two acting motually upon wh other iuffers no change 
' in its fiate by that aiSUon ; and much lefs the common cf^ntr^ 
. of gravity of the others with which that a^ton does not in^ 
terrene ; but the diftance between thofe two centres is divided 
by the common centre of gravity of all the bodies into parts 
reciprocally propoi Lioual to the total funis of tholb bodies 
wbofe centres they are ; and therefore while thole two centres 
retain their ftate of motion or red, the common centre of all 
does alfo retain its ihite: it » manifeft that the common 
centre of ali never fuffefs any change in the ftate pf its motion ^ 
or reft from the actions of any two bodies between themfel ves. 
But in fuch a fyileui ali the acSlions of the bodies among them- 
fel ves either liappen between two bodies, or are com poled ' - 
of actions inlerciianged betvveeenfome two bodies ; and ther&r 
lore they do never produce any alteration in the commcMi 
centre of all as to its ftate of motion or reft, Wherefore iince 
that centre^ when the bodies do not a6^ mutually one upon 
another, either is at reft or moves uniformly forward in fome 
right line, it will, notwithltanding the mutual a6^ions of the . 
bodies among themfelves, always pcrlevcre in its Hate, either 
of reft* or of proceeding uniformly in a right hue^ unlefs it is 
forced ont of this ftate by the a<5lion of fome power impreifed 
from without^pon the whpl^ f^ftem^ And therefore the fame 
law takes place in a fyftem conilfting of many bodies as in 
one fingle body, with regard to their perfevering in their ftate 
of nifjLiun or of reft. For the progreflive motion, whetfier of 
one liogle body, or of a whole fyftem of bodies, is alw^iys to be 
fMm»\e^ hqu^ tbeipotion of the centre of gravity. 

COROLLARY V. 
!Phe tnettiont of bodiis include in a given fpace are the fame 
among thrmfelves, whether- that'fpaee «s dt rcjl, or moves 

umformljf forwards in a right lit\e mtlwut anj^ circular 

motion. 

For the differences of the motions tending towards the fame 
parts, and the fums of thoi'e that tend towards contrary parts, 
m, at firft (by fuppofition), in both cafes the fame ; and it ^ 
b<m thofe fnms and difieiences that thecollifions and impulfes 

C 3 
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do aiife with which the bodies mutually impinge one upon 
another. Wherefore (by Law (2) tlie effects of thofe collifioiis 
will be equal ia b<Hb caies ; and therefore the mutual motions 
•of the bodies aniODg Ihemfelves in the olie cafe will remaia 
equal 10 the matiiel iiiottoiu.of the bodies among themfehes 
In the other. A clear proof of which we have fiom the expe* 
riment of a (hip ; wjhere all motions happen after the fame 
ebanner^ whether the (hip is at reftj or is carried upiiorml^ 
forwards in a right line. 

COROLLARY VI. 
IffMim, amf kom moved among themfelva, are urged in tk$ 
direStion of parallel Jines htf equal aceeUralvoe foree$, ihejf, 
will all continue to move among- themfehes, after ike fame 

manner ris iftlm/ had been urged bi/ no fuch forces. 
For theie forces aftmg equally (with refpecl^l to the <^uantl« 
ties of the bodies to be moved), ami iii the direction of parallel 
lines^ will (by Law 2) move all the bodies equally (as to velo* 
Isity)^ and tbenefore wiA never produce any change in the 
pofitionsor motions pf the'hodles among themHelves. 

SCHOLIUM. 

Hitherto I have laid down fuch principles as have been 
received by mathematicians^ and are confirmed by abun- 
dance of experiments. By the two iiril Laws and the hril 
two Corollaries, Galileo difcovered that the defcent of bodies 
obferved the duplicate ratio of tb^ time^ and that the mptioii 
of projectiles was in the curve of a parabola; experience 
iRgreeing with both, nnlefs fo far as theie motions are a little 
retarded by the rcfiftance of the air. When a body is f alling, 
the uniform force f>f \i> gravity adding equally, imprelfes, in 
equal particles of time, equal forces upon that body, and thercr 
ibre generates equal velociSes;and in the whole time imprcfTcs 
a whole force, and generates a whole velocity proportional 
to the time? And the ipaces defcribed in proportional times 
are as the velocities and the times conjnndlly ; that is, in a du- 
plicate ratio of the times. And when a body is thrown up- 
wards, its uniform gravity imprelfes forces and takes off veloci- 
ties proportional to the times ; and the times of afcending to 
the greateft heights are as the velociti^ to he taken oS, and 
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thofe heights are as -the velocities and the times eonjan^j, 

^ or in the duplicate ratio of the velocities. And if a body be 
project" ted in any direiStion, tbe motion aiiling-from its projec- 
tion is compounded with the motion ariling from its gravity. 
As if the body A by its motion of proJe<5lion alone (Fig, 3.) 
could, defcribe in a given time the right line ABj and with 
its motion of falling alone could defcribe in the fametime the1»* 
tttude^C ; complete the paralellogram ABDC,and thebodyby 
that compounded motion willal liie cud ul the time be found ia 
the place D; and liie curve line AED^ which that body de- 
fci'ibes^ will be a parabola, to which the right line AB will be 
a tangent in A; and whofe ordinate BD will be as the fquare 
of the line AB. On the fame laws and corollaries depend 
thole things which have been demonftrated concerning the' 
times of the vibration of pendulums, and are confirmed by the 
dully expeiiiuents of pendulum clocks. By the fame, toge- 
ther with the third Law, Sir Chrijl, IVreUy Dr. Ti aliis, and 
Mr. Hui/geus, the grcateil geometers of our times, did feverally 
determine the rules of the congrefs and reflexioii of hard 
bodies^ and much about tbe fume time communicated their 
difcoveries to the Royal Society^ exa&Iy agreeing among 
themfelves as to thofe rules. Dr. Wallis, indeed, was fome- 
thing more early in the publication; then iollovyed Sir Chrif-' 
tophcr II ren, and, laitly, Mr. Huygais. But Sir Chrijlopher 
Wren confirmed the truth of the thing before the Royal 
Society by theexperimentof pendulumsy^hichMr. MarioUt 
icon after thought fit to explain in a treatife entirely upon 
^at fubject. But to bring thisexperimeat to an accurate agree* 
nieut with the theory, we ai*e to have a due regard as well to 
the refiftance of the air as to the elaftic force of the concurring 
bodies. Let the Ipherical bodies AB be fufpended by the 
parallel and ecjual firings AC, BD {Fig. 4.) from the cer^res 
D« About thefe centres, with thofe intervals, defcribe 
the femicirdes EAF, GBH, bifeaed by the radii CA, BB. 
Bring tbe body A to any point K of the arc £AF, and (with* 
drawing tlie body B) IcL iLgo from thence, and after one of- 
cillation fuppofe it to return to the point V: then RV will 
he the retardation arifiug from the rcliiiaace oi' llie air. Of 

C4 



Digitized by Google 



M MAnfiMATICAL TBlKClPLEft Book U 

ibis RV lei ST be tt fonrtb part, fituated in tbe middle, to wit, 

fo as as and TV may he equal, and US may be to ST iis 3 
to 2: then will ST rej)n It ut very nearly tlie retardation during 
the defcent troin S to A. -Reflore the body B tp its place: 
and, fuppofing the body A to be let fall from tbe point the 
velocity thereof in tbe place of reflexion A, without fenflble 
enor, wiU be the fame as if it bad defcended tit vacuo from the 
point T. Upon which account this velocity may be reprefent- 
cd by the chord of the arc TA. For it is a prop iitiuu. 
well known to geometers, that the velocity of a pendulous 
body in the lowelt point is as the chord of the arc which it has 
defcribed in its defoent. After reflexion^ fuppofe tbe body. 
A comes to the piaoe s, and the body' B to tbe place k« 
Withdraw the body and find the place v, from which if 
the body A, being icL gu, Ihould alter one olcillalion return 
to the place r, st may be a fourth part of rv, fo placed in ilu:* 
middle thereof as to leave rs equal to tv, and let tbe chord 
of the arc tA reprefent the velocity which the body A had 
in the place A immediately jafter reflexion. For t will be the ' 
true and corre^ place to which the body A ihould have 
afcended, if the refiilance of the air had been taken off. In 
the lame way we arc to corre<5l the place k to which the 
body B aicends, by finding the place 1 to which it fiiouid 
have afcended tit vacuo. And thus every thing may be 
iubjeded to experiment, in the fame manner as if we were 
leally placed in vacuo* Tbefe things being done, we are to 
take the product (if I may fo fay) of the body A, by the chord 
of the arc TA (which rcprefents its velocity), that we may 
have its motion in the place A immediately before reflexion; 
and then by the chord of the arc tA, that we may have its 
motion in the plaee A immediately after reflexion. And fot 
we are to take the produ6i of the body B by the chord of the 
arc Bl> that we may have the motion of the fame immediately 
after reflexion. And in like manner, when two bodies are 
let go together from different places, wc are to find ihe motion 
of each, as well bt Sure as after reflexion ; and then we may ' 
compare the motions between themfelves, and coIle<Si the 
effeiSis of the re Bex ion* Thus trying the thing with pendo» 
' fums of ten feet, in unequal as well as equal bodies^ and 
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making 'the bodies to concQr afters a defoent through large 
IJmces^ as of 8» IS, or l6 feet^ I tbund always^ without an error 
of 3 inches, that when the bodies conconr^ together dire6ily, 
eqiial changes toward the contrary ])iirts avcic pioduced in 
their motions, and, of confequence, that the a(!*rion and re- 
a6lion were ahvays equal. As if the body A impinged upon 
the body B at reft with 9 parts of motion, and loiing 7, pro* 
ceeded after reflexion with fi^ the body B was carried back- 
wards with thofe 7 parts. If the bodies concurred with con- 
trary motions, A with twelve parts of motion, and B with fi)c, 
then if Arectdtd with 2, B receded with 8; to wit, with ^de- 
du6tioD of 14 parts of motion on each fide. For from the 
motion of A fiibdu6tiog 1(2 parts^ nothing will remain; but 
i'nbdu^ng 8 parts more> a motion will be generated of 2 parts 
towards the contrary way; and fo^ from the motion of the 
body B of 5 parts, fubdu^ing 1 4 parts, a motioli is generated 
pf 8 parts towards the contra'ry way. But if the bodies were 
made both to move towjirds the faiue way, A, tlie fwiftcr, 
with 14 parts of motion, B, the flower, with 6, and alter 
veflexion A went on with 5, B likewife went on with t4 parts; 
g parts being trapsfened from A to B. And fo in other cafes. . 
By the congreis and coUifion of bodiesj tbe'quatitity of motion; 
€oHe6ied from the fum of the motions directed towards the 
fame way , or from tlie difference of thofe that were dire<5led 
to^va^(ls coiitrary ways, was never changed. For the en or 
of an inch or two in meafures may be eaiiiy afcnbed to the 
dtti&cuity of execnting every thing with accuracy, it was 
not eafy to let go the two pendulums fo exadly together 
diattbe bodies ihould impinge one upon the otherin the lower* 
moft pkice AB ; nor to mark the places s, and k, to which the 
bodies aiceudcd alter con^refj}. Nay, and ibiue errors, too, 
mig^ht have hapj>cned from the unequal dc^nlitity of the parts 
of tiie pendulous bodies themfelves, and tjrom the irregularity, 
of the texture pn>ceeding from other caufes. 

But to prevent an oljeiSlton that may perhaps be alledged . 
againft the rale, for the' proof of which this experiment was 
made, as if this rule did fuppofe that the bodies were either 
ii})i'()hitely ii ird, or at leaft perleci-'y claftic (wherea<; no fuch ■ 

bodies are to be found in aature), i mu& add^ that the expe? 
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riments we bave been defcribing, by no meant depending 

upon that quality of hardnel's, do fucceed as well in iui't ab in 
hard bodies. For if the rule is to be tried hi bodies not per- 
fe^y bard^ we are only to diminiih the reflexion in fuch a 
oertakx proportidn as. the qiiantity of the elaftic force ra* 
quires. By the theory of IVren and Hwfgem, bodies abfo- 
Intely hard return one from another with the fame velocity 
With which they meet. But this may be affirmed with more 
certainty of bodies perfe(^'tlv elaitic. In bodies imperfectly 
eiaftic the velocity ot the return is to be diminiihed together 
with the elaflic. force; becaufe that force (except when the 
parts of bodiea are bmifed by their congrefs, or fuffer ibme 
fuch extenfion as ^happens under the ftrokes of a hammer) 
is (as far as I can perceive) certain and determined^ and 
makes the bodies to return one Ironi the other with a relative 
velocity, which is in a given ratio to that relative velocity' 
with which they met. This i tried in balls of wool^ made up 
tightly^ and ftrongly comprefled. Vox, firft, by letting go the 
pendulous bodiesj and meafnring their reflexion^ I determined 
the quantity of their eiaftic force ; and then^ according to 
this force, eftimated the reflexions that ought to happen in 
other cales of conn-refs. And with this computation other 
experiments made aitervvards did uccordiogly agree; the balls 
always receding one from the other with a relative velocity^ 
which was to the relative velocity with which they met a« 
about 5 to 9. Balls of fteel returned with ahnoft the faille 
velocity : thofe of cork with a velocity fomething lefs : but ih 
balls of glafs the proportion was as alxjiiL i ; to l6. And thus 
the third law, fo far as it regards perc ulUons and reflexions, 
is proved by a theory exa<Stly agreeing with experience. 

In attra^tons^ I briefly demon ftraie the thing atler thia 
manner* Suppofe an obftacle is interpofed to hinder the con* 
grefs of any two bodies A, mutually attra6ltng one the 
other: then if either body, as A, is more attracted towards the 
other body B, than that other bu ly B is towards the firft 
body A, the obftacle will be more ftrongly urged by the pref- 
fure of the body A than by the prefTure of the body B^ a<Ml 
. therefore will not remain in equiUbrio : but the firongec 
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prciluie will prevail, and will make the fyftem of the two bo- 
dies, together with the obiiacle, to move direiftly towfirds the 
parts on which B lies ; and in free I'paces, to go forward in 
inJiniUm with a motion perpetuiUly accelerated ; which if 
^bibId^ and contmj to the fidl law, For^ bj tbe iirft kw> 
(the fyftem ought to perfevere i& its ftate of lefti or of moving 
nniiiNnnty forward in a right line ; and therefore the bodies 
xsmii etjually prefs tlie obllacle, and be equally attjactcd one 
by the other. I made the experiment on the loadCione aod 
iron. If thele> placed apart in proper veifels, are made to 

* tfoat by one another in ftauding< water, Qeitber of them will 
propel Uie other ; hut^ bj being equally attra^d, they wiB 

* ^iftatn each othser^s pieffiue, and reft at laft in an equilibrittni^ 

So the gravitation betwixt the earth and its parts ts mutual. 
Let the earth FI (jtg. 5.) be cut by any plane EG mlo two 
parts EOF and EG I, and their weiirbts one towards the other 
will be omtually equal. For if by anotlicr plane HK^ parallel 
to the former EG, the greater part EG I is cut into two parts 
jBGKH and HKI, whereof HKI is equal to the part EFQ 
firft cot off, it is evident 'that the middle part £GKH will 
have no propeniion by its proper weight towards either fide, 
but will hang, as it were, and reft in an ecjuilibrium betwixt 
both. But the one exueme part HKI will with its whole 
weight bear upon and prefs the middle part toward the other 
extceme part £GF $ and therefore the force with which £61, 
the fom of the parts HKI and £6KH» tends towards the 
Mt6 part BGF, is equal to the weight of the part KKl, that 
is, to the weight of the third part EGF. And therefore the 
weights of the two parts EG I and EGF, one towards the 
Other, are equal, as I was to prove. And indeed if thoie 
^weights were not eqnab the whole earth floating in the non- 
leliftiog cBther would give way to the greater weight, aad, 
fetiring fipom it, would be carried off in infinitum. 

And as thofe bodies are equipoUent in the congrefs and' 
reflexion, whofe velocities are reciprocally as their iiuiate 
forces, fo in the nfe of mechnnic infhnmcnts thofe agents 
are equipolkiU, and mutually iiiiiiua each the contiaiy pre,^ 
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Core of the other, whofe velocities, eitimatcd according to the 
determination of the forces, are reciprocally as the forces. 

So thofe weights are of equal force to move the arms of ^ 
balance; which during the play of the balance are recipro-p 
-cally as theic velocities upwards and downwards : that is^ if 
tbe afcent or defcent is dite^ thofe Weights are of equal 
ibroe, which are reciprocally as*, the diftancesof the points at 
which they are fufpended from the axis of the balance ; but 
if* ihey are turned afide by the interpuliUon of oblique planes, 
or other obkacles, and made to afcend or defcend obliquely, 
thofe bodies will be equipollent, which are reciprocally as the 
lieights of their afcent and defcent taken .according to th^ 
perpendicular; and that on account <if the determination of 
gravily downwards. 

And in hke manner iu the pully, or in a combination oT 
puUies, the force of a hand dra\vinQr the rope directly, that 
is, to the weight, whether afcending diredlly or obliquely, as 
the velocity of the perpendicular afcent of the weight to ibt 
velocity of. the band that draws the rope, wiU fuftain the 
weight. 

In clocks and fuch like inftruments, made up from a com- 
bination of wheels, the contrary forces that promote and im- 
pede the motion of ibe wheels, if they are reciprocally as the * 
velocities pf the parts of the wheel on which they are imprefledn 
will mntually fdlain the.one the other. 

The force of the fcrew to prefs a body is to the force of the 
hand that tarns the handles by which it is moved as the cir- 
cular vclociU of tilc handle in that part wlieie it is iinpelle<| 
by the hand is to the progreflive velocity of the fcr^w towarcU 
the preifed body. 

The forces by which the wedge prefles or drives the two 
parts of the wood it cleaves are to the force of the mallei 
upon, the wedge as the' progrels of the wedge in the dtredUoQi ' 
of the force impreffed upon it by the mallet is to the velocity 
with which the parts of the wood yield to the wedge, in the 
dire6tioii uf lines perpendicular lo the fides of the wedge. And 
the Uke account is to be given pf ail machiaes. 
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The power and ufe of machines confift only in thiit^ that 
by diminifhing the vdocity we may augment the foroe^ and 

the coiiLra.ty: from whence, in all forts of proper machuies, 
we have the iblutiuii of ihib pjoblom ; Tojiiove a given zctight 
with a given power, or with a given force, to overcome any 
other given refiflaace. For if machines are fo contrived that 
the velocities of the agent and refiftant are reciprocally an 
their forces, the agent will jull failain the reiiftant> bat with 
a greater difparity of velocity will overcome it. So that if 
the difparity of 'velocities is fo great as to overcome all that 
refiilance which commonly ariles either from the attrition of 
contiguous bodies as they Hide by one another^ or from the 
cohefion of continnons bodies that are to be feparated^ or 
from the weights of bodies to be raifed, the excefi of the force 
remaining, after all thofe reiiitances are overcome, will pro- 
duce an acceleration of motion proportional thereto, as well 
in the parts of the machine as in the refilting body. But to 
treat of mechanics is not my prefent bufinefs. 1 was only 
willing to {hew by thofe examples the great extent and cer« 
tainty of the third law of motion. For if we eftimate the ac- 
tion of the agent fromdts force and velocity conjumSily, and 
likewife the re^adlion of the impediment conjnndbly from the 
velocities of its i'everal parts, and tVoni the forcesof refiftance 
ariftngfrom the attrition, cohefion, weight, and acceleration 
of tl^le parts, the adtion and re-a6tion in the ufe of all ibrts 
of machines will be found alwaya equal to one a^iother. And 
fo far as the action is propagated by the interyening infhru- 
ments, and at laft imprefled upon the refiftiotg body, the ulti- 
mate determination of the a£lion will be always contrary to 
Uie determinatiuu of the re-ad;ion. 

OF THE MOTION OF BODIES. 



BOOK I. 



SECTION I. 

Of the method of firjl and lafi ratios of qvantiticHy bt/ the fiefy^ 
whfreoj'wc dcmoiijirate the propojitiom ikal Joihw, 
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LEMMA L 

Qudntiiies, and the ratias of quantities, which in any fimte imi 

coJi-Jcrge continually to equality, and be/ore the end of that 

time approach nearer the one to the other titan by anjf givem 

difference, become ultimately cquaL 

If jon deny it^ fuppol'e thea^ to be ultimately unequal^ and 
let B be their ultimate difference. Therefore they cannot 
approach nearer to equality than by that given diffieience ]>| 
^hicii is agaiull the fuppofilion , ' . 

LEMMA II. 

• If in any figure AacE(Pl. 1. Fig. ().), terminated by the right 
line^ Adi, AE, and the curve acE, there beinfcribedanymtm* 
her of parallelogram Ah, Be, Cd, comprehended under 
equal bafcs AB, BC, CD, Sfe. and the fide$ 6b, €c^ Dd* Sfe. 
parallel to one fide Ab,, of the figure; and the paralleio^ 
grams nKh], bLcm, cMclii, 4ff. are completed. Then if the 
breadth oj thoJ< parallelograms be fuppofed to he diminijhed, 
and their number to be augmented in iniinitum ; I fay, that 
the ultimate ratios which the infcribed figure AKbLcMdDj 
the drcumfcribed figure AalbmcndoE, and curvilinear figura 
AabcdE^ will have to one another, are ratios of equality » 
For the difference of the infcribed and circumfcribed figures 
is the funi of the par«allelograms Kl, Lin, Mn, Do, that is 
{i'rom the equahty of ail their bafes), the redlangle under one 
of their bcde§ Kb and the fum of their altitudes Aa^ that is, 
the re^ngle ABla, But this ie<^ngi^ becaufe its breadth 
AB is fuppofed diminiihed tn if^nitunh becomeB left than 
any given I'pace. And therefore (by Lena. 1) the figures 
infcribed and cireumfcribed become ullinuitely equal one to 
the other; and much more will the intermediate CurviiiueaJC 
figure be ultimately equal to either. Q.£.D. 

LEMMA III. 

nefame ultimate ratios are aljo ratios of equality, when the 
breadths AB, BC, DC, $c. of the parallelogram are uu» 

equaly and arc all dimiui jLtd ia intiiiUum. 

For I'uppofe AF equal to the greateft breadlli, and complete 
the parallelogram FAaf. This parallelogram will be greater 
than the difference of the inicribed and circoinicribed figures; 
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\mt, becanfe its breadth AF isdiminiihed tn infinitum, it will 

become lels than any given rectangle. Q.E.D. 

Cor. I. Hence the ultimate fum of tbofe evanefcent 
parallelograms will in all parts coincide with the curvilinear 

Co A. fi. Much more will the rectilinear figure comprehend 
cd snder the chords of the evanefcent arcs abj be, cd, &c. 
ultimately coincide vrith the curvilinear fii^ure. 

Cor. 3. And alio the circiimlcribed rectilineal' figure com- 
prehended under the tancrent?; of the lame arcs. 

Co^. 4* And theretbre theie ultimate figures (as to their 
perimeters acEj) are not re^ilinear, but curvilinear limits 
of re^near figures. 

LEMMA IV. 

If in two figures AacE, PprT (PI. 1. Fig. 7»),yon infcribe (a$ 
before) two ranks of parallelograi/is^ an equal number in 
each rank, and, when their breadths arc dimuuihtd in mfi- 
nitumi the ultimate ratioi of the parallelograms in one 
figure to thofe in the other, each to each refpeHively, are the 
fame; I fay, that thofe two figures AacE^ FpiT> ^re to one 
another in that fame ratio. 

For as the parallelograms in the one are fevei ally to the paral- 
lelograms in the other, l"o (by cuiiip()iitit)n) is the fmn of all 
in the one to the ium of all in the other; and fo is the one 
figure to the other; beeaufe (by Lem. ,3) the former figure 
to the former fum^ and the latter figure to the latter fnni> are 
both in the ratio of equality. Q.E.D. 

Cob. Flence if two quantities of any kind are any how 
divided into an equal iiumber of parts, and tliofe parts, wlien 
their number is augmented, and tlieir magnitude diminiih- 
ed in infinitum, have a given ratio one to the other, tlie firft 
to the £x£t, the fecond to the fecond, and fo on in order, the 
whole quantities will be one to the other in that fame given ra* 
tio. For if^ in the figures of this lenima, the parallelograms are 
taken one to the other in theratioof the parts, the fum o t the parts 
will ah\ ays be as the fum of the parallplograms; and therefore 
fuppoiing the number of the parallelograms and parts to be 
angaieAted>andiheir magaitttdesdiminiQied iniiifimtum, thoil$ 
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fums will be in the ultimate ratio of the paralklogram in th^ 
one figure to the correfpondcnt perallelograni in the other ; 

liiat is (by tlie liippo1"ition)j in the u hi mate ratio oFany part 
of the one quantity to the con efpoiident part of the other. 

LEMMA V. 

J» fimiiar figures, all forts of homologous fides, whither eurtiH^ 
tiedr of tt6tiiinear, are proportiotial ; and the areoM are m 
■ the duplicate ratio of the homologous fide$t 

LEMMA VL 

If am/ arc ACB (PI. 2. Fig. \.) given in pofition is fnbtended 
by its chord AB, and in any poiht A, in the middle of the 
continued curvature^ is touched by a right line AD, pro^ 
duced both ways; then if the points A and B approach xm€ 
another and meet, Ifayt the angle BAD, contained between 
iha chord and the tangent, xdU be diminyhed in iiifiiiitaai> 
and ultimately will vauijh. • 

For if th;il angle docs not vaniOi, the arc ACB will rontaiii 
with the tnngent AD an angle equal to a rectilinear angles 
and there fore the curvature at the point .A will notbecontina** 
ed^ which is agaiuft the fuppoiition. 

LEMMA VTL 

The fame things being fuppofed, I fay thai the ultimate rattO 
of tlii arc, chord, and tanrrciit, any one to any other, is t/iC 
ratio of equality (Pi. 2. Fig. !.)• 

Per while the point • B approaches towards the point A> 
oonfider always AB and AD as produced to the remote points 
b and dj and parallel^ to the fecant BD (]raw bd : and let the 
arc Acb be always fimilar to the arc ACB. 'Then, fuppofing 

the points A and B to coincide, the angle dAb will vaniili, by 
the precedinLi: leiauia; and tlierefore the right lines Ab, Ad 
{which ai'e always fiuite)^^nd liie intermediate arc Acb, will 
coincide, and become equal among themieives^ Wherefore 
the right lines AB, AD, and the intermediate arc ACB (which 
are always proportional to the former), will vanifli^ and nlti'^ 
matcly acquire the ratio of equality. Q.E.D. 

Coil. 1, Whence if through B (PI. 2. Fig. 2.) we draw BP 
parallel to the tangent, always cntting any right line AF 
paiting through A in this hue BF will be ultimately in the 



Digitized by Google 



Digitized by Google 



Se^m L ' 09 KATVEAL PHtLOSOPHT. 53 

fUtio of equality with ihc cvunciVciU arc ACB; bccaufe, com- 
pleting tlie parallelogram A!FBDj it always in a ratio of 
equality ^vltil AD. 

Cor. 2. Atul if tlirongTi B and A more right lines are 
drawn^ as B£, BD, A¥, AG, cutting the tangent AD and its 
parallel 6F; the ultimate iratio of all the abfciflas AD, AE, 
BF, BG, and of the chord and arc AB, any one to aiiy other^ 
will be the iciLio of equality. 

Cor. f). And theicfore in all our reafoning about ultimate 
ratios, we may freely ufe any one of thofe lines for any other, 

LEMiVTA VI IL 
If the right lines AR, BR (pL fig. mth the are ACB, 
the chord AB, and the tangent AD, eanftitute three tri" 
angles R AB, RACE, RAD, and the points A and B ap- 
proach and meet: I fay, t^^at tlic ultimate form of thefe 
evatufcent triangles is tluit of Jimlitude, and their uitiaiatc 
ratio that of equalitif, ' * 
For wbile the point B approaches towards the point A, con- 
fider always AB, AD, AR, aa produced to the remote points 
d> and r, and rbd as drawn parallel to "RD, and let the arc 
Acb be always fimilar to the arc ACB. Then fiippofing the 
poinls A and B to coincide, the angle bAd will vanidi ; and 
therefore the three triangles rAb, rAcb, rAd (which are 
aSways finite), will coincide, and on that account become both^ 
fimilar and equaL And therefore the triangles RAB, RACE, 
RADj, which are always fimilar and proportional to thefe, 
will ultimately become both fimilar and equal among them- 
fdves. Q.i:.D. 

CoR. And hence in all our reafonings about ultimate ra- 
Uos, we may indifferently ufe any one of thofe triangles for 
* any other. 

LEMMA IX. 

If a right line KE (pi. fig. 3.)> and a curve line ABC, both 

given bjj pofitionf cut each other in a given angle A ; and to 
thai right lint, in another give?i angle, BD, CE are ordi- 
nateiy applied, meeting t/ie curve in B, C ; and the points 
B and O together approach towards and meet in the point 
A : / fi^, that the areas of the triangles ABD, ACE^ mill 
Vol. I. D 
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ultimately be one to the other in the duplicate ratio of tkc 
fida. 

For while the points C approach towards the point 
foppofe always AD to be produced to£he remote points d and 

iu aci Ac may be propoi Lional to AD, AE ; aud the ordi- 
natcs (II), ec, to be drawn parallel to the ordiiuitcs J)B and 
£C> and meeting AB and AC produc ed in'b and c. Let the 
curve Abe he iunilar to the curve ABC^ and draw the right 
line Ag fo as to touch hoth curves in A» and cot tlie ordinates 
PB, EC, db, ec, in G, f, g. Then, fuppofing the length 
Ae to remain the lame, let the points B and C. meet in the 
point A ; and the angle cAg vanifhing, the curvilinear areas 
Abd^ Ace will coincide with the rediilinear areas Afd^ Age ; 
and therefore (by Lem. 5.) will be one to the.otlier in the du- 
plicate ratio of the fides Ad, Ae. But the areas ABD, ACE 
are always proportional to thefe areas; and fo the fides AD, 
AE are to thefe fides. And therefore the areas ABD, ACE 
are ultimately one to the other iu the dupiicale laUu of the 
fides AD^AE, Q.E.D. 

LEMMA X. 

The f paces which a bodif defcribes by any finite force urging 
it, whether that force is determined and immutable, or is 
continually augmented or continually dimini/lied, are iu the 
very beginning of tke muLioti one to the other in the duplicate 
ratio of the times. 

Let the times be reprcfented by the lines AD, AE, and the 
velocities generated in thole times by the ordinates DB, EC. 
The fpaces defcribed with thefe velocities wiii be as the areas 
ABD, ACE, defcribed by Ihofe orduiates, that is, at the very 
beginning of the motion (by Lem. 9.)^ in thie duplicate ratio of 
tlie times AD, AE. Q.E.D. 

CoR. I. And hence one may eafily infer, that the errors 
of bodies defcribing fimilai* parts of iimilar figures in propor- 
tional times, are nearlj in the duplicate ratio of the times in 
which the J are generated ; if fo be thefe errors are generated 
hy any equal forces fimilarly applied to the bodies, and mea* 
fured by the diilanccs of the bodies fi'om thofc pliyces of the 
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fimilar figures^ at which, withoat Ihe a^ion of thofe fbrmii 

the bodies would have arrived in thofe proportional times. 

Cor. 2. Put the errors that are geueralecl hy |)io[)oi tional 
forces, fimilarly applied to the bodies at limilar pai ls of the 
fimilar Agates, are as the forces and the fqoaies of the times 
conjmiaiy. . ' i . . 

Cor. 3* The fame thiiig is to be underfiood of 90 j 4>W99 
whatfoever defcribed by bodies urged with different forces; 
all \vhich_, in the very beginning of the motion, aie us the 
forces and the fquares of the times conjunctly. 

Cor. 4. And therefore the forces are as the fpaces de-* 
fcribed in the very beginnings of the motion diredUy^ and the 
jquaies of the times inverfely* 

Cor. 6. And the fquares of the times are as the fpaoes de- 
' Icribed dire^ily, and the forces inverfely. 

SCHOLltJM. 

If in comparing indetermmed quantities of diderent forts 
.one with another^ any one is faid to be as any other ^ii^e^ly- 
or inverfely, the meaning is, that the former is auginented or 
diminilhed in the fame' ratio with the latterj or with itsipeci* 
piocal. And if any one is faid to be as any other two or more 
direClly or inverfc4y, thu mcatiiii^ i.^, tliat ihefiift is uugmeiiled 
or diininifhed in the ratio compuuiidcd of the ratios in which 
the others, or tiie reciprocals of the others, are augmented or 
diminilhed. As if A is faid to be as B dire(^y, and C dire^y, 
andD inverfely^ the meaning is, that A is augmented or dimn 

niihed in the fame ratio with B X C X that is to fay, that 

BC 

A and — are one to the other in a given ratio. 

LEMMA XI. 

Tke evanefcent fuhUnfe of the angle of cantaB, in all curves 
which at thepoini of coniad have a finUp curvature, m uitir 
f^aiefy in the duplicate ratio of the fubtenfe xf the conter* 
imnate are, (PI. 2. fig. 4.) 

Case 1. Let AB be that aic^ AD its tangent, BD the fub- 
tenfe of the angle of contadl: pei pendicular on tlie tangent, 
AB the fubtenfe of the arc. Draw BG perpendicular to the 

fubtenfe AB^ and AG to the tangent AJ>, meeting in G ; 
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then let the points D, B, and approach to the points b, 
and g, and fuppofe J to be the ultimate inteife^ion of the 
lines BG> AG^ when the points B have oome to A. It is 
evident that the diflance G J may be lefs than any aflignable. 
"BuL(fioin the nature of the circles pafiing through the points 
A,B,G, A,b,g), AB* = AG X BD, and Ab* = Ag x bd ; 
and tjieretbre the ratio of AB* to Ab* is compounded of the 
ratios of AG to Ag» and of BD to bd. Bui becaufe GJ may 
be aiTnmed of lefs length than any aflignable^ the ratio of 
AG to Ag may be fnch us to differ from the ratio of equality 
bvlefs than anv ailii>iiable diffcrciicc ; and therefore the ratio 
of AB* to Ab* mav be fuch as to dilTer from the ratio of BD 
to bd by lefs than any aihgnable difrerence. Therefore, by 
Lem. 1^ the ultimate ratio of AB^ to Ab^ is the fame with the 
nltimate ratio of BD to bd. Q.E.D. 

Case Now let BD be inclined to AD in any given angle^ 
and the ultimate ratio of BB to bd will always be the fame as 
before, and therefore the lame with the raliu of AB^ to Ab*. 
Q.E.D. 

. Case 3. And if we fuppofe the angle D not to be given, 
but that the right line BD converges to a given pointy or is 
determined by any other condition whatever; ncverthelefs^ 
the angles D, being determined by the fame law, will al- 
ways draw nearer to ecjuality, and approach nearer to each 
other than by any alhgncd difference,and tlierefore, by Lem. 1, 
will at laft be equal ; and thereibre the lines BD, bd are in the 
.fame ratio to each other as before* Q.E.D. 

Cor, 1. Therefore fince the tangents .AD, Ad, the arcs 
ABy Ab, and their fines BC, be, become ultimately equal to 
the chords AB, Ab, their fquares will ultimately become as 
the fubterifes BI), bd. 

CoR. 2. Their I'quares are alfo iiUiiiuaely hs the verfed fines 
of the arcs, bife^ting the chords, and converging to a given 
point. .For thofe verfed fines are as the fubtenfes BD, bd. 

Coft. S.^And therefore the verfed fine is in the duplicate 
ratio d the time ia which a body will defcribe the are with a 
given velocity. 
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Cor. 4. The rediline^r triangles ADB, Adb are ultimately 
in the triplicate ratio of the fides AD^ Ad^ and in a fefqui- 
plicate ratio of the fides DB^ db; as being ii^ the ratio com- 
poonded of the fides AD toDB^ and of Ad to.db. ' So'alfo 

the triangles ABC, Abe are ultimately in the triplicate ratio 
of the fides BC^ be. AVhat I call the felquipiKaLe ratio is 
the fubduplicate of the triplicate^ as beiug compounded of 
the fimple and fubdiiplicale ratio. 

CoR.>d. And becauiib BB, db are ultimately parallel and 
in the duplicate ratio of the lines AD, Ad^ the ultimate cur- 
vilinear area^ ADB, Adb will be (by the nature of the parabola) 
two thiols of the rectilinear triangles ADB, Adb - and the 
fegm rills AB, Ab will, be one third of the fame triangles. 
* And thence thofe areas and thofe fegments will be in the 
triplicate ratio as well of the tangents. ADj Ad^ as of the 
chords and arcs AB^ AB. 

SCHOLIUM. 

But we have all along fuppofed the angle of conta6l to be 
neither infinitely greater nor infinitely lefs than the angles 
of contacSl made by circles and tlieir tangents; that is, that 
the curvature at the point A is neither infinitely fmall nor in- 
finitely greats or that tb^ interval AJ is of a finite* magnitude. 

. For DB may be taken as AD' : in which cafe no circle ^aii 
be drawn through the point A, between the tangent AD and 
the curve AB, and therefore the angle of conta6^ will be infi- 

' niteiy Icfs than tlioi'e of circles. And by a like rcafoning, if. 
DB be made fucceflively as AD^, AD', AD% Al>^, &c. we 
fliall have a (eriesof angles of contacft, proceeding In irifimtum, 
wherein every fucceeding term is infinitely lels than the pre- 

ceding. And if DB be made fucceflively as AD , AD^, ADt> 

ADt.AD^ AD*, &,c. we Hi all have another infinite feries of 
.angles of cental, the firfi; of which is of the fame fort with 
thde of circles, the iecond infinitely greater, and every fuc-' 

ceeding one inlunuly greater than the preceding. But be- 
tween any two oi' \hvi\i andes another feries of intcmiediate 
angles of conta(5t may be interpofed, proceeding both ways m 
itfiititum, wherein every fucceeding angle (hail be infinitely 
' , ' D 3 
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greater or infinitely lefs than the preceding. As if between 
the terms AD^ and AB^ there were ioterpoied Uxe feries 

AD'^> ADV, AD*j ADt, ADh AOh AD^> AD^f 

AD * > &c. A nd agaiD^ between any two angles of this fe- 
rns^ a new feries of iotennediate angles may be ipterpofed, 
dtfTeriog from one another by infinite intervals. Nor is nature' 
confined to any bounds. 

Thofo things which have been demonftrated of curve lines, 
and the fuperficies which they comi)rehend, may be ealily 

• applied to the curve lupcrficies and contents of folids. Thefe 
lemmas are piemifed to avoid tlie tedioufnefs of deducing 
perplexed denionftrations ad abfurdum, according to tbe^me- 
tbod of the antient geometers. Por demonilrations are more 
contrac^led by the method of indivifibles : but beoaiife the hy- 
potiieiis of indiviril)les Items foniewhat iiarlli, and therefore 
that method is reckoned lei's geometrical, I chofe rather to 
reduce the demonilrations of the following propofitions to the- 
firft and laft fums and ratios of nafcent and evanefcent quan- 
tities^ that is^ to the limits of tho(e fums and ratios; and fo 
topremife, as fhort as I could, the demonilrations of thofe 
limits. For hereby the fame thing is performed as by the 
method of indivihbles ; and now thofe principles being de- 

• monftrated, we may uie them with more fafcty. Therefore 
if hereafter I ihould happen to confider quantities as made 
up of particle^, or ihould ufe little curve lines for right . ones« 

* ' I would not be underftood to mean indiTifibles, but evanefcent 
divifible quantities ; not the fams and ratios of determinate 
parts, but always the limits of fums and ratios : and that the 
force of fuch demonftrations always depends on the method 
laid down in the foregoing lemmas. 

Perhaps' it may be objeiSied^ that there is no ultimate pro* 
portion of evanefcent quantities; becaufe the proportion^ be- 
fore the quantities have vaniflied, is not the ultimate, and 
when they are vaniflied, is none. But by the lame argument 
it may be alledii^ed, that a body arriving at a certain place, 
and there flopping, has no ultimate velocity; becaufe the ve- 
locity^ before the body comes to the place^ b not its ultimate 
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velocity ; when it has arrived^ is none. But the antVirer is 
eafy ; for by the ultimate velocity is meant that with which 
the body is moved^ neither befbre it arrives at its laft place ' 

and the motion ceales^ nor ailer, but at tlic very inftant it ar- 
rives ; that is, that velocity with which the body arrives at 
its itilt place^ ands witli w hich the motion ceai'es. And in 
like manner^ by the ultimate ratio of evanefcent quantities isy 
to be underilood the ratio of the quantities not before they 
vanifli^ nor afbsrwar^sf, but with which they vanifh. * In like 
manner t'ne firft ratio of nafcent cjuantities is that with which 
tbey begin Lo be. And the firft or laft lum is that with whicli 
they begin and cealc to be (or to be augmented or dimi- 
oiihed). There is a limit which the velocity at tlie end of the 
motion may attain^ hut not exceed. This is tlie ultimate ve» 
lobity. And there is the like limit in all quantities and pro- 
portions that begin and ceafe to be. And fince fuch limits 
are certain and definite, to determine the fame is a problem ^ 
ftridly geometrical. But whatever is geometrical we may be 
allowed to ul'e in determiaiiig and demonliratiug any other 
thing that is likewife geometrical. 

it i^ay alfo be objected, that if the ultimate ratios of eva- . 
lucent quantities are given^ their ultimate magnitudes will 
be alfo given : and fo all quantities will confift of tndivifiblesj. 
which is contrai V to what Euclid has demonflrated concern- 
ing iiicommcnlin"al)les, in the lOlh book of his Elements. 
But this obie<!;lion is founded on a falfe i'uppofition. I'or thoie 
ultimate ratios with which quantities vanifh are not truly 
the ratios of ultimate qnantities, but hmits towards which 
the ratios of quantities • decreaiing without limit do always 
converge ; and to which they approach nearer than by any 
given dilTtrence, but never go beyond, nor in effe6l attain to, 
till the quantities are diminiihed in irijinitum* This thing 
will appear more evident in quantities infinitely great. If two 
quantities^ whofe difference is given, be augmented in it^ 
mtnm^ the ultimate ratio of thefe quantities will be given, ta 
wit, the ratio of equality ;. but it does not from thence follow, 
that the nltimale or greateft quantities them felves, whofe ratio 
that is, will be given < Therefore if in what follows, lor Uio 

1)4 
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' fake of beiog more eafily uuderilood, 1 ihould happen to men* 
tioQ quantities as \ea£t, or cvAnefcent^ or ultimate, you are 
not to fuppofe that quantities of any determinate magnitude 

- are meant^ but fuch as are conceived to be always diminifhed 
without end. 

SECTION IL - 
Of the Invention of Centripetal Forces. 

PiiOPU^mON I. THEOREM T. 
The areas, zMch revolving bodies ikjcriUe hi/ radii drawn to 

an immovable centre of force do He in the fanie immovable 

planes, and are proportional to the times in which- they are 

defcribed. (Pl.Q. Fig. 5.) 

For iiippole the time to be divided iuLo ecpial parts, and ' 
ill the tiid part of that time let the body by its innate force 
defchbe,the right line AB. In the Ibcond part oi' that time, 
the fame would (by law 1.)^ if not hindered, proceed 
dire6l1y to c^ along the line Be equal to AB; fo that by the 
radii AS, BS,cS,di avv n to the centre, the equal areas ABS, BSc, 
would be deicribed. But when the body is arrived at B, fup- 
pofe that a cen^ipetai force a6b at once with a great 
impulfe,/ and, turning alide the body from the right line Bc^ 
compels it aflent^ards to continue its motion along the right 
line BC. Draw cC parallel to BS meetinc^ BC in C; and 
at the end of the fecond part of the tune, the body (by 
cor. 1. of the Jaws) will be found in in the fame 
plane with the triangle . ASB. Join SC^ and, becanfe 
SB and Cc are parallel, the triangle SBC will be equal^ to the 
triangle SBc, and therefore alfo to the triangle SAB. By tbe 
lilc argument, if the centripetal force a6ls fucceflively in C, . 
D« &c. and makes the body, in each fingle particle of time, 
to defcribe the right lines CD, DE, EF, &c. they will all lie in 
the fame plane; and the triangle SCi> will be equal to the 
triangle SBC, and SDE to SCD, and SEF to SDE. And 
therefore, in equal times^ equal areas are defcribed in one im- 
movable plane : and, by compoiition^ any fums SADS, SAFS, 
, of thofe areas, are one to the other as the times in which 
thev are defcribed. Now let the number of tliol'e triangles 
be augmented^ and their breadth dimioiihed iu iii/iiutuin; and 
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(by cor. 4, lem. 3.) their ultimate perimeter ADF will be ta 
curve line: «nd therefore the centripetal Ibrce, by ^hich the 
body is perpetually drawn back from tbe tangent of thiscurve^ 
will a6i continnally; and any defcribed areas SADS^ SAFS, 
whirh are always proportional to tbe times of defcription^ will^ 
in this cafe a^fo, be proportional to thofe times. Q.E.D. 

Cor. J . Tbe velocity of a body attracted towards an im- 
movable centre^ in fpaces void of reiifiance; is reciprocally 
as the perpendicular let fall from that centre on the right line 
that touches the orbit. For the velocities in thofe places 
A, B, C, D, E, are as the bafes AB, BC, CD, DE, EF, of equal 
triangles; and thefe bafes are reciprocally as the perpendicu* 
lars let ftH upon them* 

' CoR. 2. If the chords A6, BC of two arcs, facceflively 
defcribed in equal times by the fame body, in i'pares void of 
reiiilanee^ are completed into ^ parallelogram ABCV, and 
tbe diagonal BV of this parallelogram, in the pofition which 
it ultimately acqotres when thofe arcs are diminiihed tn h^ni" 
ium, is produced both ways^ it will pafs through the centre of 
force. 

Cor. 3. If tbe chords AB, BC^ and DE, EF, of arcs de^ 
(bribed in equal tim'es^ in fpaces void of re&ftance, are corn* 
pleted into the parallelograms ABC V, DEFZ; tbeforeesin 

B and E are one to the other in the ultimate ratio of the dia- 
gorials BV, EZ, when thefe arcs are diaunillied in ut/iHitum. 
For the motions BC and EF of the body (by cor. i of the 
laws) are compounded of the motions Be, BV, and Fi\ £Z : 
but BV and EZ, which are eqnal t6 Cc and Ff, in the de- 
monftration of this propofition, were generated by the ini- 
pulfes of the centripetal force iu B and E, and are therefore . 
proportional to thofe impulfes. 

CIpR. 4. The forces by which bodies, in fpaces void of res* . 
-Maace, are drawn back fromredlilinear motions, and turned 
into curvilinear orbits, are one to another as the vcrfed fines 
of arcs defcribed in equal times; which verfcd fmes tend to 
the centre of force, and bifccithe chords when thofe ares are 
diminiflied to infinity. For fuch verfed fines are the halves of 
the diagonals mentioned in cor. 3. 
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Cob, 5. And therefore thofe farc^ are to the force of gra« 
viiy as the faid verTed fines to the verfed fines perpendicular 

to the horizon of ilioie parabuiic arcs which projccSliles delcribe ' 
in the Itune time. 

Cor. 6. And the fame things do all hold good (by co^. 5 
of the laws% when the planes in which the bodies are moved^ 
together with the centres of force which are placed in thofe 
planes, ate uot at rell, bul move unitoiuily tbi war^ ii\ righ't 
lines. 

PROPOSraON IL THEOREM 11. 
Every body that m<nfes in any curve Unt deferibed in (jtplanfi, 
and by a radius, drawn to a point either immovabfe, or 

moving forzcard with an uniform rectilinear i/ioiion, (lefcribt s 
' about that point areas proportional to the timcs^ is urged 

iy a centripetal force direSied to tluit point* 

Case l. For eveiy body that moves in a curve Hne^ is (by 
law 1) turned afide from its redlilinear courfe by the a^ion 
of iome iorce that impels it. And that force by whicli the 
body is turned oil from its rectilinear courfe, and is made to 
defcrihe^ in equal times, the equal leaft triangles SAB, SliC, 
SCD, &c. about the immovable point S (by prop, 4Q> book 1^ 
elem. and law 9), a6l:s in the place according to the di- 
ret^tion of a line parallel to cC, that is, in the direction of the 
line BS ; and in the place C, according to the direction of a 
line parallel to dD, that in the dire6lion of the line CS> 
8cc. ; and therefore acb always in the diredUon of lines tending 
to the immovable point S. Q.E.D. 

C ase Q.. And (hy cor. 5 of the laws) it is indifferent Avliether 
thp iupcrficies in which a body deicril)cs a curvilinear figure, 
be quicfcent, or moves tog^^ with the body, the figure 
deferibed^ and its point S, uniformly forwards in right lines. * 

CoR. 1. In non-refifting i'paces or mediums, if the areas 
arc not proportional to the times, the forces are not dire<5l.ed 
to the point in which the radii meet ; but deviate therefrom 
'til confequeniia, or towards the parts to which the motion is 
directed, if the defcription of the areas is accelerated ; but in 
anta^iidentia, if retarded. » 
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Cob* And even in refilling mediums, if the deibriptioa 

of the areas is accelerated, the directions of the forces deviate 
.from the point in which the radii meel^ towards the parts to 
which the motion tends. 

SCHOLIUM. 

A body may be urged by a centripetal force componnded 

of feveral ibrc<j> ; in which cafe tiie meaning of tlic piopo- 
iitiou is, that the force which refults out of ah tends to tlie 
points. But if any force ads perpetually in the dlrec^on of 
lines perpendicular to the defcribed furface, this force will 
make the body to deviate from the plane of its motion : but 
will neither augment nor diminifli the quantity of the de- 
fcribed furface^ and is. therefore to be neglected in the com* 
poiition of forcc;^. • 

^ PROPOSITION in. THEOREM III. 

Exery bodi/, that, hy a radim dranhi to the centre of another 

body, hoii focicr moved, defiribes areas about that centre 
' jproportiouai to the times, is urged by a force compounded 
out of the centripetal force tending to that other bod^, and 
of ail the acceleratvoc force by wkteh that other body is 

iinpilitcl. 

Let L reprefent the one, and T the other body; and (by 
cor. 6 of the laws) if both bodies are urged in the diretftiou 
. of parallel li'nes^ by a new force equal and contrary, to that by 
which the fecond body T is urged, the firft body L will go on 
to defcribe about the other body T tlic iame areas as before : 
but the force by which that other body T was urged will be 
now defiroyed by an equal and contrai y force ; and therefore 
(by law 1) that other body T^ now left to itfelf^ will either 
rdk, or move tiniformly forward in a right line : and the firft 
body L impelled by the difference of the forces, that is, by 
the force remuiumg, will go on to defcribe about the other 
body T areas proportional to the times. And therefore (by 
jlheor. 12) the difierence of the forces is directed to the other 
body T as its centre. Q. E. D. 

Cor. 1. Hence if the one body L, by a radius drawn to 
the other body T, defcribes areas [>roportional to the times; 
and from the whole force^ by which the firft hodf L is niged 
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(whether that force is fimple, or, accorcling to cor. of the 
laws, compounded out of feveral forces), we fubdu6l (by the 
fame cor.) tiuvt whole accelerative force by uliicli the oUier 
body is urged ,* the wliole remaining force by which the firfi; 
body is urged will tend to the other body as its centre. 

Cos. fi. And^ if thefe areas are proporUonal to the times 
nearly, the remaining force will tend to the other body T 
nearly. 

Cor. 3. And ncr verjeu, if the remaining force t^nds nearly 
to the other body thofe areas will be neairly proportional 
to the times. 

CoR. 4. If the body L, by a rndius drawn to the other body 
T, defcribes arras, which, coiiiparcd with the times, are very 
unequal; and tliat other body T be either at reft, or moves, 
uniformly forwatd in a right line : the a£lion' of the centri* 
petal force tending to that other bodyT is either none at aH, 
or it is mixed and compounded with very powerful a^^ons of 
other forcf ^ : and the whole force couipounded of them all, 
if they are many, is direcled to another (imiQOvable or move- 
able) f:eutre. The fame thing obtains, when the other body 
is moved by any motion whatfoever; provided that centri- 
petal force is taken, which remains after fubdudlin*^ thai 
whole force act iug upon thnt other body T. 

SCHOLIUM. • 
Becaufe the equable delicription of areas indicates that a 
centre is FefpeiSled by that force with which the body is moft 
ariedlcd, and by wliit h it is drawn back from its redlilinear 
motion, iind retahud in its (»rbit ; w hy may we not be allowed, 
in the follow ing difcourfe, to ufc the equable defcription of 
areas as an indication of a centra about which all circular ' 
motion is performed in free fpaces? 

]M{OFOSITION IV. THEOREM IV. 
'J'he ceiit fipctal forces of hoa'ies, iihich hi/ equable motions 

dr fcribe difiereni circies, tend to ihc centres of the fame ciri^, 

ties ; and are one to the other as the fquares of tlu ard 

deferibed in equal times f^pplied to the radii of the eireles, 

I hcie forces tend to the centres of the circles (by prop. 2, 
and cor 2, prop, l), and are one to another as the verled lines 
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of the leaft arcs defcribed io equal times (by cor. 4, prop. 1); 
that is, as the fquares of the fame arcs applied to the dia* 

mtflers of the circles (by lem. 7); aii<^ tliLrclore iiuce thole 
arcs are as arcs deibi ibed in any equal times, and tixe diameters 
are as the radii, the forces will be as the fquares of any arcs 
defcribed in the iame time applied to the radii of the ch:«* 
des. Q.E.D. 

Cor. 1, Therefore, fince tliofe arcs are as tbe velocities of 
the bodies, the centripetal forces are in a ratio compounded 
of the duplicate ratio of the velocities direi^ly, and of the 
iimple ratio of the radii inverfely. 

CoR. 2. And lince the periodic times are in a ratio com- 
pounded of the ratio of the radii direiSlly, and the ratio of tbe 
velocities inverlely, tbe centripetal forces, are in a ratio com- 
pounded of the ratio of the radii diredily^ and the duplicate 
ratio of the periodic times inverfely.^ 

CoR. 3. Whence if the periodic times are equal, and the. 
velocities therefore as the radii, the .centripetal forces will be 
alfo as the radii; and the contrary. 

Cob. 4. If the periodic times and the velocities are both 
in tbe fabduplicate ratio of the radii, the centripetal forces 
will be equal among lhcmlelv< s; and the cooLraiy. 

CoK. 5. If the periodic times are as the radii, and therefore 
the velocities equal, the centripetal forces will be reciprocally 
as the radii; and tbe contrary* 

CoR. 6« If the periodic times are in the fefciuiplicate ratio 
of the radii, and therefore the velocities reciprociEilly in the 
fubduplicate ratio of the radu, the centripetal forces will be 
in the daplicate ratio of the radii inverfely ; and the contrary. 

Cor. 7« And univerfally, if the . periodic time is as any 
power of the radins and therefore the velocity recipro* 
cally as the power Rn ' of the radius, the centripetal force 
will be reciprocally as the power iV-^ — ' of the radius; and the 
contrary. 

Cas. 8. The fame things M hold concerning the times, 

the velocities, and forces by which bodies defcribe the iimi* 

lar parts of any fimilar figures that have their centres 
in a ^milar pofition with thofe figures; as appears by 

.applying the demoniuation of the preceding cafes to 
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thofe. And the application is ad'y, byoiily lubltituting the. 
equable dcibriptioa oi areas in the place of equable motion^ 
and ufing the di&anocs of the bocUea from the centres iu- 
fiead of the radii. 
J CuK. 9. From tlie fame demonftration it likewife follows^ 
1 that the arc vviiich a bod 3% unifoj uiiy revolving in a cir- • 
ck by means of a given centripetal force> defcribes in any time^ 
h a mean proportional between the diameter of the circle, and 
the fpace which the fame body falling by the fame given 
I force would deicend through in the fame ^ivcn time. , 

SCHOLIUM. 

. The cafe of the 6th corollary obtains in the celeftial bodies 
(as Sir Chriftopher Wren, Dr. Hooke, and Dr. Halley have 
ieverally obfeived); and therefore in what fbliows^ I intend 

to Ivcai more at huge of thofc things which relate to ccntri- 
-peUil force decreafmg in a duplicate ratio of the diilauces 
from the centres. 

. Moreover, by means of the preceding pifopofition and it» 
corollaries, we may difcovcr the proportion of a centripetal 

Jbrcc to any other known force, fuch as that of gravity. 
For if a body by means of its gravity revolves in a circle 
concentric to the earth, this gravity is the centripetal 
force of that body. But, from the defcent of heavy bodies, 
the time of one entire revolutidn, as well as the arc defcribed 
in any uiven time, is given (by cor. 9of this prop.). Ami by 
* fuch {jropofitions, Mr. /fw^<j(C7is, in is excellent book De JiorO" 
if^io Ojd/ldtorio, has compared the force of gravity with the 
centrifugal 'forces of revolving bodies. 

The preceding propoiltion may be likewiie demonftrated 
after this manner. In any circle fuppofe a polygon to be 
infcribed of any number of" iides. And if a body, moved with 
a. given, velocity along the, lides of the polygon, is refleded 
from the circle at the leveral angolar points, the force, with 
which at every refled^ion it fliikes the circle, will be as Its velo- 
city: and therefore the fnm of the forces, in a given time, will 
be as that velocity and the number of refle6lions conjun(5lly; 
that is (if the fpecies of the polygon be given), as the length 
defcribed in that given time, and increafed or diminiflied in 
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the ratio of the fume length to the radius oF the circle; that 
is, as the fquare of that length applied to the riuliiis; and 
therefore thepolygon^ hj having its Cideadiminiihed mii^;^- - 
fdium, coincides with the circle^ as the fquare of the arc defcrib* 
ed in a given lime applied to the radius. This is the cen- 
trifugal force, with which the body impels the circle; and 
to which the contrary force^ wherewith the circle continually 
lepelfl the body towards the centlre^ is equal. 

PROPOSITION V. PR()i5LE\r I. 
There being given, in am/ places, the velociti/ zcifh which a 

hod^ dcjcribcs a given Jigure, hi/ jneans oj forces directed to 
fome commm centre: tojind that centre. (PK 3. Fig. 1.) 
Let the three right lines PT> TQV, VR touch the figure 
clefcribed in as many points Q, R, and meet' in T and 
V. On the tangents ered; the pcrpendieulai^ PA, QW, RC, 
reciprocally proportional to the velocities of the body in the 
points from which the perpendiculars were railed; 

that is, fo that PA may be to QB as the velocity inQ to the ^ 
velocity in P, and QB to RC as the velocity in R to the velo- 
city in Q, Through the ends A, B, C, of the pcrprndieiilars 
draw AD, DB£, EC, at right anirlcs, meeting in Ji and £: 
. and the right lines ID, V£ produced, will meet in the cea*- 
tie required. 

" For the perpendiculars let fall from the centre S on the 
tangents PT,QT, are reciprocally as the velociii* > f>f thcbodics 
in the points P ^nd Q (by cor. 1, prop. 1), and tijcrefore, by 
eonftru^ion^ as the perpendiculars AP, BQ dire&ly; that is, 
«s the perpendiculars let fall from the point D on the tangents. 
• \\ hciicc it is eafy to ialLr that tlie points D, T, arc in one 
right line. And by the like argument the points S, E, V are 
alfoinone right line; and therefore the centre S is in the 
point where the right lines TD, VE meet. Q.E.D. 

PROPOSITION VI. THEOREM V. 

Li a fpace void ojrefijiance, if a Lodkj ritokes in anif orhit 

about an immovable centre, and in the leafl time defcribes 
any arcjujl then nafcent; and the verfed fine of that afc is 
fuppofed to be drawn bife&ing the -chord, and produced 
mjfing through ike centre qfforeex the centripetai force in 
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the middle of the arc rail be as the verjed fine directly and 
the fquare of the time irtverfefy. 

For the veried fiae in a giiren lime is as the force (by cor, 
4, prop. 1); and augmenting the time in any ratio, be- 
cauie thearcMrill bo ciugincnted in the Tame ratio, the vei led 
'fine will be augmented in the duplicate of that ratio (by cor. 
2 and 3, iem. 1 1), and therefore is as the force and the fquai^ 
of the time. Subdud on both fides the duplicate ratio of the 
lime, and the force will be as the* verfed fine diredly, and the 
fquare of the time inverfelv. Q.E.D. 

And the fame thing may alio he eafily demonflrated by 
corol. 4,lem, 10. , 

Cor. 1. If a body P revolving about the centra S (PI. 3, 
Fig. «) defcribcs - a curve line APQ, which a right line ZPR 
touche.Mii any point P; and from anv other point Q of the 
curve QR is drawn parallel to thediitance SP, meeting the 
tangent in and QT is drawn perpendicular to the diilance 
SP; the centripetal force will be reciprocally as the folid 
SP* X QT* , . . 

if the foUd be taken of that magnitude which it 

ultimately acquires when the points P and Q coincide. For 
QR is. equal to the verfed fine of doubJe the arc QP> whofe 
middle isP: and double the triangle SQP, or SP x QT is 
proportional to the time in which that double arc is defcribed; 

and therefore may be ufed for the exponent of the time. 
Cob. a* By alike reafoning, the centripetal force is reci- 

gyi X QP* 

procally as the folid -^^^ — i if S\ is a perpendicular 

from the centre of force on PR the tangent of the orbit* 
For the reOlaiiglesSY x QP and SP X QT are equal. 

Cob. 3. If the orbit is either a circle, or touches or cuts a 
circle concentrically, that is, contains with a circle the leail 
angle of contad^ or fe^ion, having the fame curvature and the 
fame lacUus of curvature at the point P; and if PVbe achoHcl- 
of this circle, drawn from the body through the centre of force; 
the centripetal force will be reciprocally as the folid SY* X 

PV. ForPVisrOif. 

Cor. 4. The fame things being fnppofed, the centrip«fil 
force is as the fquare of the velot ity diredtly, and that chord 
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inverfely. For the velocity is reciprocally as tbic perpetfdi- 

cuiar SY> by cor. 1. prop I. 

Cor. 5. Ueoce if any curviiiuear figure APQ is i^iven, 

and^befein a point S is aifo given, to which a centripetal torce 

IB perpetually direAed, that law of centripetal force may be 

fomid, by which the body P will be con tinnally drawn back from 

a rediliiieai courfe, and, being dcUuned in the perimelerof that 

figure, will defcribe the iame by a perpetual revoluuou. That 

r ^1"* X QT' 
IS, we are to find, by computation, either the loud qj^ 

or the folid SY* x PV, reciprocally proportional to this force. 

Examples of this we (hall give in the following problems* 

PROPOSITION VII. PROBLEM II. 
If a boify revolves in the circumference of a circle; it itpro^ 

pofed to find the law of centripetal force direSedto any 

given point, (PL 3. Fig. 3.) 

Let VQPA be the circumference of the circle ; S the given 
point to ^vliich as to a centre the force tends; P the body 
moving in the circamference; Q the next place into which it 
is to move; and PRZ the tangent of the circle at the precede 
iBg place. Through the point S draw the chord PV, and 
the diameter VA of the circle : join AP, and draw QT perpen- 
dicular to SP, which produced, may meet the tangent PR 
in Z; and laftly, through the point Q, draw LR parallel to 
SP, meeting the drcle in L, and the tangent PZ in R. And, 
becaufe of tlie fanilar triangles ZQR, ZI P, VPA, we fhall 
have RP% that is, QRL to QT* as AV" to PV*. And there- 
QRL X PV* 

fore is equal to QT*. Multiply thofe equals by 

qI^, and the points P and Q coinciding, for RL write PV; 

then we fhall have — = — — . And therefore 

(by cor. 1 and 5, prop. 6) the centripetal fi>rce is reciprocally 
SP* X P V 

as ^-y- — ^; that is (becanfe AV* is given), reciprocally as 

the fquare of the diflance or altitude SP, dii4 the cuj^ of the 
chord PV conjunaiy. Q.E.L 
Vol. L S 
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The fetm oihermfe. 
On the tflingent PR produced let fall the perpendicular SY ; 
ajid (becaufe of the iirnUai tiianglea SYP, VPA) we lliaU 

have AV to PV as SP to SY, and thcicfui^c '———= SY, 
SP* X PV^ 

and = SY* x PV. And therefore (by corol. 3 

and 5, prop. 6,) the cen tripe ud force la reciprocally. as 
SP^ X PV* 

' " ■ j^y^ that is (becaufe AV is given), reciprocally as 

SP X PV^ Q.EJ. 

CoE. 1. Hence If the gi \ r n paint S, to which the centri- 
petal force always tends, is placed in the circumference of the 

circle, as at V, the centripetal force will be reciprocally as Uie 
quadrato-cube f or hhh power) of the altitude SP. 

CoR. 2. The force by which the body P in tUe circle 
APTV (PI. 3, Fig; 4) levolves about the centce of force S is 
to the force by which the fame body P may revolve in the fame 
circle, and in the lame periodic tinier about any other centre 
of force R, as RP* x SP to the cube of the right line SG> 
which from the firft centre of force S is drawn parallel to 
the diiUnce PR of the body from the fecond centre of force 
R, meeting jihe tangent P6 oF the orbit in O. For by Uie 
conihuciion of this propofition, the former iorce is to thti 
latter as HP* x FP toSP^ x PV^ ; thatis^as SP x liP*ta. 
SP3 X PV' 

— or (becauie of the fiuiilai Inuugles PSG,TPV ) to 

SG'. 

CoR. 5. The force by which the body P in any orbit 

volves about the ccQtie ot loiee 8, is to the force by which 
the fame body may revolve in the fame orbit, and the fame 
periodic time^ about any other centre of force R, as the folid 
SP x RP% contained under the diiUnce of the body from 
the firft centre of force S, and the fquare of its diftance from 
the fecoiul centre of force R, to the cube of the risrht line SG, 
drawn irom the hril centre of force S, parallel to the diiiaiice 
RP of the body from the fecond centre of force R, meeting 
the tangent PG of the orbit in Q. For the force in this orbit 
at any point P h the fame as in a circle of the fame curvature. 
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PROPOSITION virr. problem iif. 

if a bod^ mov€$ in the. Jtmi-circumf ercHct FQA; it is propp- 
ed iojnd the hm of the ceniripetaifiru tending to apomt 
S,fo remote, that all the lines PS> RS drawn thereto, nugf 

he taken for parallels. (PL 3, Fig. 5.) 

From C, the centre of the femi-circle, let Ihe ferai-diametcr 
CA be drawn^ cutting the parallels at right angles in M and 
N) wfd join CP.. Becftafe of llie fimilat trianglt^ G^M, 
PZT, and RZQ, we (hall have CP* to PM« as PI^ to <Jfr*; 
and, from the nature of the circle, PR* is equal to the re^ 

«Dg]e QR X RN + QN, or, the points P, Q coinciding, to the 
leaangle QR x 2PM. Therefore CP" is to PM* ai QR 

X 8PM to OP; aBd-gg.= -2g^,aiidhLi^^ «r 

sPM"* X SP* • 

And theiefofe (by corol. l and 5, prop, 6) 

IheceBthpetal force is reqprocaUy as ^^^^^^ ^ that is 

2SP* 

(aeg^eAiiig the gifen calio -^p^), reciprocally •aPM^ QHJ. 

And the fkme thing is Ukewife eoAly iuSdaoA fiMi the 
ceding propofiliom 

SCHOLIUM. 

And by a like reafoning, a body will he nloved in an eilipiig, 
or even in an hyperbola^ or parabola, by a centripetal Force 
which is redptocally as the cnbe of the ordinate diieAed 
to an iainitely temofce centre of ibrce. 

PROPOSITION IX. PllOBLfeM IV. 
if a body revolves in a fpiral PQS, cutting ail the radii SP| 

SQ, in a given angle; it is propofed to find the law of 
Ike tsMtripHaiforte tenSng to the oentrc of that fpiral. (ll 
S, Fig.«.) 

Suppoie tlte indefinitely Imall angle PSQ to be given ; be- 
caofe^ tben^ aii the angles are given> the figure 3PRQT a^ bo 

l^vien in fpecie. Therefore tiie ratio is aUo giv^n, and 

aft QT^ tliat (beoatt^^ th^. fi|;urs isfiv^a i|k if^tskiit «tf 
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SP. Bal if the angle PSQ is any way changed, the right line 
QK, lubu iiding the angle of coatad QPR (by lem. 1 1) will 
be.chaoged m the duplicate ratio of Pli or QT. Thereiuie 
QT* 

the ratio yrrr- remains ihe lame as before, that is, as SP. And 

-QT* X'SP* 

" — ■■ is as SP, aad therefore (by cotoh I and 5, prop. 

6) the centripetal force is reciprocally as the cube of the 
difiaik^SP. Q.EX 

Thfifam otherwife* 
The perpendiculmr SY let fall upon the tangent, and the 

chord PV of the circle coaceiitrically cutting the fpiral, are 
in given ratios to tiie height SP ; and therefore SP^ is as SV* 
X PV, that is (by corol- 3 and 5, prop. 6), reciprocally as the 
centripetal force. 

LEMMA XTI. 

All paraUtlogratm circumfcribed about n/n/ conjugate diame' 

ten of a given clHpfa or hyperbola are equal among them- 

f elves. 

This is demonftrated by the writers en the conic fedtions. 

PROPOSITION X. PROBLEM V. 

If a body revolves in an cUipfiii; it is propofcd to find the hw 

of the centripetal force tending to tlie centre of tlic ellipfis* 

(Pi, 4, Fig. 1 .) , 
- Suppofe CA, CB to be femi-axes of the eUipfis GP, DK, 
conjugate diameters ; PF, QT perpendiculars to thofe diame* 

ters; Qv an ordiiiate to ihe diameter GP ; and if the parallelo* 
gram QvPR be completed, then (by the properties of the 
conic fedlions) the recSlangle PvG will be to Q\ ^ as PC* to 
CDn and (becaufe of the fimilar triangles QvT, PCF) to 
, Qfr» as PC* to PP; and/by compofition, the ratio of PvG to 
QT^ is compounaed of the ratio, of i to CD', and of 

the ratio of PC* to PF*, tWit is, vG to ~ as PC* to 

' ^ ^ Put QR for Pv, and (by lem. 12) BC X CA 



pq> 

/or CD X PF; alfo (the points P and Q coinciding) 
fbr vG; and multiplying the extiemes and means together, 
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-we (hall have — equal to > Therefofe 

(by cor. 5^ prop. 6) 4he centripetal force is xeciprocalljr as 
^BC* X CIA* 

; that is (becaufe $5BC* X CA* is givea)^ reci- 

procally as dire6lly as the diftance PC^ Q.£J. 

The fame otkern ife. 
In the right line PG on the other fide of the point T, take 
the point u fo that To may be equal toTv; then lake nV, 

fuch as lliall be to vG as DC* to PC*. Aud becaufe Qv* is 
to PvG as I)C* to PC' (by the conic fet^ioQs), we fliali have 
Qvf = Pv X uV. Add the rediangle uPv to both $desy and 
the fquare of the chord of the arc PQ will be equal lo the 
rectangle VPv ; and therefore a circle which touches the 
Goiiic lec^tion in P, and paflcs through the point Q, will pafs 
alfo througli the points V. Now let the points P and Q meet, 
and the ratio of uV to vG, which is. the fame with the ratio 
of DO to PO , will become the ratio of P V to P6^ or PV to 

fiPC; and therefore PV will be equal to -^q-* there^ 

fore the force by which the body P revolves in the ellipfis 

2 DC* 

will be reciprocally as —pQ ^ PP(hy cor. 3, prop. 6); that 

is (becaufe 2DC* x PP is given), diredly as PC. Q.E.I. 

Cor. 1. And theretuic the force is as the dillance of the 
body from tlie centre of the eiiipfis; and, vice verfa, if the 
force U OS the diilance, the body will move in an eiiipfis 
whole centre coincides with the centre of force, or perhaps in 
a circle into which the eUipfis may degenerate. 

Cob. 2. And the periodic times of the revolutions made 
in all eliipfes whatfoever about the fame centre will be equal* 
For thofe times in fimilar eliipfes vrilJ be equal (by cordL 3 
and 8, prop. 4); but in ellipies that have their greater axis 
common, they are one to another as the whole areas of the 
eliipfes directly, and the parts of the areas defcribed in the 
ianie time invcrfely; that is, as the leller axes direAly^^ 
and the velocities of the bodies in their princij^al vertiqes \ 
inverfely; that is, as thofe lefler axes ' dire&ly,' and \Sat 

E 3 
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ordtnatea to die fmme point of the common axis i over ftl v; 
and therefore (becaufe of the equality ot the direct aud inverie 
xattoi) m tUe ratio oi'equality* 

SCHOUUM. 

If the elfipiis^ by having its centre removed to an infinite 
diftance, degcncrules into a parabola, the body will move 
in this parabola; and the force^ aow tending to a centre 
infioitelj remote^ wiU become equable. Which is GaUko*% 
tiieomii* And if the paraboUc feiftion of the cone (by 
changing the inclination of the cutting plane tu the cone) 
degenerates into an hyperbola, the body will move in the 
peoaeter of tJiis hyperbola, having its centripetal force 
changed into a centriiiigal force. And in Uiie manner as in 
die cbcle, or m the ellipfis, if the forces are dire6)ed to the 
centre ot the figure placed ia the ahl'ciila, thofe Ibices, by 
incrtafing or diminifhing the ordinates in any given ra- 
tio^ or even by changing the angle of the inclination of 
Ike ordinates to the ahlciifay are always augmented or di« - 
ttiniflied in the ratio of the diiiances from the centre; 
provided the periodic times remain equal: fo allb in all 
figures wbatfoever, if the ordinates are augmented or di- 
xdniihed in any given ratio, or their inclination is any way 
; changed, the periodic time remaining the iame, the forces 
dire^^ed to any centre placed in the abfciifa are in the 
feveral ordinates augmented or dmiiuiihed in the ratio of the 
di&anc^ from tiie centre. 

SECTION III. 
Cfthe m»tim of hoik9 in eccentric come fe&iom^ 

FROPOSmON XL PROBLEM V[. ^ 

If a body reoohes in an ellipjis; it is required to Jind tlie law 
of the centripetal foru tending to the foem of the ellipfis. 

(PI. 4, rig. 2.) 

Let S be the focus of the eliipfis. Draw SP cutting the 
diameter DK of the eliipfis in E, and the ordinate Qv in x; 
and complete the parallelogram QxPR* It is evident that 
. EPiseqnal to the greater femi-axis AC: for drawing Ht from 
the other focus H of the eliipfis parallel to EC, becaufe CS, 
CH are equal £S^ £1 will be alfo equal j lo that £P is the 
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half Aim of PS, PI, iho,% is (becanfe of the pandkls HI, PRj 

antj the equal angles IPR, HPZ), uf PS, PH, which taken 
together are equal to the whole axis ^C. Draw Qr per- 
pendicular to SP, and pu ttiiig L for the piincipsil liitus rednxa 

oBC* 

o4 theellipiis(of for - ^^^ ) , we (hall have L x QR to I# x Pv 

as QR to Pv, that is, as PE or AC to PC; and L X Pv 
to GvP as L lo Gv; and GvP to Qv^ as PC* to CD*; 
and (by coroK 2, lem. 7) the points Q and P coinciding, Qv* 
is to Qx* in the ratio of equality; and Qx* or Qv^ is to QT* 
as EP* to PF*, that is, as CA* to PF*, or (by lem. 12) as 
CD* to CB*. And compounding all tbofe ratios together, 
weihall have L x QR to QT* as AC x L x PC* x CD*, 
or fiCB^ X PC* X CD* to PC X Gv x CD* x CB*, 
or as SPC to Gv. Bnt the points Q and P coinciding, ePC 
aiul Gv are equal. And thereiNle the quantities L X QR 
aad QT*, proportionat to thefe, will be alio equal. Let tbofe 

SP* 

equaU be diawn into 'J^^f ^ ^ ^^^^ becoaie equal 
SP* X QT* 

— ' therefore (by coroL J and &, prop; 0) 

tbe centripetal foice is reciprocally as L X SP^ that is^ reoi-* 
piocally in the duplicate ratio of the diftanc^ SP. Q.C.L 

The fame othmvife, 
Seeing the force tending to the centre of the ellipiis, 
by which the body P may revolve in tluit cUipfis^ is (by coiol. 
l.prop. 10) as the diftance CP of the body from the centre 
Cof Uie ellipfis; let C£ be drawn paraQel to the tangent PR 
cf the ellipfis; and the force by which the fame body P may 
revolve about any other point S of the ellipfis, if .C£ and PS 

interfeft in E, will be as -^^p^ (by <!or, 3, prop, 7); tha* is, 

if the point S is the focos of the eUipfis, and therefore P£ be 
given, as SP* reciprocally. Q.E.I. 

With the lame brevity with which we reduced the fifth 
problem to tlie parabola and hyperbola, we might do the 
like here: but hecauic of the dignity of the problem and 
its aiie in what follows, I ihali confirm the other cafes by 
particokur demonfirations. 

E 4 
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riU)PosmoN xii. problem vii. 

Suppofe a bodtf to move in an hyperbola; it is required to 
Jind the law of the ccniripeteti farce teuding io the fiKUS 

^ that figure, (PI. 5, Fig. 1.) # 

Let CA, CB be ihe iemi-axes of the hyperbola; P6, KD 
other conjujTHle diameters; PF a perpendicular to thediame- • 
ter KD; aud Qv an ordinate to the diameter GP. Draw 
SP ouitiog the diameter DK id £, and the ordinate Qv in 
and complete the parallelogram QRPx. It is evident that 
EP is equal to the I'emi-tranfverfe axis AC; for drawing HI, 
from the other focus H of the hyperhola, parallel to EC, 
becaufe CS, CH are equals ES, El will be alfo equal; fo that 
£P is the half difference of PS^ Pi; tbat is (becaufe of the 
paralleklH^PR, ami the equal angles IPR, HPZ),of PS,PH, 
the diilcrcnce uf which is equal to the whole axis 2AC/ 
Draw QT perpendicular to SP; aud puttiug L for the 

principal latus reiSium of the hyperbola (that i.s, for ^^^)' 

Mre OiaUhaye L x QRto L X Pv as QRtoPv^ or PxtoPr, 
that is (becaufe of the fimilar triangles Pxv> PEC)^ as PE to 

PC, or AC to PC. And L x Pv will be to Gv x Pv as L 
to Qv; and (by the properties of the conic i'edlions) the 
reSangle GvP is to Qv* as PC^ to CD^; and (bjr cor. % Jem. 
7)* Qv* to Qx% the points Q and P coinciding, .becomes a 
ratio of equality; and Qx* or Qv* is to QT* as EP* to PP, 
that is, as CA* to PF% or (by lem. 12) as CD* to CB*: and, 
compounding all thole ratios together, we (hall have L x QR 
to QT* as AC X L X PC* X CD*, or 2CB* x PC* x CD* 
to PC X Gv X CD* X CB*, or as 2PC to iSv. But the 
points P and Q coincidins, 2PC and Gv are equal. And 
therefore the quantities L X QR and QT*, proportional to 
them, will be alfo equal, ixt .thole equals be drawn into 

SP* X QT' 

-Qg-, and we ihall have L X SP* equal to . Aud 

therefore (by cor. 1 5, prop. (>) the centripetal foico is re- 
ciprocally as L X SPS tlitit is, reciprocally in the duplicate 
ratio of the di (lance SP. Q. E. l. 
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The fame othcrwifc. 
Find out the force tending from the centre C of the hyper* 
bola. This will be proportional to- tlg^e diftance CP. fiat 

from thence (by cor. 3, prop. 7) the force tending to the 

focus S will be as ^p^s that is, becaufe P£ is given, reciprpr 

caUyasSP^. Q.£.I. 
And the fame way H may be demonib^ted^ that the body 

1 1 a \ i n u, i L s c e u Ir i pe t a I c h an ged lu to a ecu U ii ugal ioi ce, wili 
move in the conjugate hyperbola. 

LEMMA Xin. 
ThelaiuM reSum of a parabola belonpng to any vertex is qua* 

. drupk the diftance of that vertex from the focus of the Jig are* 

■ Tiiib IS demuaitrated by the writers an thecoiuc iedlions. 

LEMMA XIV. 
The ferpeneUadar let fall from the focus of a parabola on its 
tamgent, is a mean proportional between the diftances of the 
foeusfrom the pomt of contaBt, and from the principal ver- 
tex of the figure, (PL 5, Fig. 2.) 

For, let AP be the parabola^ S its focus, A its principal ver- 
tex, P the point of conta^, PO an ordinate^ to the principal 
diameter^ PM the tangent meeting the principal diameter 

in M , and SN the perpendicular from the focus on the tan- 
gent : jom AN, and becaufe of the equal lines IVI S and SF, 
MN and I^P, MA and AO, the right lines AN, OP, will 
be parallel; and thence the triangle SAN will be riglit angled 
at A, and fimilar to the equal triangles SNM, SNP; tberetbre 
PS is to SN asSN to SA. Q.E.D. 
Cor. I. PS* is to SN* as PS to SA. 
Cob* And becaufe SA is given, SN* wili be as PS* 
Con. 3. And the conconrfe of any tangent PM, with the 
right line SN, drawn from the focus perpendicuhir on the 
tan^ront, falls in the right line AN, that touches the parabola 
intiie princ'ijni! vertex. 

PROPOSITION XIIL, , PROBLEM VIII. 
If a bodi^ moves in the perimeter of a parabola ; it is required 

to find the law of the centripetal force tending to the focus 

oj Uidl figure. (Pi. Fig. 3.) 
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Retaining the ronftru<5tion of the preceding lemma, let P 
be the body ia the perimater of the parabola; and from ilie 
place into wbich it h nest to fyooeed, dranr QR pmUdi 
and QT perpendi^iilar to SP> as alfo Qt fMnraOel lo'tlie tan* 
gent, and meeting the diameter PG in v, and the diflance 
SP in X. Now, becaiifo of the fimilar triangles Pxv, SPM, 
and of the equal lides SP, SM of the one, the fides Pxor Qli 
and Pv of the other, wiJi be alfo equal. But (by the conic 
leiStions) the fquare of the ordinate Qt is equal to the refiaii«« 
gle under the latas re6him and the fegmcnt Pv of the dianMS 
ter; that is (by lerri. 13), to the re6langle 4PS X Pv, or 
4PS xQli; and the points P and Q coinciding, the ratio of 
Qv to Qx (by por. 2> lem. 7) becomes a ratio of equality^ 
And therefore Qz% in this cafe, becomes equal to the 
angle 4P$ X QR. Bat (becaoia of the 0mi1ar triangles 
QxT, SP>i) Qx^ is to QT* as PS* to SN% that is (by cor, 1, 
km. 14), as PS to SA; that is, as 4PS x QR to 4SA x 
QR» and thaietore (by prop. 9, lib. 6, elem.) QT^ and 4SA x 

QR are equal. Multiply thefe equals by and qA^'^ 

will become equal to SP*X4SA: and therefore (by cor. 1 and 
5, prop. 6.), the ccuU ipetal force is reciprocally as SP^X4SA; 
that is, hecaufe 4SA is given, reciprocally in the duplicate 
ratio of the diflance SP. Q£.I. 

Cor. 1. From the three lail propofitions it foUows, that if 
any body P goes from the place P with any velocity in the 
direction of any right line PR, and at the fame time is urged 
by the a^on of a centripetal force that is reciprocally pro- 
portional to the fquare of the diftanoe of the places from the 
centre, the body will move in one of the conic fedlions, hav« 
ing its focus in the centie ot force ; and the contrar^^ For 
the focus, the point of contadl, and the pofition of the tan- 
gent, being given, a conic fe^ion may be defcribed, which at 
that point fliail have a given curvature. But the curvature is 
given from the centripetal foroe, and the bodies' velocity 
given; and two oibiu, uiulually touching one the other, can-* 
not be defcribed by the fame centripetal force and the fame 
velocity. , 
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Cor. 2. If the velocity with which the body goes from 
its pluce F is i'ucb^ that in any in^itely Imail moment of 
tiM ifae linedtt PR wny ht thereby defciibed; and the cea^ 
iripetal foice fadi is in the fame time to mofe that body 
through the fpaoe QE; the body will move in one of the 
CO QIC ligi^Qs^ whofe principal latos red^jm is the quantity 

in its uhimate flate, when the lineolae PR, QR are dimi* 

nifted «e u^niimn* Im tiie& coraUaiiet I confider the cir- 
cle as an ellipfit; and I except the cafe whcfc the body de» 
tomda to the centre in a right line. 

PROPOSITION XIV. THEOREM VI. 
If Jeveral bodies revoive about one common cenlre, and the 

cetUr^uU/am k tedj^meaUg f» the dupikate ratio of the 

di^ame of plMee$from the emtn ; I fagi, that the principal 

hUera reda of their orbits are in the duplicate ratio of the 

areas, which tltc bodies by radii drawn to the centre dcjcribe 
in thejaim tim^ (Pi* 6^ Fig. 1.) 

For(bjroor.d, pop. IS) die ktas re&am L ia equal to the 

QT* 

i{aaiitity in its ultimate ftate when the points ^ and Q 

coiacAde. But the iineolas QR in a given time is as the ge- 
Aenling centopetal force; that is (by fuppofition), reciprocal* 

{y as And therefore ^is as QT' x SP'; that is, the 

laiuti leiStum i« IS la the duplicate ratio ot the ai-ea QT x SP. 
Q.E.D. 

Coft. Hence the whole aiea of the eUipfis, and the re6Ung1e 
under the axes, which is proportional to it, is in the ratio 

compounded of the lubduplkute ratio of the latns re6him, 
and the ratio of the periodic time. For the whole area is a» 
the area QT X SP> deiiprihed in. a given Ume, multiplied hy 
periodic time, 

PROi OSITION XV. THEOREM VII. 
The fame things bting fuppoj'ed, I fay, that the periodic fiMfS- 

in ellipfe% are in the J^Ji/iuipiicate ratio of their greater 
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For the lefTer axis is a mean proportional between the 
greater axis and the latas rcciuiii ; and, therefore, the redl- 
angle under the axes is in the ratio eompouiided of the iub« 
dupiicale ratio of tba latus redium and Ibe lefquiplicate ratio 
of the greater axis. But this redlangle (by cor« S, prop. 14) 
is in a 1 alio compounded of the fubduphcate ratio of the latus 
rei^ium, and the ratio of the periodic time. Subdudl from 
both ^de» the fubduphcate ratio of the latus re(5lum9 and 
there will remain the fefquipKcate ratio of the greatipr axis^ 
eqnal to the ratio of the periodic'time. . 

CoK. Therefore the periodic times in ellipfes are the fame 
as in circles whofe diameters arc equal to the greater ax^ of 
the eliipfes. 

PROPOSITION Xyi. THEOREM Vllf . 

The fame things beiri^r fuppo fedy and right Unn bein^ drawn 

to the boiJtt s that Jhall touch the orbits, and perperidiculan 
being let fall on thoje tangents from the cotmnon Jocus ; I 
Jay, that the velocities of the bodies are in a ratio compound' 
td of the ratio of the perpendieulan imvcrfelt/, and tie jvin 
duplicate ratio of the principal lattra re&a dircBly, (PI. 6. 

rig.2.) ' 

From the focus S draw SV perpendicular to the tangent 
PR^ and the velocity of the body P will be reciprocally in 

SY* ^ 

the fabdupiicale ratio of the quanttty For that Te- 

locity is as the, infinitely fm all arc PQ defcribed in a given 
moment of time^ that is (by Jem. 7), as the tangent PR; 
that is, (becaufe of the proportionals PR to QT, and SP to 

SP X OT 

SY), as gY^; or as SY reciprocally, and SP X QT 

diredliy; but SP x QT is as the area defcribed in the given 
time, that is (by prop. }4),''in the fubdoplicate ratio of the 
latus re^lum. Q.E.D. 

Cor. 1. The pi in c i pal latera recTta are in a ratio com- 
pounded of the diiphcatc ratio of the perpendiculars and the 
duplicate ratio of the velocities. 

Cor* ^ The velocities of bodies, in their greateft and leaft' 
diilances-irom the common focns, are in the ratio compound* 
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ed ol the taiio of the diitances mverlely, and the lubdupli-^ 
cate ratio of Ihe priucipal iatera re^ dire^y« for ilao£e 
perpendicalan arf now Uie difiances. 

Cor. 5. And theretbre the yelocity in a conic ic^ion^ at 

its greatelt or leult diftance troni the focus, is to the velocity 
ill a circle^ at the fame dillaiice iium the ccatrc, in the fub-^ 
duplicate ratio of ibe priacipal iatiu redum to the double of 
that difiance* 

CoR. 4. The yeloclties of the bodies rerolving in ellipfes, 

at theii uicau (JUumccs from thecomiiiau focus, are the fame 
as thoie of bodies revolving in circles, at the fame diilances ; 
tliat is (by cor. 6, prop. 4), reciprocally in the fobduplicate 
ratio of the difianoes. Fur the perpendiculars are now the 
leder femi^axes, and thefe are as mean proportionab between 
the diilances and the latera redta. Let this ratio iiiverlely 
be couipounded with the fubduplicate ratio of the latera redia 
dire^Uy, and we lhall have the fubduplicate ratio of the 
diilance inverfely. 

Coa. 5. In the fame iigure, or even in difierent fignres, 
■R hole principiil hileru reiTta are equal, the velocity of a body 
is reciprocally as the perpendicular let fall from the locus on 
.the tangent. 

Cor. 6. In a parabola, the velocity is reciprocally in the 
fubduplicate ratio of the diftance of the body from the focus 

of the figure ; it is tnore variable in the elliplis, and lefs in the 
hyperbolft, than according to this ratio, i^'or ^by cor. 2, lem. 
14) the perpendicular let fail from the focus on the tangent 
of a parabola is in the fubduplicate ratio of the dillancc. la - 
the hyperbola the perpendicular is lefs variable; in the ellipfis 
more. 

Cor. 7. In a parabola, the velocity of a body at any dift- 
ance from the focus is to the velocity^ of a body revolving . 
in a circle, at the fame diilance from the centre> in the fubdo- 
plicate ratio of the number 2 to 1 ; in the elUpiis it is lefs, 
and iii the hyperbola greater, than aceoiiling to iliis ratio. 
For (by cor. 2 of this prop.) the velocity at the vertex of u 
parabola is in this ratio, and (by cor. 6. of this prop, and prop. 
4) the faiQe proportion hplds in all diilanoes* And hence. 
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tlfo, in a panihola, the vdodty it every wlieieeqoal to Ike 

velocity of a body revolving m a circle at half the diilauce j 
in the eilipiis it is ieis^ and in the hyperbola greater. 

Cob. 8* The velocity of a body revolving in any conic 
fiedion is to the vekpcity of a body lerolviog m ociide, at tte 
difiance of half the prioelpal lalus re^m of Ihe lo^on, ao 
that diflancc to tlie pcrpendiculai let fall from the focus on 
the tangent of the fedtion. This appears from cor. 5. 

Cor. 9. Wherefore fince (by cor. 6, prop. 4.) the velocity 
ef a body revolving in this oiideii to the velocitj of another 
body revolving in any other cifcle nedprocally in the fubdn-* 
plicate ratio oi the diftances; therefore, ex <Tqao, the velocity 
of a body revolving m a conic fectioii will be to the velocity 
of a body revolving in a circle at the fame di&anoe as a 
nean proportional between that common diftance^ and half 
the principal latas re6him of the fei^on, to the perpendicnlar 
lei tall iium. tlic commou focus upon the tangent of the 
fetation. 

PROPOSITION XVII. PROBLEM IX. 
ISuppafing the eentripetalforee to be rte^proe^Ug fropoHtmmt 
to the Jqmrtt of dke difiamees ofphcee frcm the eenire, and 

that the ahfolute quantitif of that force is knou u ; it in fe-* 
quired to determine the line which a body will defcribt that 
is let go from a given place with a given veioeitjf in the di^ 
redion of a given right One. 

Lot the ceuLripetal force tending to the point S (PI. G, Fig. 
:>) be fuch, as will make the body p revolve in any given or- 
bit pq; and fuppofe the velocity of this body in the place p ia 
known. Then from the place P fuppofe the body P to be 
let go with a given velocity in the dirediion of the line Pll; 
but by virtue of a centripetal force to be immediately turned 
afide from that right line into the conic fedtion PQ. This> 
the right line PR will therefore touch in P. , Suppofe like wile 
that the right line pr touches the orbit pq in p | and if from S 
yon fuppofe perpendiculars let fidl on thofetang^nts, the priaci'«> 
pal latus redum of tlicconic fe<ftion (by cor. l^prop. 16) will be 
to the principal hitus rei^tum of that orbit in a ratio compound- 
ed oi* ilie duplicate ratio of the perpendicul^EB, and the dupU^ 
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oUe ratio of the velocities; aud is tiier^ofc given. Let thlt 
latas re&um be L: the fgeu« S the eooie fe&ioQ is aUb 
gifeo. Let the angle RPH he the oooipiemeiit of the eagle 

RPS to two right; and the line PH^, in which the other focus 
H IS placed, is given by pohtion. Let fall SK perpendicalar 
00 PH« and eredi the conjugate femi-axis BC; thia done, we 
(hall hwe S P^-^cK PH + PJB * - SH" = 4CH* = 4BH» 
--43(7 S3 SP PH* — L X SF+pH =s SP» + ftSPH 
+ PH* — L X 8P + PH. Add on both fides 2KPH — 
SP* ^ P H* + L X SP + PH, and we fhaU have L x 
iyP4PH a «SPH -l* dKPH, or SP 4- ,PH to PH, a» 
fiSP eKP to L. Whence PH is given both in length add 
pofition. Tiuit is, ii'liie velocity of the body in P is iuch ihaf. 
the latus reotum L is lefs tban ^iSi^ -f *2K.P, PH will lie oa 
tbefkme fide of the tangent PR with the lineSP; and there^ 
fine the iigine mil be an elhpiis, which from the given ibci 

H> and the princtfial axis SP + PH, is gim alfo. Bnl if 
the velocity of the body is fo great, that the iaLus rectum L be-* 
comes equal to aPS -jk- SKP, the length PH wiil be inhnitcj 
and therefore, the figure will be a parabok^ which .has its axiit 
SH parallel to the line PK, and is thenoe gi?en. But if the 
body goes from its place P with a yet greater Telocity, Uicr 
length PH is to betaken on theother fide the tangent ; and io the 
tangent paiUug between the ioci, the figure will bean hyperbola 
having its principal axis equal to the difference of the liuea 
SP and PH, and Uience is pven« For if the body, in thefe 
cafes, revolves in a conic fe^on fo foond, it is demonfiiated 
ia prop. 11, 12, and J 3, that the centripetal force will be re- 
ciprocally as the fquare of the diftance of the body from the 
ceatre of force S; and therefore we have rightly determined 
the line PQ, which • body let go from a given place P with a 
given velocity, and in the dire<^tionof the right line PR given 
lypofition, would defcribe with fiich a i'ovce.. Q.E.F. 

Coa* 1. Hence in every conic ie<^Uon, from the priacipal 
vertex D, the latus re^Uun and the focns S given, the other 
feoDS H 18 given, by tatdng DH to DS as the latoa lei^m ta 
the dif!ejeiice bLtwccii tlic latua rectum and 4DS. For the 
proportiOBySP -f P^ to PH as,2PS + ^KP to 1^ becomes. 
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in the ckfe of this coiollary, DS -I- DH to DH as 4DS to U 

by divifion DS to DH as 4DS — L to L. 

Cor. 2. Whence if the velocity of a body in the pi ineipal 
vertex D is giveti^ the oibit may be. readily found ; to vvit> 
by taking its latds redhim to twice the diftance DS^ in tb< 
dopUcatis ratio of this given velocity to the velocity of a body 
revolving in a circle at the diftaiicc DS (by cor. 3, prop. \6), 
and then taking DH to DS as the la tus rectum to the differ- 
ence between the latus rcdiim and 4DS. •< 

Con. 3. Hence alfo if a body move in anyj- conic fe^on^ 
and is forced out of its orbit by any impulfe, yon may difco- 
ver the orbit in which it will afterwards purfue its courfe. 
For b\^ compounding the proper motion of the body witii that 
uiotion, which the iinpulfe alone would generate, yon will 
have the motion with which the body will go off from a given 
plaoeof impulfeinthe direAIonof a right linegiven in pofition* 

Cou. 4. And if that body is continually difturbed by the 
action of foine foreign force, we may nearly know its courfe, 
by coUedting the changes which that force introduces in fome 
pointSy and eftimatiog the continual changes it will undergo 
in the intermediate places^ from the analogy that appears ia 
the progrefs of the feries. 

SC1I0LTTT\T. 

If a body P (Pi, 6, iig. 4), by means of a centripetal force 
tending lo any given point R> move in the perimeter of any 
given conic fedlion whofe centre is .C ; and the law of the 
centripetal force is required : draw CG parallel to the radios 

IIP, and meeting the tangent PG of the orbit in G; and the 
force requii L (l ( by cor. 1^ and ibhoi. prop. IQ, and cor. 3, prop. 

7) wiUbeas^jpj, 

SECTION IV. 
'Of the Jiiidingof tUi])tiCf paraboliCi and hijperl/u lie orbits, from 

the focus given, 

LEMMA XV. 

If from the Urofoci S, H (PI. 7, Fig. 1), of mnf eU^JU or Ajr- 
• perboia, we dram to any third point V the right lines SV^ 
HV, wJicrcof one HV is e^ual to tlie principal axis of lite 
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figtute, that is, to the axis in whiek the fod are fituated, the 
ether, SV, i$ hifiBed in T by the perpendicular TR let fall 

upon it ; that perpendicular TIl n'lll jomewhert touch the^ 
conic fettion: and, vice verfa, if it does touch it, HV mil be 
equal to the principal axie of the figure. 

For, let the perpetidicular TR cat the right lmeHV,pK^ 

duced, it* need be^, in K; and join SR. Becaufe TS, TV are 

equal, therefore the right lines SJR,, VR, as well as the anglet 

TRS, TRV, will be alfo equal. Whence the point R will 

beta the come fettion, and the perpendicular TR wiU toncb 

die fiuiie; and the contrary. Q.E.D. 

PROPOSITION XVlil. PROBLEM X. 
From a focus ahd the principal axes given, to defcribe elliptic 

and hjff)€rboiic trajectories, which JhaUpafi through given 
foint$,aiMauchrightlinesgivenbypofition, (P1.7^Fig.£.) 
Let S be the common focos of the figures;' AB the length 
of the principal axis of any traje^ory ; P a point through 
which the trajeAory fhould pafs ; and TR a right hne which 
it ihould touch. About the centre P, with the interval AB — • 
SP, if the orbit is an ellipfis^ or . AB -f SP^ if the orbit ui exi 
hyperbola, defcrihe the circle HO. On the tangent TR let 
fall the perpendicular ST, and produce the fame to V, fo that 
TV may he equal to ST; and about V as a centre with the in- 
terval AB defcribe the circle FH. In this mannerj whether 
twopomts Pj are giyen^ or two tangents TR, tr> or apoiift 
P and a tangent TR, we are' to defcribe two circles. Let H 

be their commoninlei ledlioii, and from the foci S, H, with the 

given axis defcribe the trajectory: I fay, the thing is done. 

For (becaufe PH + SP in the ellipfis, and PH — SP in this 

hyperbola, is equal to the axis) the defcribed tr^|e6oiy will 

pals Aroagh llie point P, and (by the preceding lemma) will 

touch the right hne TR. And by the fame argument it will 

either pafs through the two points P> p, or touch the two right 

linesTR, tr. Q.E.F. 

PROPOSmON XIX. PROBLEM XI. 
Jlhoai a ghen focut, to defcribe a parahoUc trtgeSory, wkiek 

,^all pafs through given points^ and touch right lines given 

bif poJiUon, (Pi. 7 9 Fig* 3.) 

Vol. I. ' JP 
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Let S be the focus^ P a point, and TR a iangetit of the 
lmje<aon^ to be defcfibed* About P as a centre^ with tlie 
mtervai P8, defcribe the circle FQ. From the focus let 
fiUl ST perpeodicolar on the tangent, and produce the 

fame to V, lb as TV may be cijuai to ST. After the fame 
ma-nner another circle fg is to be delcribed, if another point 
f is g^ven; or another point t is to be founds if another 
tangent tr is given; then draw the fight line IFj which fliall 
touch the two circles FG, fg, if two points P> p are given; or 
pais through the Iwopuints V,v,if two tangents TR^ traregivea: 
or touch the circle FG^ and pafs through the point V, if the 
point P and the tangent Til are given. On FI let fall the 
perpendicular Sl^ and.hift^ the iiu&e 'in K; . and with 
the axis SK and principal vertex K defcrihe a par&bda: 
I fay the thhig is done. For this pavaboUi (bLcaiilV^ Slv is 
equal to IK, and SP to FP) will pafs througli tlie point 
P; and (bj cor. 3, lem ,14) hecaufe ST is equal to TV, and 
STR a right angle, it will touch the right line TR. Q.£«F. 

PROPOSITIOxN XX. PKORLEM Xll. 
About a given focm todefcribe ani^ irajedory given in fpedc 

whkhjhall pafs t/trough given points, attd touch right lines 

giwen pofition. 

Cask L About the focus S (PI. 7, Fig. 4) it is required 
to defdril»e u traf^ftorj ABC, palling through t#o pointA 

B, C. Becaufe the trajectory is give ii in ipecie, the ratio of 
the principal axis to the diirai ice ot the foci will be given, 
la Uiat ratio take KB to BS, and LC to CS. About the 
x^entfes B, C, \nth the intervals BK, CL^ defcrihe two circles ; 
and on the right line KL, that teaches the fame in K and 
let tall th6 perpend i( 11 iiir S(i ; which cut in A and a, fo that 
OA may be to AS,andGa to aS, as KB to BS; and with the 
4ixis Aa, and vertices A, dderibe a trajedory: I fay the 
^thi«%isdone. fbr tetHhetfaetPtharfocusof thedefcribed 
ligure, and feeing G A is to AS as Ga to aS, then by diviiion we 
fhall have Ga — GA,or AatoaS — AS, or SH in ihefameratio, 
and therefore in the ratio which the principal tixis of the figure 
to hedefcrih8dhas4o the didanceof its foci ; and therefore 
the defcribed figure is of the iiime -fpecies with tlie figure 
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wliich was to be defcribcd. And fince KB to BS, and LC to > 
CS, are in the fame ratio, this figure will pafs through the 
points C> as is manii'elt from the cx>nic lections. 

Ca8B 2. Afloat Uie foons S (Pi. 7, Fig. 5) it is required 
to defcribe a trajei5lory which lhall fomewhere touch Iwo . 
right lines TR, tr. From the iocus on thole tangents let 
fall the perpendiculars ST, St, which produce to V, v, fo 
that TV, tv may be equal to TS, tS. Bifed Vv in O, and . 
cre^ the iodefinile perpendiciilar OH^ and cut the right Hoe 
VS iufioitely produced in K and k, fo that VK be to KS, and 
Vk to kS, as the principal axis of the trajectory to be defcribed 
is to the diltance of its foci. On the diameter Kk defcribe 
a circle cutting OH in H; and with the foci S, ard prin* 
dpQlaxbei]ttal to VH, defcribe a trajedory: I fay, tiie thing 
isdone. For, bifeaiDg Kk in X, and joining HX, HS, HV, 
Hv, becaufe VK is to KS as Vk to kS; and by compolition, 
M VK + Vk to KS + kS; and by divifion, as Vk — VK to 
kS — KS, that is, as «2VX to oKX, and 2KX to 2SX, ,and 
Ifaeitibitt as VX to UX and HX to SX, the triangles VXH^ 
HXS will befimpar; thenslbre VH will be to SH as 
VX to XH; and therefore VK to KS. Wherefore VH, 
the principal axis of the defcribed trajectory, has the fame 
rtfeio to SH, the diilance of the foci, as the principal axis of 
ibe trajei^ry which was to be delcribed has to the diftance 
<»f its feci ; and is therefore of the fame fp#des. And feeing 
VH, vH, are equal to the principal axis, and VS, vS are per- 
pendicularly bife<Sled by the right lines TR, tr, it is evident (by 
lein. 15) that thofe right Unci touch the delcribed traje^ry. 

Cass 3. About the focus S (PL 7, TFtg. ^ it is. requited 
to deicribe a tiaje^ory, which fliail touch a right line TR 

in a given point R. On the right line TR let tall the per- 
pendicular ST, which produce to V, fo that TV may be equal 
to ST; join VR, and cut the right hoe VS indefinitely produce 
ed in K and k« fo that VK may be to SK» and Vk to Sk, as 
the principal axis of the ellipfis to be delcribed to the diftance 

of its foci; and on the diameter Kk dei'ci ibiiig a circle, cut 
the right line VR produced in Hj then with the foci S, Hf 

« » • 
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and principal axis equal to VH, delcnbe a trajciftory: I fay,* 
the thing is done. For VU is to SU as VK to SK> and 
therefore' as the priucipal axis ofthe tr^eAory which was 
to he defcribed to the diftanoe of its foci (as appears from 
what Ave have demonftrated in cafe 2); and therefore the 
deicribed trajedtory is of the fame fpecieii with that which 
was to be df fcribed ; but that the right line TK, by which the 
angle VRS is hifei^led^ tooches the trajed^ory in the poiilt Ry 
is certain from the properties of the conic fefSlions. Q E.F. 

Cask 4. About the focus S (Plate 7, Fig. 7) it is inquired 
to defcribe a trnje<^ory APB that (hali touch a right line T&, 
and {)afs through any given point P without the,^ngenty and 
fhali be fimilar to the figure apb^ defcribed with the principal 
axis ah, and foci s, h. On the tangent TR let fall tiie per- 
pendicular ST, which produce to V, fo that TV may be equal 
to ST ; and, making the angles iisq, shq equal to the angles 
VSP, SVP^ about q as a centre^ mid with an interval wUch 
(hall be to ab as $P to VS, defcribe a circle cuttmg the figure 
apb in p : join sp, and draw SH fuch that it may be to sh as 
SP is to sp, and may make the angle PSU equal to the angle 
psh, and the angle VSH equal io the angle psq. Then with 
the foci S, Hi and principal axis AB^ eqnal to. the difiance 
VH, defcribe a conic fe(^ion : I fay, the thing is done; for if 
sv is drawn fo that it fhall be to sp as sh is to sq, and (Irall 
make the angle vsp equal to the angle hsq, and the angle vsh 
equal to the angle psq» the triangles svh^ spq> will he fini^ilar, 
and therefore vh will be to pq as sh i9-to sq ; that is (becaufe 
of the fimilar triangles YSP, h^q), as VS is to SP, or as ab to 
'pq. Wherelbre vh and ab are equal. But^, becaufe of the 
lixmhu' triangles VSH, vsh, VH is to SH as vh to sh ; that is, 
the axis of the conic ie^on now deicribed is to the diftance 
of Its foci as the axis ab to the diftence ^ the foci sh ; and 
therefore the figure now dtjicribed is iimilar to the figure apb. 
But, becaufe the triangle PSH is iimdar to the triangle psb, 
this figure paifes through the point P ; and becaufe VH is 
equal to its axis^ and VS is perpendicularly biie^ed by the 
right, line TR> the faid figure touches the right TR* 
Q.E.F. . ' 
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LEMMA XVI. 
Ihm three given points ta draw to a fourth point that ii 
wt given three right Hnc$ wkofe differences Jhall be either 

giiiUf or none at all. 

Case 1. Let the given points be A, B, C (PI. 8, Fig. 1), 
and Z the iburtb point which we are to find ; becaufe of the 
given di£ferenGe of the lines AZ, BZj the locus of the point 
Z will be an hyperbola whofe foci ore A and B, and whofe 
principal axis is the given diti'erence. Let that axis be MN, 
Taking PM to MA as MN is to AB, ere<5l PR perpendicular 
to AB^and let fall ZR perpendicular to PR; then, 6rom the 
nature of the hyperbola^ ZR will be to AZ a» MN is to AB. 
And by the like argument, the locus of the point Z will be ano« 
tlicr liyperbolri, whofe foci are A, C, and whole principal axis 
is tiie (lifi^rence between AZ and CZ; and 0,6 a perpendicular 
OD AC may be drawn^ to which(QS) if from any point Z of this 
hyperbola aperpendicolarZSisletfall^ thi8(ZS) ihall beto AZas 
the diflerence between AZ and CZ is to AC. Wherefore the ratios 
of ZR and ZS to AZ are given, and conlequently the ratio of ZR 
to ZS one to the others and therefore if the right lines RP, 
SQ, meet in T, and TZ. and TA are drawn, the iigure TRZS 
will be given in fpecie^ and the right line TZ, in which the 
point Z is fomewhere placed, will be given in pofition. There 
will be given aU'o the right line TA, and the angle ATZ; and 
becaufe the ratios of AZ and TZ to ZS are given, their ratio 
to each other is given aifo ; and thence will be given likewife 
the triangle ATZ, whofe vertex is the point Z. Q.EJ. 

Cask 1^. li two of the three lines, for example AZ and BZ, 
^Te equal, draw the right line TZ as to bifeot the right hue 
AB; then find the triangle ATZ as above. Q.E.I. 

Case 5. If ail the three are equal, the point Z will be 
placed in the centre of a circle that pafles through the points 
A,B, C. Q.E.I. 

Tins problematic lemma is hkewife fulved iu jdpollonius's 
Book of Talons reftored by Fieta^ ^ 

PROPOSITION XXI. PROBLEM XIII. 
Jbout a given focus to deferibe a traje&ori/ that Jhall pafs 

through givenpotfifs and touch right tines given bij pofitioju 

• Let the focus b 2), the point and tiie tan- 

1 3 
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gentTR ht gi ven, aud luppoic tliat tlic other forns H is to be 
found. On the tan^nt let iuU the perpeadicuiar SH, which 
produce to fo that TY may be equal to ST, mi YH will 
be equal to the principal axis. Join SP> HP^ and SP wtU 
be the diflerence between UP and the principal axis. Atter 
this manner, if more tangents TR are given, or more points' 
P> we ihaii always determine a& many lines YH, or FH, 
drawn from the faid points Y -or P,.to the focua H, which, 
either ihaU be equal to the axes, or differ from the axes by 
given lengths SP; a.ul therefoie which lliall either be equal 
among theinfelves, or (hall have given differences; from 
whence (by the preceding lemma) that other focus H i». 
< given. But having the foc\ and the lengtb of the axis 
(which is either YH, or, if the. traje6lory be an eOipiis, PH 
+ SP; or PH — SP, it' it be an hyperbola), the tiaje(5U)ry 
given. Q.£.L 

SCHOLIUM. 

When the triye^ory is an hyperbola^ I do not compre* 
hend its conjugate 'hyperbola under the name of this ti ajec<' 
tory. For a body going on with a continued motion can 
pever pais out of one hy|>erbola into its conjugate hyperbola. 

The cafe when three points are given is more readily . * 
folved thus. Let B, C, D (PI. Fig. 3), be the given points. 
Join BC, CD, and produce them to E, F, fo as EB may be 
to EC as SB to SC; and PC to FD as SC to SD. On EP 
drawn and produced let fall the perpendiculois SO, BH, and 
in OS prodneed indefinitely take GA to AS, and Ga to aS» 
as HB is to BS ; then A will be the vertex, and Aa the priu* 
cipal axis of the traje^ory : which, according as GA is greater 
than, equal to, or lei's than AS, will be either an elliphs^ a para- 
bola, or an hyperbola; the point a in the firft cafe falling on 
the fame iide of the line GF as the point A; in the fecond^ 
going off to an infinite diftance; in the thirds falling on the 
other fide of the line GF. For if on GF the perpendiculars 
CI, DK arc let fall, IC will be to IIB as EC to EB; that is, 
as SC to SB; and by permutation, IC to SC as HB to SB, 
or as G A to SA. And, by the like argnmentp we may pro?e 
that KD is to SO in the fame ratio. Whenafore the po nU 
B> C^ D lie in a conic fe^on defcrtbed about the locus in 
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-(uoh manner that all tbe right lines drawn firom the foovsS 
la (ewerti points of tho fe^ioo, and the perpendiculao 
let fall from tbe fame {»oint8 on the right line OF| are in tliat 

given ralu». 

Thdt e;i^cellent geometer M, De la Hire has iblvcd 
pfoUem much allcr the fame iray^ in his Conies^ prop, 
lib. 8. 

SECTION V. 

Ihw tJui orbUs QIC to be found xcfuu millur Jocui is gitat, 

LEMMA XVII. 

If from my point V oj a given conic feSiioH, to the four pro* 

ducedJide9AB,CD,AC,^t)B of any trapezium ABDCinferib-' 
tdin that feSion, as many right Hne$ PQ, PR> PS, PT are ' 

draicu in given angles, each line to each fide; the rectangle 
PQ X Pli of tho ft on the oppofitc fides AW, CD, tvill b€ 
to the re6f angle PS X PT of thofe on the otJ»er tmo opj^ofitc 
fide$ AC, BP, in h given ratio » 

Cask 1. Let us fuppofe, firfi, that the lines drawn to 
one pur of oppoiite iides are parallel to either of the other 

fules; as PQ and J^R (PI. 8, Fig. 4) to the fide AC, and PS 
and PT to the fide AB. And farther, that one pair of the 
oppofite fides, as AC and BD, are parallel betwixt themfelves; 
then the right line which bifedb thofe parallel iides will be 
Qoe of the diameters of the conic* fei5lion, and will liicewiie 
Lilccl KQ. Let O Llic point in whicli RQ is bifecled, 
and PO will he an ordinate to tluit diameter. Produce 
PO to K, lb that OK may he equal to PO, and OK 
will be an ordinate on the other fide of that diameter. Since, 
therefore,- the points A, B, P, and K are placed in tlie conic 
lectio:!, and PK cuts AB in a given angle, the ret'tani^le 
PQlv(l)y prop. 17, HJ, 21, CS, book S, of /Jpoilonins H 
Conies) will be to tiie rectangle AQB in a given ratio. But 
QK and PR are equal, as being the differences of the equal 
lines OK, OP, and OQ, OR; whence the reaangles PQK and 

« 

V'Q X PKaicc4ual; and therefore the rectangle PQ x Pl^ 
IS to the rectangle AQB, that is, to the rectangle PS x PT 
ID a given ratio. Q.E.D. 

Cass 2. Let us next fuppofe that the oppofite fides AC 
and BO (PL 8^ Fig. 5) of the trapezium are not parallel 

r 4 
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Draw Bd parallfel to AC^ and meeting as weU the right line 

ST in t, as the conic fe6lion in d. Join Cd cuLUiig PQ in r, 
and drawJDM paiallel to PQ, cutting Cd in M,and AB in 
Then (becaufe of the iimilar triangles BTt, DBN), Bt orPQ is 
loTtasDNloNB. And fo Rr i» to AQ or PS as DM to AN. 
Wherefore, by multiplying the antecedents by the antecedents, 
and the couiequents by the cunfequedts^ as the redangle PQ 
• X Rr is to the ie<5langle PS x Tt, lb will the redlaugle iSDM 
be to the rediangle ANB; and (by cafe 1) fo is the re6langle 
PQ X Pr to the ledangie PS x Pt ; and by divifion, fo is the 
leSangle PQ x PR to the re<aangleP S x PT.' Q.E.D. 

Case 3. Let us ("nppofe, lallly, the tour lines PQ, FK, FS, 
PT (PI. 8, Fig. 6), not to be parallel to the lides AC, AB, 
but any way inclined to them. In their place draw Pq, Fr 
parallel to AC; and Ps» Pt parallel to AB; and becaufe the 
angles of the firiangles PQq, PRr, PSs, PTt are given, the ra» 
tio5 of PQ to Pq, PR to Pr, PS to Ps, PT to Pt wUi be alfo 
given; and therefore the compounded ratios PQ X PR to 
Pq X Pf, and PS X PT to Ps x Pt are given But from 
what we have demonftrated before, the ratio of Pq x Pr ta 
" Ps V Pt is given ; and therefore alfo the ratio of PQ X PR 
to PS X PT. Q.E.D 

LEMMA XVIII. 
The fame tUngM fuppojhd, i/t/ie rcctattgle PQ x PR of the 

lina drawn to the two oppofite Jidu of the trapezium is to 

the reSiangle PS X PT of thofe drawn to the other two fides 

in a given ratio, the point from whence thojc /uies are 
drawn, mill be placed in n conic fed ion dtfcribed about the 
' trapezium. (PI. 8> Fig. 7.) 

Conceive a conic fe6iion to be defcribed pafling through 
the points A, B, Cj I), and any one of the intinile uumber of 
points P, as for example p ; I fay, the point P will be always 
placed in this fedlion. If you deny the thing,join AP cutting^ 
this conic fedion fomewhere elfejif pofliblcj than in P>as in 
Therefore If from thofe points p and^b, in the given angles to 
the fides of the trapeziuui, we draw the right lines p(], pr^ ps_, 
pt, and bk, bn, bf, bd, we (hall have, as bk x bn to bf x bd, 
fo (by lem. 17) pq x pr to ps X pt; and fo (by fuppofition) 
PQ X PR to PS X PT. And becaufe of the fimikr trapezia 
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bkAf, as bk to bf, (o PQ to PS. Wherefore by divid- 

log the tenns of the preceding proportion by the corre- 
Cpdndent terAs of this^ we fliall have bn to bd . a$ PR to PT* 

And therefore the equiangular trapezia Dn bd, DRPT are 
'fimilarj and confequently their diagonals I)b, Di' do coincide. 
Wherefore b falls in the interl'edion oi the right hnes AP, 
I>P/ and confequently coincides with the point P. And 
therefore ihe point P, wherevel* it is taken^ falls to be in the 
alTigned conic fe<5iion. Q.E.P. 

Cor. Hence if three right hnes PQ, PR, PS, are drawn 
^om a common point P^ to many other right lin^ given in 
pofition^ AB, CD, AC, each to each^ in as many angles re- 
fpedlively given, and th6 re^ngle PQ X PR under any two 
of the lines drawn be to the fquare PS* of tlie third in a given 
ratio ; the point P, from which the right lines are drawn, will 
be placed in a iconic fedion that touches the lines AB, CD ia 
AandC^ and the contrary. For the pofition of the three 
right lines AB^ CD, AC remaining the fame, let the line BD 
approach to and coincide u iili the line'AC; then let the line 
FT come likeuife to coincide with the iine PS; and the rect- 
angle PS X PT wUl become Pb% and the right lines AB, CD, 
which before did cut the curve in the points A and B, C and 
D, can no longer cut, but only touch, the curve in thofe coin- 
cidmg points* 

SCHOLIUM. 

In this lemma, the name of conic le<^ion is to be un^lerfiood 
in a large (enfe, comprehending as well the rectilinear fedlion 

through the vertex ul the cone, as the circular one parallel to 
the bale. For if the point p happens to be in a right line, by 
which the points A and D, or C and B are joined, the conic 
ft^on will be changed into tworight lines, one of which is that 
right line upon which tbe^nt p fails, and the other is a right 
line that joins the other two ut liic four points. If the two 
oppoiite angles of the trapezium taken together are equal to 
two right angles, and if the four lines PQ, PR, PS, PJ are 
drawn to the fides thereof at right angles, or any other equal 
angles, and the reftangle PQ x PR under two of the lines 
ihawn PQ and PR, is ec^uai to the redaogie Pb x VI under 
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the other two PS and PT, the conic fe^ion wiB become a 

circle. And the Wane thing will happen if the four lines arc 
drawa in any angles, and the rectangle TQ x Piv^ under ooe 
pair of the lines drawoj is to the rediaogie PS x PT under the 
other pair as the redlangle under the fine* of the ungles T, 
in which the two lailjines PS, FF are drawn to the redaiigle 
under the fines of the angles Q, R, in which the two firft PQ, 
PR are drawn. In all other calbs the locus of the point P 
will be one of the three figures which pafs commonly by the 
name of the conic fe6^ions. But in room of the trapesinm 
ARCD, we may fubftitute a quadrilateral figure whoie two 
oppolite fides crofs one another like diagonals. And one or 
two of the four points C» D may be fuppofed to be re- 

moved to an infinite diflance^ by which means the fides of the 
figure which converge to thofe points^ wil) become parallel: 
and in this cafe the eonic fe<Stion will pafs through the other 
points^ and will go the fame way a> the paraileia iu infiuUum* 

LEMMA XIX. ' , 
To find a point P (PL 8, Fig. 8) from which if four righi Una 

PQ, PR, PS, PT'flrg drawn to asmanj^ other right Hnes AB, 

CD, AC, BD givni bj/ pojitiort, each to eachj at given angles, 
the rt ctaugk PQ X PR, imdtr ani/ tivo of the lilies drawn, 
Jhall be to the redangic PS x PT^ under the other two, in n 
given ratio, 

Suppofe the lines AB, (M), to which the two right lines 
PQ, Pli, containing one of the rectangles, ajpe drawn to meet 
two other hnes, given by pofition, in the points A, B, C, D. 
Frond one of thofe, ^s A, draw any right line AH, in which you 
would find the point P. Let this cut the oppofite lines BD, 
CD, in H and I ; and, becaufe all the angles of the figure 
are given, llie ratio of PQ to PA, and PA to PS, and there- 
fore of PQ to PS, will be alfo given* Subducting this ratio 
from the given ratio of PQ x PR to PS x PT, the , ratio of 
PR to PT will be given, and adding the cjiven ratios ot PI to 
PR, and PT to PH, the ratio of PI to PH, and therefore the 
point P will be given. Q.£.L 

Cor. 1. Hence alfo a tangent mi^ bedrawD to any point 
D of the locus of all the points P. For the cboid PD, where 
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the points P aod D uiect^ that is^ where AH is drawn through 
the point D, becoipes a taogent. In ^hicb cafe the ultim^ite 
ratio of the evanefcent lines IP and PU wiU be found as above. 

Tlieretbre draw CF parallel to AD, meeting BD in F, and cut 
it in E 111 the iaine ultimate ratio, then DE wiil be the tan- 
gent; becauie CF and the evanei'cent m are parailejj and 
iimilariy cut in £ and P. 

Con. t. Hence alfo the locus of all the points P may be 
determined. Through any of the points A, B, C/D, asA, 
(Pi, C), Fig. 1), draw AE touching the locus, and through any 
Other point B parallel to the tangent, draw BF meeting the 
locus in and find the point F by this lemina. Bife^ BP 
in 6, and, drawing the indefitiite h*ne AG, this will be the poii* 
tion of the dj:uiieter to which BG and FG ;ire ordinates. 
Let this AG meet the iocus in H, and AH will be its diameter 
or latus tranfverfum, to which the hitus reclum will be as BG^ 
to AG X GU. If AO no where meets the locus, the line AH 
beug infinite^ the locus will be a parabola; and its latus reo-* 

BG* 

turn correfponding to the diameter AG will be But if 

it does meet it any wherp^ the locus will be an hyperbola, when 
the points A and H are placed on the fameiide the point G ; 

Uiid an clhpfis, if the point G falls between the poinU A and 
II; unlefs, perhaps, the angle AGB is a right angle, and at 
the fame time BG^ equal to the re^n^le AGIi, in whidi 
cafe the locus will be a circle. 

And ib we have given in this corollary a folution of tliat 
famous problem of the antients concerning four lines, begun 
by Mucoid, and carried on by ^pollonius; and this not an 
' analytical calculus, but a geometrical compofition^ fuch as 
die antients required. 

LEMMA XX. 
If the iiCO oppoftte anguiar pouiis A and P (PI. 0, Fig. Q.) of 
aiiif paralUlogram ASPQ touch ain/ conic jettion in the 
points A and P; and the fides AQ, AS of one of thofe an- 
gle$9 uidefmtely prodmced, meet the fame comic fediom in 3 
fffuf C ; and from the point$ of eoneourfe B and C to any 
ffth point D of the come, feet ion, two right lines BD, CO 
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are drawn meeting the two other fides PS, PQ of thepO' 
, railektgram, indefinitely produced in T aiul R; the parts 
PR and FT, cut off from the fides, will always he one to the 

other in a given ratio. And vice verla, if tliofe parts cut off" 
are one to the other in a given ratio, tiie locus of the point D 
will be a couie feStion pq(jfng through the four pointt 
A,B,C,P. 

Case 1 . Join BP, CP, and from the point D draw the 
,tvvo right lines DG, DE, of which the firft DG fhall be pa- 
rallel to AB, and meet PB, PQ, CA in H, I, G; and the 
other BE iball be parallel to AC, and meet PC, PS, AB, in 
F, K, E ; and (by lem. 17) the re<SUngle DE x DF will be 
to the rcdangle DG x DH in a given ratio. But PQ is to 
DE (or IQ) as PB to 11 B, and confef]uently as PT to DH; 
and by permutation PQ is to PT as DE to DH. Lilcewife 
PR is to DF as RC to DC, and therefore as (IG or) PS to 
DG; and by permutation PR is to PS as DF to D6; and, 
by compounding thofe ratios, the re(5langle PQ x PR will 
be to the rectangle PS x PT as ll>e rectangle DE X Df is 
to the re(5langle DG X DH, and confequently in a given ra- 
tio. But PQ and PS are given, and therefore the ratio of 
PR to PT is given, Q.E.D. 

Case C. But if PR and PT are fuppofed to be in a given 
ratio one to the other, then by going back again, by a hke 
reafoning, it will follow that the redangle D£ x DF is to 
the redangle DG x DH in a given ratio; and fo the point D 
(by lem. 18) will lie in a conic fe<5Hon pafTmg through the 
points A, B, C, P, as its locns. Q.E.D. 

CoR. 1. Hence it we draw BC cutting PQ in r, and in PT 
take Pt to Pr in the fame ratio which PT has to PR; then 
Bt will touch the conic fedUon in the point B. For'fuppofe 
- the point D to coalel'ce with the point B, fo that the chord 
BD vanilhing, BT fliall become a tangent, and CD and BT 
will coincide with CB and Bt. 

Cor. 2. And, vice veri^, if Bt is k tangent, and the lines 
6D, CD meet in any point D of a conic fed^ion, PR will be 
to PT as Pr to And, on the contrary, if PR is to PT as ' 

Pr to Pt, then BD and CD wiii meet m ibme point D of a 
' conic feciion* 
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Cob. 3. One conic fe^ion cannot cut another conic ' 

fe<5tioii Hi more tliaii four points. For, if it is poiUbic, let 
two conic fe<^oDS pals through the five poiats A, C, O; 
aod let the right line BO cut them in the points and 
the right line Cd cat the i iglit Hne PQ in q. Therefoie PR 
is to PT as Pq to PT: whence PR and'Pq are equal one to 
the otheo agiunit the fuppofitioo. 

LEMMA XXL 
J[f two maifeahk and mitjinitc right Una BM^ CM drawn 

through ghenpoUtii B, C, as pole$, do by their point of 

concourfe M defcribe a third riy;ht line given bypofitiou; 
and other two mdejuiiie right lines 131), CJ) art drawn, 
making with the former two at thofe given paints B, C, 
given af^gUi, MBD^ MCD ; I fay, that thofe two right 
iimes BDy CD will by their point of concourfe D defcribe 
a conic jtction pujjing thiough the points B, C. j4nfi, vice 
, verfa, if the right iiuei BD, CD do by their point of con- 
courfe D defcribe a conic feftion pf{(ftng through the given 
pointi B, Cf A, and the augU DBM is always equal to the 
, given angle ABC, as well as the^angle DOM always equal 
, to the given angle ACB, the pond M rvill lie in a right 

line given by pojition, as its locus. (PI. 9> Pig* 3.) 
\ For in the right hne MN let a point ^ be given^ and when 
the moyeable pomt M falls on the immovable point let 
the moveable point D fall on an immovable point P. Join 
CN, BN, CP, BP, and from the point P draw tlic ri^lit 
lines PT, PR nieetiiig BD, CD in T and R, and making tlie 
angie BPT equal to the given angle BNM^ and the angle 
CPR equal to the given angle CNM. Wherefore-fince (by 
foppofition) the angles MBD, NBP are equal, as alfo the 
an-2:les MCD, NCP. take away the angles NBD. and NCD 
that are common, and there will remain the angles NBM 
pnd PBT, jNCM and PCR equal; and therefore the triangles 
NKM» PET are fimilar, as aUb the triangles NCM, PCR, 
Wherefore PT is to NM as I B to NB; and PR to NM 

as PC to NC. But the points B, C, N, P are immovable: 
whereibre PTand PR have a given ratio to NM, and conw* 
fequently a given ratio between themfelves^ and thereforCj 
.(by lemma 20) the point D whtitio the Moveable right 
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lines BT and CR. perpetually coDcur^ will be placed ia 
a cotiic fejEtion'pafling through the poinU B, C, P. Q E.D. 

And, vice verfa, if the moveable point D (PI. 9, Fig. 4) 
lies iti a come i ciion palling through the o-iven points B, C, A ; 
and the angle DBM ia always equal to the given angle ABC^ 
and theangtc DCM always equal to tbe given angle ACB^ and 
when the point D falls fucoeilively oit any two immovable 
points p, P, oF the conic fetation, the moveable point iNI falls 
- fucceflively on two iininovable points n, N. Through 
thefe points n^ draw the right line nN: this- line 
nN ivill be the per[>etuat lucns of tiiat moveable poini If. 
For, if poflible, let the point M be placed in any curve line. 
Tilt (( tore the point 1) will be placed in a conic fe^lion 
patiing through ti>e live points B, C, A, p, P, when the 
point. M IS .perpetually placed in a curve line* ' But from 
what was demopilrated before, the point D will be alfo placed 
in a conic fedlion pailtng through the fame five points B, C, 
A, p, P, when the point M is perpetually placed in a rieht 
line. Wherefore the two conic feciions will both pal's 
through tbe fame five points, againii corol. 3> lem. ,fiO. It is 
tberefoie abfurd to fup[)ofe that |he point M is plaoed in ^ 
curve line. Q.E.D. 

PROPOSlTrON XXII. PROBLEM XIV. 
To d^jcribc a trajtttorif that Jhall pafs thraugk Jive givtm 

poinU. (PI. 9> Fig. 5.) 
Let the five given points be A, B, C> D. From any 

one of them, as A, to any other two as B, C, which may 
be called the poles, draw the riixht lines AB;, AC, and piuallel 
to thofe the lines ITS, PKQ through tlie fourth point P. 
Then from the two poles B, C, draw through the fifth point 
D two indefinite lines BDT, CRD, meeting with the laft 
drawn lines TPS, PRQ (the former with the former, and the , 
latter with the latter) in T and R. Then drawing; the ritiht 
line tr parallel toT.R, cutting oft from the right lines PT, PK# 
any fegments Pt, Pr, propprtional to FT, PR; and if throagh 
their extremities t, r, and the poles B, C, the right lines Bt» 
Cr are diawn, meeting in d, that point d will be placed in 
the trcij( v^lor}' required. For (by lem. C0> thnt point d is 
placed ill a conic fedion paiUug tluou^h the four points A, B^ 
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C, P; and the lines Rr^ Tt vanifhing, the point d comet 

to coincide with the point D. Wherefore the conic I'cctioii 
paiTes thiongh the five points B, D. Q.E.U. 
The fame othemiji. (PI. 9^ Fig. G.) 
Of the gifen points join any three, as A,B,C; and ahotit 
two of them as poles, making the angles ABC, ACB 

of a given magnitude to revolve, :i| >ply the le^s BA, CA, firil 
to the point D, then to the point and mark the points M, 
V, ki which the other legs BL, CJ^ interfe^t each the other 
in both Cafe. Draw the indefinite right line MN, and let 
thofe moveable angles revolve about their poles B, C, in luch, 
manner that the intcr(e6lion, which is now iupporcd to he m, 
ot the legs BL, CL, or BM, CM, may always fall in that in- 
definite right Hne MN; and the interfe^ion^ which is now fup- 
pofed to be d, of the legs BA,CA, o^BD,CD, will defcribe the 
trajectory required, PADcll>. For (hy lem. CI) the [)aint d 
wiii be placed in a come fection palling through the points B, 
C; and when the point m comes to coincide wiih the points 
L» N> the point d will (by condru^^ion) come to coincide' 
with the points A, D, P. Wherefore a contc fe^lion will be 
defci ibed that fhall pafs through the five points A, B, C^P, D» 
Q.E.F. 

CoR. K Hence a right line may be readily drawn which 
ftall lie a tangent to the traje6iory in any gi?en point B. Let' 

the point d come to coincide with the point B^ and the l ight 
line lid will become the tangent required. 

CoR. 2. Hence aU'o ^lay be found the centres, diameters, 
and iatera redia of the trajedories, as in cor. £, lem. 19. 

SCHOLIUM. 

The former of thefe conftru^ions (Fig. 5) will become 

fomething uiore fimple by joining BP, and in Uiui line, pro- 
duced, if need be, taking Bp to BP as PR is to PT; and 
throogh p draw the indefinite right line pe parallel to S P; 
and in that line pe taking always pe equal to Pr; and draw 
Ike rijB^t lines Be, Cr lo meet in d. For iince Pr to Pt, PR 
to PT, pB to PB, pe to Pt, arc all in the famciatiu, pe and 
Pr wiU be always equal. After this manner the. points of 

« m 
h 

/ 

I 
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the Irajedlory are moft readily founds mhk yoo would rather 

defcnbe the curve xnechanicalty, as in the fecon dconftnidion* 

PROPOSITION XXIIT. PROBT.EM xV. 
To defcnbe a trajectorif that Jhali pajs through Jour, given 
points, and touch a right line given by portion. (FU, 10, 
Fig. I.)' 

Case 1. Suppofe that HB is the given tanirent^ B the 
point ofc'ontadl, and C, D, P, the three oLlicr given points* 
Join BCy and draw PS parallel to BIl, aod PQ paraiiei to 
BC; complete the p^aUelogram BSPQ. Draw BD cuttiDg 
SP in T> and CD cutting PQ in R. La%, draw any line tr , 
parallel to TR, cutting off from PQ, PS, the legtnents Pr, Pt 
proportional to PR>PT rclpedHvely; and draw Cr, Bt, their 
point ofconcourfe d will (by lem* 20) always fall oa the tra- 
je<£k>ry to he defchbed* 

The fame otherwifi. (PI lOj Fig. 2.) 

Let the angle CBH of a given magnitude revolve about 
the pole B, a^ alio the recliliuear radius DC, both ways pro- 
duced^ about the pole C« Mark the points on which 
the leg BG of the angle cuts that radios when BH, the other 
leg thereof, ineets the fane radius in the points P aod D. 
Tiien drawing the indefinite line MN, let that radius CP or CD 
and the leg BC of the angle per^)etually meet in this line; 
and the point of concourle of the other leg BU with the rar* 
dius will deUneate the traje^ory required. 

For if in the conflru^ons of the preceding probkm the 
point A comes to a coincidence with the point Bj the lines 
CA and CB will <?oincide, and the line AB, in its laft fitua- 
tion, will become the tangent BH; and therefore the coa« 
ftni&tons there fet down wiU beoone the fame with the con-« 
ftru^Uons here defcrtbed. Wherefore the coocourfe of the 
leg BH with the radius will defcribe a conic fedlion paffing 
, through the pointa C, D, and touching the line BH in the 
pomt B. Q.RF. 

Cass e. Suppofe the four points B, C, B, P (Pi« 10^ 
Fig. 3), given, being fituated without the tangent HI. Jout 
each two by the lines BD, CP, meeting in G, and cutting 
the tangent in H and I. Cut the tangent in A in fuch mau- 
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lier that HA may be .to lA as the redaiigle under a mean 
proportional between CG and GP, and a mean proportional l)e> 
tween BH and HD is to a redlangle under a mean proportional 
between GD andGB, and a mean proportional between PI and 

IC, and A will be tbcpoiut of contact. For it II X, a parallel to 
the riglit line PI, cuts the trajectory in any points X and Y, the 
]^ointA(by the propertiesof the conic le<5lions) will come to be lb 
placed^thatUA^will become to Al^in aratio thatiscompoiiodcd 
Out of the ratio of the re^ngle XHY to the redlangle BHD^ 
or of the redtangle CGP to the rectangle DGB, and the ratio 
of the redangle BHD to the redangle PIC. But after the 
point of conta<Sl A is found, the trqjedlory will be defcribed as 
in the firft cafe* Q.E.F. But the point A may be taken 
either between or without the pointt H and I; upon which 
account a twofold trajedlory may be defcribed. 

PROPOSITION XXIV. PROBLEM XVI. 
iTo dejcribe a trajcBory that Jliall pafs through three given 

paints, and touch two nght Hnes given pojition. (Pi. 10> 

Fig. 4.) 

Suppofe HI, KL to be the given tangents, and B, C, D, 
the given points. Through any two of thofe poinU, as D, 
drsiw the indefinite right line BD meeting the tangents in the 
pointa H> K» Then likewife through any other two of thefe 
poiatSy as C, t), draw ,the indefinite right line CD meeting 
the tangents in the points I, L. Cut the lines drawn in R 
aud S, fo that H R may be to KR as the mean proporlioiiai be- 
tween BH and HD js to the mean proportiolial between 
BK and KD; and IS to LS as the mean proportion^ 
M between CI and ID is to the mean proportional between 
CL and LD. But you may cut, at pleafure^ either within or 
between tlie points K and H, I and L, or wtthout themj 
then dj aw RS cutting the tangents in A and P, and A and P 
will be the points of contact. For if A and P are fuppofed to 
be the points of conta6i:> iitnated any where elfe in the tan« 
gents, and through any of the points H, I, K, L, as I, iituated 
in either tangent HI;, a riglit hne lY is drawn parailel to the 
other tangent KL, and meeting the curve in X aud Y, 
<uid in that right line there be taken IZ eqdal to a mean pi-o-^ 
portional between IX and lY^ the refiangle XIY or 1Z% 
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will (by the properties of the conic foci ions) be to LP* as the' 
rc61.ingle CIL) is to the rcdanglc CLD, that is (by the con- 
ftruction), as SP is to SL*, and tlieretore IZ is to LP iis St to 
SL. Wherefore the points Z, are in one right line. 
Moreover^ (ince the taogents meet in G;the redlangle XIY or 
IZ* will (by the properties of the conic fedltons) be to I A* as 
GP* is to GxV^, and ronrequeiitly IZ will be to lA as GP to 
OA. Wiicicfore the points P, Z, A, lie in one right line, 
and therefore the points and A are iti one right line. 
And the fame argument will prove that the pofh'ts and 
A are in one right line. Wherefore the ^nts of honir^ A 
and P lie in the right hne RS. But after thcfV points are 
founds the trajectory may be dcfcnbed^ as ia the iirlt cale oi the 
preceding problem. Q.£.F« 

In this propofition, and cafe Q of the foregoing, the ^60- 
ftrud^ions are the fame> whether the right Rne 'iL't cut the 
tiajectory in X and Y, or not; neither do they defi^^id tipbn 
that rotation. But the conftructions being demonlhated rtrliere 
that right line does cut tbe trajedory^ the conftrudliohs where 
it does not are alfo known ; and therefore^ foY htevity's fake, 
I omit any farther demonilration of them. . 

LEMMA XXIL 
To transform Jigures into other figures of the. fanifi kind, (PI. 10, 

Fig. 5.) 

Suppofe that any figure HGl is to be transformed. Draw, 
atpleafure> two parallel lines AO, BL, cutting any ihird line 

AR, given by poliUoji, in A and B, and from any point G ot 
the figure, draw out any right hne GD, parallel to OA, till it 
meet the right line AB. Then from any triven point O in the 
line OA, draw to the point D tKe right line OD, knee ting BL 
in d ; and from the point of conconrfe raife the right line dg 
containing any given angle with the right line BL, and hav- 
ing i'ucli ratio to Od as DG has to CD ; and g will be tbc 
point in, the new figure hgi, correfponding to the point G. 
And in like manner the feveral points of the firft figure will 
give as many correfpondent points of the new figure. If we 
therefore conceive the jjoint G to be carried along by a con- 
tinual motion through all the points of the fir^ figure, the 
' point g will be likewlfe carried along by a continual molioo 
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through all the lujiuts of the rcw figure, and defcribe the 

liame. For diltindioii's fake, let us call DG ihe firfl ordinale, 

dg the new ordinate^ AD the firfl ablciifa, ad the new ab- 

fcdiTa; Q the potefOD the abfcinding radiud^ OA the firil 

ordinate radiok, and Oa (by Which' ' the paralleh^gram OAfki 

18 completed) the new ordinate radius. " ' ' 

* I fayi then, that if the point G is placed in a right hne 

given po^tion^ the point g will be alfo placed in a right 

line given by pofi^on* if the point G is placed ia a c'cxilc 

^S&on, the point g witl be likev^lie plaeed in a* cdnic 

le^oD. And here I nnderftand the circle as one df the conic 

fe^ions. But farther, if the point G is placed in a line of the 

ibird analytical order^ the point g will allu be placed io a line 

of the third bider, mid fa on in curve line« of higher orders. 

The ^6 lines in which ^e points G, g; ar^ placed, will be at» 

ways of the fame an al3rtical order. Vor as ad is to OA, fo ai^e 

od to OD, dg to BG, and AB to AD ; and therefore AD is 

DAxAB '' , • OAxdg 

equal to ■ ■ j and DU et^ual to |j"> ^v J^QW u the 

poiot 6 is plaoied in a right Hne, and therefore, in any eqna» 

lion by which the relation between the ab^'cil^a AD and the 
ordinate DG is cxprclfed, thofe'indetermined line's A I) and 
XKjr rife no higher than to one diinenfion, by writing this 

. oaxVb. , -'^ ,0Axdff. ; • 

equation — -jjg — in place ot APj ^nd - *n plttce of 

a new equation wilThe protluced, in which the new ab-. 
feiffa ad and new ordinate dg rife only to one dimeniion ; and 
which therefore mufl denote a risrht line. But if AD and DG 
(or etther of them) had rifeu to two dimi?n(ion$ in the firft 
eqaatidd, iad and dg wonld likewife have rilen to two dimed* 
fions in the fecond equation. And lb on in three or more di* 
menfions. The indctermined linos, ad, dg in tlie fceond eqna* 
tion, and AD, DG, in the firii:, will always rife to the fanio 
number oF dimenAons; and therefore the lines in which' t3)e 
^ints G, g, are placed are of the fame analytical ordbr» 

i fay farther, that if any right line touches the curve line in 
tlie Hrf> figure, the fame ri2:ht line tra! ^ferred the fame way 
^ilh the curve into the new figure will touch th^t curve line 
ia ibe new figure, and viee vnj'a. For if any two poii»(9 of thf 
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curve in the iiril figure are fappofed to approach one the 
other till they come to coincide^ the fame points transferred 
wiU approach one the other till they come to coincide in the 

new figure ; and therefore the rii^ht lines with which thole 
points arc joined will hecooic together tangents of tlic curves 
in hoth figures. I might have given demonilrations of thefe 
aflertioos in a more geometrical form; but I ftudy to be 
brief. 

Wherefore if one re^Uhnear figure is to be transformed mlo 
auoLiier^ we need only transfer the interferons of the right 
lines of which the firfi; figure confiils^ and through the tranf- 
ferred ioterfedions to draw right lines in the new figure. But 
if a curvilinear fi gu re is to be tran sformed, we mnfl transfer the 
points^ the tangents, and other ri^Ut lines, by means ui vvbich 
the curve line is defined. This lexnuia is of ufc in ihc folutiou 
of the more difficult problems ; for thereby we may tranf- 
form thepropofed figures^ if they are intricate, into.othersthat 
are more iimple. Thus any right lines converging to a point 
are traiiatoi mecl into parallels, by taking for the firfl ordinate 
radius any riglit line that palles through the point of concourle 
of the converging lines, and that becaufe their point of con- 
cpurfe is by this means made to go off in htfin^um ; and pa- 
rallel lines are fuch as tend to a point infinitely remote. And 
after the problem iilolved in the new figure, if by the inverfc 
operations we trans-form the uevr^||p the firli figure, we lliall 
have the folution required. 

> This lemma is alfo of ufe in the folution of folid problems* 
For as often as two conic felons occur, by the interiedtion of 

which a problem may be lulved, any one of them may be 
trails ioj med, if it is an hyperbola or a parabola, into an eilipfis, 
and then this eilipfis may be eafily changed into a circle. So 
aUb a right line and a conic fedliou, in the conilniiSlion of plane 
problems, may be transformed into a right line and a circle. 

PROPOSITION XXV. PKOBLExM XVII. 
To defcribe a trajetiory that Jliall pnfs through two given 

points, and touch three right lines given pojition* (PL 

..10, Fig.6.) 
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* Through the conconiTe of any two of the tf\ns:ents one with 
the other, and the coucourfe of the third Ungeut with the 
right line which pafles through the two given points, draw an 
indefinite right Jine ; and, taking this line for the firft ordinate 
radios, transform the figure hy the preceding lemma into a 
new figure. In this figure thofe two tani?ents will become 
parallel to each other, and the third tangent will he parallel 
to the right line that paiTes through the two given pointsw 
Snppofe hi, kl to be thoie two parallel tangents^ ik the third 
tangent, and HI a right line parallel thereto, paffing through 
thofe points a, b, through -which the conic fe6tion ought to 
pafs in this new figure; and completing the paraiielograiu 
hikl, let the right hnes hi, ik, kl be fo cut in c, d, e, that he 
maj be to the fqnare root of the redangle ahbj ic to id, and 
ke' to kd, as the fum of the right lines hi and kl is to the fum 
of the three lines, thefirft whereof is the right line ik, and the 
other two are the fquare roots of the redlangles ahb and alb; 
apd d, e, will be the points of contai^. Por by the pro* 
perties of the conic fe^ions, he* to the re^ngle ahb^ and ie* 
to id*, and ke* to kdS and el* to the re6bingle alb, are all in 
the iame ratio; and therefore he to the fquare root of ahb, ic 
to id, ke to kd, and el to the fquare root of alb, are in Uie 
fubduplicate of that ratio ; and by conipofition, in the given . 
ratio of the fum of all the antecedents hi+kl> to the fum of 
alt the conlequents v^abb +ik H- v^alb. Wherefore from that 
given ratio we have the points of contact c, d, e, in the new 
figure. By the inverted operations of the laft lemma, let 
thofe points be transferred into the firll figure, and the tra- 
jedory will be ihete defcribed by prob. 14. ^.£.F. Bat ac- 
cording as the points a, b, fall between the points h, 1, 6r 
without them, the points c, d, e, rauft be taken either between 
the points, h, i, k, 1, or without them. If one of the points 
a, b, falls between the points h, 1, and the other without the 
points h, \, the problem is tmpofiible. 

PROPOSITION XXVI. PROBLEM. XVilL . 

To dcfcnbe a trajectory that Jhall pafs through a given point, 
and touch four right lines given pojition, (PI. 1 1, Fig. 1 .) 

G3 
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I'lom the common iutcrlectioiis of any two of the tim^^cnts 

^ ibe common interfe6tion of the olhei" two, draw an inde^nite 

fi^bt line ; a^d taking tbis Hm^ for tbe £dt ordinate radiusi 

|;;ransform tbe figaie {by len^. 9^) into a new figure^ aiid ibe 

two pairs of tangents, eacb of wbich before concurred in tbe 

^rft ordinate radius, will now become parallel. Let hi and kl, 

ik and hi, be thofe pairs of parallels couipk ting tbe paraU 

jelogiam bikl. And let p b^ tbe point in tbis new figure cor* 

irefponding to the given point in tbe firil figure. Tbrougb 0 

tti^.peijltr^ pf the figure draw pq j and Oq being ecjual to Opj 

q will be the other point through which the conic iGe^lion 

niuft pals iii Lliis new figure. IiCt this point be transferred, by 

Jthe inverie operation ot lem. 22 into the iirfl figure, and tliere 

.we ihcill have the two. points through which tbe trajcd^oiy ia 

t^ b^ ^eii;a[ibed. . But tlirough thofe points that traje^ry may 

be defcribed prob* 17* Q.E.F. 

LEjVIMA XXIII. 
If two rig/U lines, as AC, BD given bj/pofition, and terminal uig 

pi ^ipcfi points A, B, are in a given ratio one to the other, 
an4H€ fight, Um CD^^by^ which the indetermimd poinU 
, . (p, D are joined, is ei$i inKin a given ratio ; I fay, that thp 
poii^t K will bi; placed in a right line given bypofuion, (PI. 
11, Fig. 2.) 

For let the right lines AC, BD meet in E, and in BE take 
BG UiA^ as BD ^is.to AC^ and \eX VJ> be always equal to the 
civen line EG} and, by conftrnaion, EC will be to OD, that 
is, to EF, as AC to BD, and therefore in a given ratio ; and 
therefore the triangle EFC will be given in kind. LetCF be 
cut in.Jy lb as Qh may be to CF in the ratio of CK to CD ; 

, ^i|d h^caiife tbfkt is a given ratio, tbe triangle EFIi will be 
given ifi kind, a,nd therefore the point will be pbiced in the 
right line EL given by pofjtic;n. Join LK, and the triangles 
CLK, CFD will be fimilar; and becaufe FD is a given line, 
and LK is toFDin a given ratio, LK will be alfo given. To 
l^hisM J^ii he )t£^|k?n^qua^ and ELKH will be always a paral- 

' ^lqgr^lm^ 4d<1, therefore Uje point K is alwa^is placed in th^ 
fide IJK (given by pofilion) gf that paripllelogram, * C^.E*Dt 
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Cor. Bccaufu the figure EFLC is given in kind, the three 
.right lines feF, EL, and EC, that is, HD, UK, aQd lJC, wiil 
ll4ve giyf^u rft^os \o each otiien 

.L£HMA XXIV. 
three right Ht$es, two whtrtof Ur^ paralM, and given 

,j)OjiUuiij touch any come jccilou ; 1 jai/, that the jani'dia^ 
meter of the jcttion zvhich is paralici to tiioj'c two is a ineaa 
proportional between the fegtneuts o/thojh two that are in- 
tercepted between t/u points of eonta& an4 the third tangerU* 
(PL 11, Fig. 3-) 

Let AF, GB be the two parallels touching the coiiic iccLiou 
-ADB ill A and B ; EF the third right line touching the conic 
• lection in I, and meeting the two former tangents in F and 
. Gj and let CX> be the femi-diameler of the figure parallel 
. la thofe tangents; I lay, that AV, CD^^BG are continually 
proportional. 

For if the conjugate diameters AB, DM meet the tangent 
fOinEaud H, and cut one the other in C, and the paral- 
' lelogram IKCLbe completed ; from the nature of the conic 
fciEUonsy: EC will be to OA as CA to CL ; and fo by dtyifion, 
, EC — CA to CA -«CL, or EA to AL ; and by compofitioo, 
EA to EA+AL or EL, as EC to EC + CAorEB^ and there- 
fore (been lie of the limilitude of the triangles EAF, ELI, 
ECU, £BG) AF is to LI as CU to BG. Ltkewiie^ from the 
, naiure/of the conic, fedions, U (or CK) is to CD as CD to 
. CH ; and therefore ( ex aquo perturbatcj AF is to CD as 
. CD toXiG. Q.E..D. 

CpR« 1. Hence, if two tangents FG, PQ meet two paralici 
. langenU AF>'BG iaF and G, P and and cut one the 
. other in O; AF (ex asquo perturbate) will be to BQ as AP 
. to BG, and by divilion, as FT to GQ, and therefore as FO 
. tg OG. 

.Cpk. 2. Whence alfo tlie two right lines PG, FQ drawTi 
. .Ibroqgb .ihe points P and G, F and will meet in the right 
line ACB paffing through the centre .of the figure and the 

points of con tacit B. 

G 4 
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LEMMA XXV. 
If four fides of a paralltlogram ifuiefnitely produced touch 
any conic fed ion, and are cut by a fifth tangent ; I fay, 
that, taking tltofc fegments tf any two conterminous fides that 
terminate in oppoftte angies of the paraiieiogram, either 
fegment is to the fide from zchich it is cut of as that part 
- of the other conterminous fide which is intercepted betzceen 
the point of rontad and the third fide to tJic other fcg* 
ment. (Pi. 11, Fig. 4.) 

Let ihe four iides ML, IK, KL,Ml of the parallelogram 
MLIK tOQch the conic fe<^on in A, C, D ; and let the 

fiftli timG^ent FQ cut ihoie iuir^ i.i l\ Q, II, and E; and tak- 
ing the legments ME, KQ of the iides MI, KI, or the feg- 
ments KIT, MF ot the fides KL, ML, I lay, that M£ is to 
MlasBKtoKQ; andKHtoKL as AM toMF. For^ by 
cor. 1 of the preceding lemma^ M£ is to £1 as (AM or) . 
BK to BQ; aud, by compolition, ME is to MI as BK to 
KQ. Q.E.D. Alfo KH is to HL as (BK or) AM to AF; 
aTid by divilion^ KH to KL as AM to M F. Q.E.D. 

CoH. I« Hence if a parallelogram IKLM defcribed aboat a 
given conic fe6tioni8 given^ there^bngle KQxME, as alio 
the re<5langle KHxMF equal tlirrcLo, will ]>e given. For, 
by reafon of the fimilar triangles KQH, MF£^ thole re^Skaa-^ 
glps rire equal. 

CoR. £. And if a fixth tangent eq is drawn meeting the 

tangents KI, MI in q and e, the re^^angle KQ x ME will be 
equal to the iceUiiiglc KqXMe, and KQ will be to Me as 
Kq to ME, and by divifion as Qq to Ee, 
' Cor. 3. Hence, alfo, if Eq, eQ, are joined and bife^td^ 
and a right line is drawn throogh the points of bifeiftton, this 
right line will pafs through the centre of the conic feftion. 
For fince Qq is lo Ee as KQ to Me, the i'ame right line 
will pafs through the middle of all the lines Eq, eQ, MK (by 
lem. se), and the middle point of the right line MK is the 
centre of the fedlion. 

PROPOSITION XXVn. PROBLEM XIX. 
To del cribc a trajeSlori/ that may touch Jive right lines given 

by pofition. (PL 1 1, Fig, 5.) 
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Sappofing ABG, BCF, GCD, FDE, EA to be the taiigeali 
given by pofition. Bifed; in M and AF, BE, the diagonal* 
of tbe qnadrilateral figure ABFB contained under any four 

of Uum; (by cor. 3, lem. 25) the ri^liL line MX drawn 
through tlie poiuts ot biieclion wiil pals through the centre 
of the trajedory. Again, bife6^ in Faud Q the diagonals (it! 
may fo call them) fiD, GF of the qnadrilateral figure BGDF 
oontatned under any other four tangents, and tbe right line 
PQ drawn thruugii the points of biiedlion will pais through 
the centre of the trajectory ; and therefore the centre 
will be given in the concourle of tbe bil'ecting lines. Suppofe 
it to be O. Parallel to any tangent BC draw KL at fuch 
diftance that the centre O may be placed in the middle be* 
tween the parallels; this KL will touch the trajedlory to be 
defcrihed. Let this cut any other two tangents GCD, FDE, 
in L and K. Through the points C and and L, wheie 
the tangents not parallel, CL, FK meet the parallel tangents 
CF, KL, draw €K, FL meeting in R; and the right lifte 
OR drawn and prodneed, will cot the parallel taogeots CF, 
KL, in the points of coiiLatH;. This appears from cor. 3y lem. 
£4. And by the fame method the otiicr points of contaci 
may be found, and then the traje<^ry may be defcribed by 
prob. 14. Q.E.F. 

SCHOLIUM. 

Under the preceding pro|)ohtions are comprehended thofe 
problems wherein either the centres or alymptotes of the tra- 
Jewries are given. For when poinu and tangents and the 
centre are given, as many other points and as many other 
tangents are given at an equal diftance on the other iide of 
the centre. And an alyiiiptote is to be coniideied as a tan- 
gent, and its infinitely remote extremity (if we may fav fo) is 
a point of contact. Conceive the point of contadl of any 
tangent removed tit it^nitum, and the tangent will degenerate 
into an afymptote, and the conftrudlbns of the preceding 
problems will be cbanged into the conihudlions oi thuie pro- 
blems wherein the afymplote is given. 

After the trajed^ory is defcribed, we may find its a?res and 
fod in this manner. In the confirudion and figure of lem. 
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4B1^ (Pi. i2,Fsg. 1), hi.ihQie i^9P> CP, ofihe inoiw^e 
ttiigles.PBN, PCN> jby- the «opc9piife of .which * the trnjedory 
ms deferihed^ be made pajndlelohe to the other; and retain- 
ing- that pofition^ let them revolve about tbeir poles B, C, in • 
that ^gore. In the mean while let ijie othet legs CN, BN, 
jof thofe angles, by iheir OiWiocjiurfe K prk, deibohe the oirqle 
VKGC. ,l£tO . be the- cenjtrerof tbU qircle ; and jf^fom this 
'ceiiire upon thetnter MN^ wherein thofe legs CN>,BN.did 
concurwhile the Liiijt rtory wasdefciibcd, let fall the perpen- 
:dicalar OH meeting the circle in K and L. And when thole 
^ollier«iegs CK, BK meet in the point K th^t is a^areil to U^e 
nder,.l;he4rft.'iegs CP> BP wiU l;»e psur^l|elta the gr^atec^xb» 
*Mid perpendtcttiar oa-ifce lf fler ;: add the oontrary will happen 
if thoic legs iiieeL in the remutpft poial L. ^\ Ijcnce it* the 
centre of the trajectory is given, the axes will be givioi i and 
- thofe heing giveii> the foci will be xe^flily .^nd. 

rBaithe iquamof.ibe axes are- QH^ to. the other, as. KH.|o 
' LHy ' aod iihenceut is eafy 4o .cMciihe . a trajeclory gi ven j n . 
kind thiQUgh four given paints. For if two of the given points 
are made the poles C, B, the third will give the moveable an- • 
•'gles PCK, PBK ; but thofe being given, the ^jfid^.BGKC 
vmaj^HPdefcribed. . Then^. bef^anfe the^ Mr%jedlqry, is jfiitenjn 
kind, the ratio of OH to OK, and therefoj« QjH itfeif^ wjll 
be given. About the centre with the interval OH, defcribe 
another circle, and the right line that toiiclies this circle, and 
paiics through the xtODCourfe of: the legs QK^ £(K,^ wb^a :4^e 
' firftkgs €P, BPnmeet in tho<oiifth givei^'(^ty 5ill be the 
nikr fA^, by meaotof whicfaMi^-tfiyei^Ny'may.hi^def^ribfe^. 
' Whence aifo on the* 'Other bond a trapezium given in kind 
(excepting a few cafes that, are iiMpoiiii^le) ^ay be infcri^d 
in a ^vea conic iet^tion. 

' Tbefearaalib other lemmas, jby the help of i|rhi«hj||^|eclo- 
ries gmn in /bind may be defcrifaed.tbii9i|gb giiren. points,: apd 
. toaching givea 'lines. Of fnch a foil is this, that if aright 

' line is drawn thf Ouii;h any pumt givru by poiition, that may 
cut a given conic fedtion in two pomts, and die diftance of 
i the interfedions is bife6^ed, the point of bifedion ifiU loach 
• another eqnia £s£kton:o£ tbe.&W€^j!(in4'i«iU^ the (qpaik&rpsmd 
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'havfng lU uces pai'aHef to tbe'aatetf Uiefortfjfer. OSt<PII««tt 

to Liiiugs of gicatcr ufe. 

LEMMA XXVT. 
To place the three angles of a triangle, given both inkittd and 
'magnitude, in rtfped of as mdm^ ' rigkt (ha ghtn 'hy 'p$» 
fit 'im. provided they ire not all patdOel ^murng tkat^thesp 
in fuch manner that the fioeral dn^ks inay touch the fevtfMl 
Unci. {Pi." 12, Ffir. e.) 

Three indetiuite right lines AB, AC, BC, are given by po- 
£tioo« and it is required To to place the triangle DEF lli^lUs 
angle D may touch the line AB/ils angle fi the line lAC>^aild 
'its angle F the Kne BC. Upcm 1>E, • DF, atn) SF, defi-rihe 

three fegmenls of circles T)RE, DGF, EMF, capable of an- 
gles equal to the angks BAG, ABC, ACB refpc<5^ively. Bat 
thofe feginents are to be defcribed towards fuch' fided of ^Itie 
liniss'DE^ J>F» £F, that the lettelrs BRED ntkay tfam'^hliHid 

^iBbout in the fame order with the leitters BAiCB itie^kMrn 
t)GFD iu the fainu oidcr with the letters ABCA; and the 
letters EMFE in the fame order with the letters ACBA; then, 
poiapleting thole fegmeots into entire drcles, Tet the two 
former circles cut one the other id G> and fuppofe P and-Q 
to be their centres. Then joining OP, FQ, take Ga to AB 

^'as CP is to PQ; and about the centre G, with the intenral 
Ga^ dcTcribe a circle that may cut the firft circle DGE in a. 
Join aD cutting the feeond circle DFG in b, as well as a£ 
cuUing the third circle EMF in c. €6mplele the figure 

^iibCdef 0milar and ^ual to the figure abcDEF ? I fay, the 
^ing is done. 

' For (h awing Fc meeting aD in n, and joining aG^ bO, 
QG, QD, PD, by conilru<6iion the angle EaD is equal to 
^ the angle CAB, and tlie angle acF 'equal to the angle ACB ; * 
^l^hd'' therefore' the triatigle anc eqiitangalar to the -triangle 
' ABC. ' Wherefore the angle' anc or Fnl> is equal t6 the ian* 
• ^le AliC, and confequently to the angle FbD ; and therefore 
the point n falls on the point b. Moreover the angle- GPQ, 
which is half the angle GPI>'at tlie centre^ is equal to the 
^ }\Tigle OaD aTft^ titcQniferenoe; andiliiiM^feCiQP^Irhkh 
''iid Jiali^ jtbe an^TeOQD at* Ote eentae^ is lequalHtd-ilie t6i&ple^ 
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ment'to two right angles of the angle GbD at the dream- 
ference, and therefore equal to the angle Qab. Upon which 

- account the triangles GPQ, Gab, are iimilar, and Ga is to 
ab as GP to PQ ; that is (bj[ conftrudlion)^ as Ga to AB. 
Wherefore ab and AB are equal ; and confe^ueotly tbe'tri- 
. angles al|c, ABC^ which we have now proved to be finiilar> 
are alfo equal. And therefore iince the angles Ej F» the 
triangle DEFdo refpe6lively touch the iides ab, ac, be of the 
triangle abc, the figure ABCdef may be completed fimilar 
and equal to the figure abcDEF^ and by completing it the 
problran will be lolved. Q.E.F. n [ 
Cob. Hence a right line may be drawn whole parts givea 
in length may be jntcrccptcd between three right lines given 
by pofition. Supporc the triangle DEF, by the accefs.pf its 
point D to the fide £F, and by having the fides DE, DF placed 
in dire&um to be changed into a right line whofe given part 
DE is to be Interpofed between the right lines AB^ AC given 
by pofition ; and its given part DF is to be interpofed be- 
tween the right lines AB» BC, c^iven by pofition; then,bv ap- 
plying the precedmg conitru(^tioa to this cafe, tiie probiem 
will be folved*^ ^ * 

PROPOSITION XXVIII. PROBLEM XX. 
'To dffcribe a trajc&ory given both in kind and magnitude, 

given parts of which jhall he interpofed between three right 

lines g^ven hj^ pofition. (PI. 12, Fig 3.) 

Suppofe a trajedory is to be defcribed that may he fimilar 
and eqnal to the curve line DEF« and may be cnt by tfavee 
right lines AB, AC, BC, given by pofitionj into parts DB 
and EFj fimilar and equal to the given parts of this curve - 
lipe. 

Draw the right lines DE, EF, DF; and place the angles 
D> F, of this triangle DEF, fo as to touch thoCe right lines 
given by pofition (by lem. S6). Then about the triangle de- 

fcribc the tiaje<Slory, fimilar and equal to the curve D£l\ - 
Q.E.F. 

LEMMA XXVIL 
To defcribe a tre^exiumgivep in kind, the angles whereof may 

^fo placed, in rtfpt& of four right 'iine» given by pofition. 
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Uiat arc neither all parallel among themfelves^ not converge 
to one common point, t/iat the Jerotral att^les majf toucJi th^ 
feveral lines. (PL 13, Fig. 1.) 

Let the four right lines ABC, AD, BJ>> C£, be given by 
pofitioB ; the flrft cutting the feeond in A, the third in and 

the fburlh in C , aiid liippofe a trapezium fglii is to be de- 
fer! bed that may be iimilar to the trapezium FGHT, and 
whole angle i\ equal to the given angle F, may touch the 
right line ABC ; and the other angles g, h, i, equal to the 
other given angles, O, H, I, may touch the other lines AD, 
BD, CE, rerpe^ively. Join FH, and upon FG, FH, FI 
defcribe as many fegments of circles FSG, ITH, FVJ, the 
firil of which 1 SG may be capable of an angle equal to the 
angle BAD ; the i'econd ITH capable of an angle equal to 
the angle CBD ; and the third FVI of an angle equal to the 
angle ACE. Bat the fegments are to be defcribed towards 
thofe fides oi the lilies FG_j FH, Fl, that the circular order 
of the letters FSGF mav be the iame as of the letii rs BADB. 
and that the letters FTHFmay turn about in the fame order 
as the letters CBDC, and the letters FVIF in the fame order 
as the letters ACE A. Complete the fegments into entire cir- 
cles, and let P be the centre of tlie firlt circle FSG, Q tiie 
centre of the fecond FTH. Join and produce both ways the 
line PQ^ and in it take Qil in the fame ratio to PQ as BC 
has to AB. But QR is to be taken towards that iide of the 
point Q, that the order of the letters P, Q, R, may be the 
fame as of the letters A^ C ; and about the centre R with 
the interval RF delcribe a fourth circle FNc cutting the third 
circle FV I in c. Join Fc cutting the Hrft circle iQ*.a^ and the 
fecond \nh. Draw aG, bH, cl, and let the figure ABCighi 
he made iimilar to the figure abcFGHI ; and the trapezium 
fghi will be that which was required to be defcribed. 

For let the two Hrft circles FSG, FTH cut one the other 
in K ; join PK, QK, RK, aK, bK, cK, and produce QP 
to L. The angles FaK^ FbK, FcK at the circumi'erences 
are halves of the angles FPK, FQK, FRK,' at the cen- 
tres, and therefore equal to LPK, LQK, LRK, the halves of 
thofe angles. Wherefore the £gure PQEK is ci^uiungular 
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mid fimilai; to the figure abcK^ and confequentlj ab is to be 
as PQ to QR, thatis^ as AB to BC. But b^* conliruction, tlie 
angles fAg, f Bh, fCLare equal to the aif£^le» FaG, FbJdl, Fcl. 
Andtherelore. %(ure ABCfghi may be copiplet^ idaiiiar 
lo tb« fignra i|>QFG9L Which dop^^ a trapezium fgbi 
win be eonfiru^d fimilar to the trapeztom FGHl, aQd wbich 
by its angles \\ ^, i will tpjifcU tUjC right liujjs A^BC, AD^ 
BD, CE. a£..F. 

Cob. Hence iirigbt line piay bq drawn whofq parti i^t^* 
cepled io > gii^ii ojrdcr> betyreea four right lines given bjf jkh. 
fitioD> ihaU have a given proportion among tbemf^^lves. lie^ 
the angles FGH, GHI, be fo far iucreafed that the righ^ 
liues TG, GH, III, may lie in diredum ; and by conftrudting 
.the problem in this cal'e^ a right line Ighi will be drawn^ 
whofe parts fg» gh, hi, intercepted betvreep the foyir righ| 
lines given by polition, AB and AD> AD mid BD^ BQ aniij 
CE, will be one to another as the lines FG, GH, HI, an(} 
will obferve the fame order among theinfclves. But the iao^g 
thing may be more readily done in this m^ner. 

Piodnoe AB to K (Pl. 13, Fig. 2), and BD to fo »s 
be to AB «s HI roGH ; and DL to BD as Gl to ^'j 
and join KL meeting the right line CE in i. Pro<di]ce iL 
M, fo as LM may be to iL as GH to HI ; then draw 
pasaliel to LB, and meeting tiie right line Al> in ao^ jo^ 
gt cutting AB, BD in h : I fay, the thing is done. 

For let Mg C9t the rig^t lij^ie AB in and AI) th^ righ^ 
line KL in S, 'und ^raw AP parallel to BD, and meeting ili 
in P, and gM to Lh (tri to hi. Mi to Li, GI to HI, AK to 
BK) and AP to BL, will be in tlie fame ratio. Cut DL in R, 
lb as DL to RL may be in that fame ratio ; and beeaufe g^ 
to gM, AS to AP, and DS to DL are proportional ; th,ei^<H;p 
(ex aquo ) as gS to Lh, fo will AS be to BL, and to ]EII^ 
and mixtly, BL - RL to Lh BL, as AS — DS to gS — AS. 
That is, BR is to Bh as AD is to Aj^, and therefore as Bl^ 
4o gQ. And altetnately BR is to BD as Bh to gQ, or as fb 
•to %. But hf Qpqftr^ion line BL w/ui eat in D^^nd 
an 'the £ime.r|^o us the liqe FI in G md H i and ihereforp 
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FG. Since, therefore, gi to hi likewise is as Mi to Li, thai 
as GI to HI^ it isimiMfeft Chat the lines Fi^ f i^. m fimilady 
col ift G and H, g odd h. 

In the iH>ivftni6Uoa of this corollarj, after tlie h'ne LK is 
tliaivii eiitling CE in i, we may produce iE to V, lb as EV 
may »)e to Ei as FH to HI, and tiicn draw Vi* para Wei to BD. 
It will come to the ikine, it* aboat the centre with aa tatei^ 
Tal IHj ire defcrihe a eircle catting 6D in and produce 
iX lo Y fb 85iiY may be equal to IF^ and then diaw Yf pa- 
rallel to BD. 

Sir Chrtfiopfwr Wren and Dir. fValii* have ioag ago givea 
other ibkitions ef thiapfoblemr 

PROPOSITION XXIX. PROBLEM XXL 
'T^ deftrlhe a irafe^ori/ given in khd, thmimm^ he cut bjf fimr 

right Zincs given by pojttioit, into ^ui Ls giit:n m urdcr, kiud^ 

and proportion. 

Suppole a traje(5loiy is to be defcribed that may be ftiniiar 
to the curve line FGUI (PI. 13* Fig. 3)^ and whofe parts^ 
iimilar ^d proportional to the parts FG, OH, HI of the 

other, may be intercepted between tlie right lines AB aud 
AD, AD and BD^ BD and CE given by pofition, viz. the 
firft between the firft pair of thoie lines, the i'econd between 
the iecond* and the third betiveeft the third. Dranr the fight 
Jtnea FG, OH, HI, PI; and (by lem. «7> defcnbe a trape- 
«iuni tgiii that may be fimilar to the trapezium FGHI, and 
t^rhof<5 angles i, g, h, i, may touch the ri^rht lines given by po- 
fitioti, AB, AD, BD, CE, feverally accurdmg to their order. 
And then about this trapezium defcribe a trajedlory, that tra- 
jcdlory will be iiuiilar to the curve line FGHL 

SCHOLIUM. 

This |)i4il)lcm nmy be likewife conftrucied in the follows iug 
manner. Joining I'G, GH, HI, FI (PI. 1,1, Fig. 4), pro- 
duce GF to V, and join FH, IG. and make the angles CAK* 
DAL equal to the angles PGH, VFH. . Let AK> AL nmt 
the right line BD in K and L, and l^ienee draw KM, LN, of 
which let KM make the angle AKM equal to the angle GHl, 
aud be itfelf lo AK as HI is to Gil ; and let I^N make the 
angle ALN equal to tlie angle FHI^ and be itfelf to AL a& 
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HI to FH. Bui j\K, KM, AL, LN arc to be drawn to- 
wards liiol'c fides of the lines AD, AK, AL, that the letters 
CAKMQ ALKA, DALM) may be carried round iu the 
fame order aa the letters FGHiF ; and draw MN meeting the 
right line CE in i. Make the angle lEP equal to the angle 
IGF, and let FE be to Ei as FG to GI; and through P 
draw PQf that may with the right line ADE contain an angle 
PQE equal to the angle FIG, and may meet the right line 
AB in f> and join fi. But P£ ted PQ are to be drKwn to^ 
wards thofe fides of the lines CE^ PE, that the circular order 
of the letters PEiP and PEQP may be the fame as of the 
letters FGHIF; and if upon the Hne fi, in the fame order of 
letters, and iimilar to the trapeaiom FGHI, a trapezium fglii 
is conftradied> and atri^e^ry given in .kind is drcumfcttbesd 
about it, the problem will be folved. 

So far concerning the finding of the orbits. It remains 
Uiat we determine the inotions of bodies in ihe orbits io found. 

SECTION VI. 
Hew the motions arc to be found in given orlnt$^ 

PROPOSITION XXX. PROBLEM XXIL 

To find at any ajjigned time the place of a body moving in a 

given parabolic trajeciory. 
' Let S (PI. 14, Fig« 1) be the focus, and A the principal 
Tertex of the parabola \ and fuppofe 4AS x M equal to the pa- 
rabolic area ip be cut off APS, which either was 4efcribed 

the radius SP, lince the body's departure from the vertex, or 
is to be defeiibed thereby before its arnvtil there. Now the 
quantity of that area to be cut off is known from the time 
which is proportional to it. Bifed^ AS in O, and ere& the 
perpendicular GH equal to SM, and a circle defcribed aboai 
the centre H, with the interval HS, will cut the parabola ia 
the place P required. For letting fall PO perpendicular on 
the axis, and drawing PH, there will be AG* + GHM==HP* 
=:AO— AGt* + PO— GH|*) = AO» + PC* — 2GAO — 
eGII + PO 4- AG* + G\\\ Whence SGH X P0( = AO» 
4- po^ — - 2GAO) = AO* + iP0% For AO^ write AO x 
PO* 

—X^i then Uividiiig all the terms by jFO, and multiplying 
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tbem by StAS, we ftiall have JGH x AS (= |A0 x PO 

. T^r. AO + .3 AS 4AO— 3SO ^_ 

+ iAS X PO = 2 X PO = xPO= 

■ • O 0 

to the area A1:'0--SP<5)I = to the area APS. ButGH w as 

3M, and therefore ^GH x AS is 4AS x M. Wherefore the 

area cut off APS is equal to the area that was to be cut off 

4AS X M. Q.E.D. 

Cob. 1. Hence 6H is to AS as the time in which the 
body defcribed the arc AP to the time iti which the body 
deicribcd the arc between the vertex A and the perpeadicular 
eredbecUfrom the focus S upon the axis. 

CoR^ fi. And fuppofing h circle ASP perpetually to paft 
dirough the moving body the velocity of the point H is 
to the velocity which the body had in the vertex A as 3 to 8 ; 
and therefore iii the fame ratio is the iuie GH to the right 
line which the body, in the time of its moving from A to P, 
would defcrtbe with that velocity which it had in the vertex A. 

Cob. 3. Hence alfo, on the other hand, the thne may be 
found in which the body has dcici ibed any alii G;ned arc AP, 
Join AP, and on its middle point eredi a perpendicular meet- 
ing the right line GH in H» 

LEMMA XXVIIL 
T^ere i$ no atal figure wkofe area, cut off by right line$ at 

pkafare, caji be univerfally found by mcatis of equations of 

any number of finite term and dimenfrons. 

Suppofe that within the oval any point is given, about 
which as a pole aright line is perpetuidly revolving with an 
uniform motion, while in that right line a moveable point go- 
ing out from the pole moves always forward with a velocity 
proportional to the fquare of that right line within the oval, 
% this motion that point will defcribe a fpiral with infinite 
circumgyrations* Now if a portion of the area of the oval 
cut oiT by that right line could be found by a finite equation, 
the diltance of the point tVoni the pole_, which is propoiLiunaJ 
to this area, might be found by the fame equation, and there- 
ioce all the points of the fpiral might be found by a finite 
equation alfo ; and therefore the interferon of a right line 
given in pofltion with the fpiral might alfo be found by a 

Vol. I. 11 
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Enite equatioD. But every right line in^uitcly produced cuts 
a fpiral in an infimte number of poiiit») and the equation by 
which any one interfedUon of two lines it found at the fame 
time exhibits all their interfe6Uon8 by as many roots, and 

thereioie lifes to as many dimenfions as there are interfec- 
tious, Becaufe two circles mutually cut one anotlier in two 
points, one of thofe interferons is* not to be found but by aa 
equation of two dimeniions^ by which the other interfe^ioii 
may be alio found. Becaule there may be four intci fedtions 
of two conic fedions, any one of them is not to be found uni- 
verfally, but by an equatipn of four dimenfions, by which they 
may be ail found together. For if thofe interfei^ons are ie« 
verally fought, becaufe the law and condition of all is the 
fame, the calculus will be the fame in every cafe^ and there- 
lore the concluii on always the fame, which mull therefore 
comprehend all thofe interfe6lions at once within itfelf, and 
exhibit them all indifferently. Hence it is that the inter* 
fe^ions of the conic fe^imn with the corves of the third order^ 
becaufe they may amuunt to fix, come out together by equa- 
tions of lix dimenfions ; and the interfetStions of two curves of 
the third order^ becaufe they may .amount to nine, come out 
together by equations of nine dimenfions. If this did not 
neceffarily happen, we might reduce all folid to plane pro- 
blems, and thofe higher than iulid to folid problems. But 
here I fpeak of curves irreducible in power, i^'or if the equa- 
tion by which the curve is defined may be reduced to a lower 
power, the curv^ will not be one fingle curve, but tompofed 
of two, or more, whofe interfcctions may l)e feveially found, 
by diderent calculuiies. After the fame manner the two inter- 
fe<^ons. of right lines with the conic fe<^ion9 come outal** 
ways by equations of two dimenfions ; the three interferons 
of rigrht lines with the irreducible curves of the third order by 
equations of three dimenfions; the four iiiterfedUons of right 
lines with the irreducible curves of the fourth order, by equa- 
tions of four dimenfions; and fo on in infimtum* WheFefinre 
the innumerable interfedlions of a right line with a fpiral^ 
fince ibis is but one fimple curve, and not reducible to more 
curves, require equations iiiiiuite m number of dimenfions and 
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Toots^ by which they may be all exhibited together. For the 

law aiul calculus oi' ail i6 the lame. For if a perpendicular is 
let fall from the pole upoti tliat inteiie<!;ting right line, and 
that perpendicular together with the intcrfcdling line re?olvet 
^boot the yohi the interferons of the fpiral will matoalljr 
* pafs the one into the other ; and that which was firft or 
nearefty after one revolution, will be the fecond , after two, 
the third; and fo on : nor will the equation in the mean time 
be changed but as the magnitudes 06 thofe quantities are 
dcamgod, by wliich the pofition of the interfe6Ung line is de* 
termined.' Wherefore ^nce thofe qnantilies after every re* 
volution return to their hrit magnitudes, the equation will re- 
turn to its iirlt form; and confequenlly one and the fame equa* 
tion will exhibit all the interfe^ions, and will therefore have 
M infinite number of roots, by which they may be all exhi«^ 
bited. And therefore the interfe^lion of a right line with a 
fpiral cannot he univciialiy found by any iinitc equation ; and 
of conliequence there is no oval figure whole area^ cut off by 
right lines at pleaiiire> can he miiveifaUy exhibited by any 
foch equation* 

- By the fame argument, if 'the interralof the pole and point 

by which tbe fpiral is defcribed i-j taken proportional to that 
part of the perimeter of the oval which is qut off, it may be 
pvoved that the length of tlie perimeter cannot be univerfally 
exhiUted by.any finite equation. But here I £peak of ovals 
lhat are not touched by coi\jugate figures running ml in mm 
Jiniium. 

CoR. Hence the area of an ellipfis^ defcribed by a radius 
drawn frijtn the focus to the moving body, is not to be fpunil 
. from the time given by « finite equation; and therefore caiH 
not he determined by the defeription of c^urves geometrically 

rational. Thoie curves 1 call geometrically rational, all the 
pomts whereof may be determmed by lengths that are de- 
finable by equations ; that is^ by the complicated ratios of 
lei^tbs* Other curves (fuch as fpirals, quadratrixes^ and cy* 
c4otds) 1 call geometrically irrational. For the lengths which 
are or arc not as nnmber to number (accoi ding to the tenth 
book of el^eota) are arithmetically rational or irrationai. 

H ^ 
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And therefore I cut off an area of an eUipfis pioportkmal to 
tbe time in which it is defcribed by a curve geometrically ir- 
rational^ in tbe fallowing manner. 

PROPOSITION XXXT. PROBLEM XXIII. ' 
To find the plofit of a bocfy moving in a given cUiptic Uajcdor^ 

at tfiiy ajfigiud time. 

Soppofe A (PL 14^ Fig. 2) to be the (^riocipal verlez, S- 
liic fociis^ and O tbe centre of tbe ellipfis APB; and let P 
be the place of the body to be found. Produce OA to G fo 
as OG may be to OA as OA to OS. £re6l the pf^rpendicular 
GH ; and aboat the centre with the interval OG> deicribe 
the circle GEF; and on. the nder GH, at abafe^ fuppofe 
the wheel GEF to move iuiwards, revolving about its axis, 
and in the mean time by its point A defcribing the cycloid 
ALT. Which done, take GK to the perimeter G£FG of the 
wheels in the ratio of the time in which the body proceeding 
from A defcribed the arc AP5 to the time of a whole revo- 
lution in the ellipfis. Ere(?t tlie perpendicular KL meeting 
the cycloid in L ; then LP drawn parallel to KG will meet 
the eliipfit in the required place of the body. 

For about the centre O with the interval OA defcribe the 
femiHsircle AQB^ and let LP, produced, if need be, meet the 
arc AQ iii Q, and join SQ, OQ. LetOQ meet the arc EFG 
in F, and upon OQ let fail the perpendicular SR. The area 
APS is as the area AQS^ that is, aa the difference between 
the fedkir OQA and the triangle OQS, or as the difference of 
the redlanglcs ^OQ x AQ, and ^Q x SR, that is, be- 
caufe 4OQ is given, as the difference between the arc AQ 
and the right hne SK; and therefore (becaufe of the equality 
of the given ratios SR to the fine of the arc AQ, OS to OA, 
OA to 06, AQ to OF; and by divifion, AQ — SRto GF — 
line of the arc AQ) as GK, the difference between the arc GF 
and tbe Uno of the arc AQ. Q.E.D. 

SCHOLIUM. 

Bat fince the deicription of this curve is difficulty a folutioa 
by approximation will be preferable. FIril, then, let thm be 

found a certain angle B vvhieli may be to an angle of 67/29378 
degrees, which an arc equal to the radius fubteuds^ as 
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(PI. 14, Fig. 3), the diftance of the foci, to AB, the diameter 

of the ellipiis. Secoiuily, a certain length L, which may be 
to the radius in the lame ratio inversely. And theie being 
founds the problem may be folved by the foUowing aoaiyiis. 
Bjr.aiiy cooftrodUon (or even by conjed^ore), foppofe we know 
P the place of the body near its true place p. Then letthig 
fall on the axis of the ellipfis the ordinate PR from the pro- 
portion of the diameters ui [he ellipiis, the ordinate RQ of the 
circumfcribed circle AQB will be given; which ordinate is the 
iine of the angle AOQ^ fuppofing AO to be the radius^ and 
alfo cntv the eliipfis in P. It will be fufficient if that angle 
is found by a rude calculus in numbers near the truth. Sup- 
pofe we alfo know the angle proportional to the t\me, that is, 
which is to four right angles as the time in which tiie body 
defmbed the aic Ap» to the time of one revolation in the el- 
lipfis. Let this angle be N. Then take an angle D, which 
may be to the angle B as the fine of the angle AOQ to the ra- 
dius ; and an angle E which may be to the angle N — AOQ 
-I- D as the length L to the fame length L diminiihed by the 
cofine of the angle AOQ^ when that angle is leis than a right 
angle, or increafed thereby when greater. In the next plaee^ 
take an angle F that may be to the angle B as the fine of the 
angle AOQ + E to the radius, and an angle G, that may be 
to the angle N — AOQ — E + F as the length L to the 
fame length L diminiihed by the cofine of the angle AOQ 
+ E, whedi that angle is lefs than a right angle^ or increafed 
thereby when greater. For the third time take an angle H, 
that may be to the angle B as the fine of the angle AOQ + 
£ + G to the radius; and an angle i to the angle N — AOQ 
— £— G + U, as the length L is to the lame length Ldimi- 
niihed by the cofine of the angle AOQ 4- £ -f ^> when that 
angle is lefs than a right angle, or increafed thereby when 
greater. And fo we may proceed m infinitum. Laftly, take 
the angle AOq equal to the angle AOQ £ -|- G + I +, &c. 
and from its cofine Or and the ordinate pr« which is to its fine 
qr as the lefler axis of the ellipfis to the greater, we ihall have 
p the correal place of the body. When the angle N — AOQ 
^ D happens to be negative, the figa of the angle £ muft 
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be every where changed into — , and the fign — into +. 
And the lame thing is to be underitood of tiie figns of the an- 
gles G and I, when the angles N — -ACQ — E + F, andN 
— AOQ -i- E — !> G + H come out negative^ But the infi- 
nite fcries AOQ + E + G + I +, &c, converges fo very 
fail, that it will he icuiccly ever needful to proceed beyond 
the iecoud term £. And the calculus is founded upon this 
theorem^ that the area APS is as the difference* between the 
arc AQ and the right line let iall from the focus S perpendt- 
" cularly upon the radius OQ. • 
And by a calculus not uiiiikc, the piobltiii is folved in the 
hyperbola. Let its centre be O (PI. 14, Fig. 4), its vertex 
A^ its focus and aiymptote OK; and Aippofe the quan- 
tity of the area to be cut off is known^ as being proportional 
to the time. Let that be A, and by conje6l;ure fuppofe we 
know the pofition of a riglit line SP, that cuts off an area 
APS near the truth. Join OP, and from A and P to the 
afymptote draw AI, PK parallel to the other afymptote; 
and by the table of logarithms the area AIKP will be given, 
and equal thereto the area OP A, which fubdu6led from the 
triangle OPS, will leave the area cut off APS. And by ap» 
plying 2APS — 2A, or 2A — 2APS, the double difference 
of the area A that was to be cut off, and the area APS that 
is cut off, to the line SN that is let fall from the focus S> per* 
pendicular upon the tangent TI, we (hall have the length of 
the chord VQ. Which cliord PQ is to be infcribed between 
A and P, if the area APS tliat is cut off be greater than the 
area A that was to be cut off, but towards the contrary fide 
of the point if otherwife: and the point Q will be the place 
of the body more accurately. And by refieating the com- 
putation the place may be found perpetually to greater and 
greater accuracy. 

And by fuch computations we have a general analytical 
refoltttion of the problem. But the particular calculus. that 
follows is better iitted for agronomical purpbfes. Suppofing 
AO, OB, OD (PI. 11, Tig 5), to be the femi-axes of thecl- 
lipfis, and L its latus rednm, and D the diffeieiice betwixt the 
leffer femi-axis OD, and i-L the half of the latus rectum: let 
aoaogle Ybefound^whofeEnemaybetotheradittsas there&an- 
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.gle underliiatdiffiBrenceD^and AO -f- OD thehalf fumof the uses 
to the fquareof thegreater axis AB. Find alfoan angle Z> whole 
line may be to the radius as thedouble reclangle under the dillance* 
of theiuc iSUandthatdiffereiiceDto triple tiieiquareoi half the 
greater iemiraxis AO* Thofe angles being onoe founds the 
place of the bpdy may be thii$ determined. Take the angle 
T proportional to the time in which the arc BP wa« defcribed, 
or equal to what is called the mean motion; and an angle V, 
the iirii equation of the mean motion to the angle the 
greateft firft equation, as the fine of double the angle T is to 
the radius; and an angle the fecond equation, to the an- 
gle Z, the fecond greateft equation, as the cube of the fine of 
the angle T is to the cube ui the radius. Then take the an- 
gle BHP the mean motion equated equal to T + X + V, the 
fam of the angles T, V, X, if the angle T is lefs than a right 
angle ; or equal to T + X — V, the difference of the fame, if 
that angle T is greater than one and lefs than two right angles; 
and if HP meets the eliipiis in P, draw SP, and it will cut ofi 
the area BSP nearly proportional to the time. 

This pra6^ice feems to be expeditious enough, becaufe the 
angles V and X, taken in fecond minutes, if you pleafe, being 
very fmall, it will be fufficient to find two or three of their 
firfl hgures. But it is likewife iutiiciently accurate to anfwer 
to the theory of the planets' motions. For even in the orbit 
of Mars, where the greateft equation of the ceptre amounts 
to ten degrees, the error will fcaroely exceed one fecond. 
But when the angle of the mean motion equated KlIP is 
found, the angle of tiie true motion BSP, and the diitance 
SP^ ar& readily had by the known methods. 

And fo far concerning the motion of bodies in curve lines. 
But it may alfo come to pa(s that a moving body (hall afcend 
or defeend in a right line; and I (hail now go on to explain 
what belongs to fuch kind of motions. 

SECTION VII. 
Comcermng the re&ilinear afcent and defeent of ,bodie$^ 

PROPOSITION XXXII. PROBLEM XXTV. 
Suppofing that the centripetal force is reciprocalli/ propor^ 

iionai to the fquare of the dijlancc of the piaeafrom the 
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cenire ; it is required to define the jpa€i$ which a bod^ffaU" 

ing dire&ly, deferibes in pten timet* 

Cass 1. If the body does not Mi perpendicularly, it will 

(by cor. 1, prop. IS) defcribe Ibmc conic fe<5lion wliofe focus 
is placed in the centre of Ibrce. Suppoie that conic iedtioa 
to be ARPB (Pi. 15, Fig. 1), and its focus S. And, firfl, if 
the figure be an ellipfis^ upon the greater axis thereof AB 
defcribe the femi*circle ADB, and let the right line BPC 
pafs through the falling body, making right angles with the 
axis ; and drawing DS, PS, the area ASD will be proportiooal 
to the area ASP, and therefore allb to the time. The axis 
AB ftill remaining ^e fame, let the breadth of the ellipiis be 
perpetually diminifhed, and the area ASD will always remain 
proportional to the time. Suppofe that breadth to be 
diminiflied in infinitum; and the orbit APB in that cafe 
coinciding with the axis AB, and the focus S with the ex- 
treme point of the axis By the body will defcend in the right 
line AC, and the area ABD will become proportional to the 
time. Wherefore the fpace AC will be given which the body 
defcribes in a given time by its perpendicular fall from the 
place A, if the area ABD is taken proportional to the time, 
and fi'om the point B the right line JDC is let fall perpendi^ 
cnlarly on the right line AB. Q.E.L 

Case 2. If the figure RPB is an hyperbola (1 ig. C), on 
the fame principal diameter AB defcribe the redlangular 
hyperbola BEDj and becaufe the areas CSP, CBfP, SPfB, 
.are feverally to the feveral areas CSD, CB£D, SDEB, 
in the given ratio of the heights CP, CD, and the 
area SPfB is proportional to the time in which the body V 
will move through the arc PfB, the area SDEB will be alfo 
proportional to that time. Let the latus redtum of the hyper- 
bola RPB be diminiflied in utfinitum, the latus tranfveifum 
remaining the fanie; and the arc PB will come to coincide 
with the right line CB, and the focus S with the vertex B, 
and the right line SD with the right line BD. And therefore 
the area BDEB will be proportional to the time in which the 
body C, by its .perpendicular defceut, defcribes the line CB. 
Q.E.L 
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Case $• And by the like argument, if the figure RPB is « 

parabola (Fig. 3), and to the fame' principal vertex B another 
parabola BED is defcribed, that may aKvays roinain given 
while the former parabola in whole perimeter the body P 
moves, by having its latus return diminiihed and ledoced to. 
nothing, comes to coincide with the line CB, the parabolic 
fegment BDEB will be proportional to the time in whicli 
that body P or C will defcend to the centre S or B. Q.E.L 

PROPOSITION XXXm. THEOREM IX. 
2%e things above fwnd being fuppofed, J fay, that the velocity 

of a falling body in any place C is to the velocity of a body, 

defcribing a circle about the centre B at the dijlancc BC, iji 

the fubduplicate ratio of AC, the diftanct of the body from 

the remoter vertex A of the circle or rcBangular hyperbola, ' 

to iAB, the principal fcmi-dianuter of the Jigare^ (PL 15^ 

Fig. 4.) 

LelAB, the common diameter of both figures RPB, t^EB, 
be bifedted in O; and draw the right line PT that may touch 
the figure RPB in P^ and likewife cut that common diameter 
AB (produced^ if need be) in T; and let SY be perpendicular 
to this line^ and BQ to this diameter, and fuppofe the latus 
re^him ©f the figure RPB to be L. From cor. 9, ])iop. l6, it 
is manifefl that the velocity of a body, moviug ia the line 
RPB about the centre in any place P^ is to the velocity of 
a body defcribing a circle about the fame centre, at the dif« 
tance SP, in the fubduplicate ratio of the redUmgle |.L x SP 
to SY*. For by the properties of the conic fe<5lions ACB is 

SCP* X AO 

to CP* as 2 AO to Lj and therefore J^QQ equal to 

L. Therefore thofe velocities are,to each other ia the fubdo- 

plicate ratio of ^Ai^^ *° Moreover, by the 

properties of the conic fedions, CO is to BO as 60 to TO, 
and (by compofition or diviiion) as CB to BT. Whence (by 
divifion or compoiition) BO — or + CO will be to BO as 

CT to BT^ tliat is, AC uili be to AO as CP to BQ; and 
. . CP* X AO X SP . , BQ* X AC X SP 
Ihercfpre ^CB ^^"^ ^ AOlTBC * 
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Now fuppofe CP, the brcarlth of the figure IIPB, to be dimi- 
DiUied in injinitum, fo as the point P uiay cooie to coincide 
with the poiDt ftod the point S with the point B> and the 
line SP With the line BG, and the hne SY with the line BQ ; 

and the velocity of the body now defcending ptrpendiculariy 

in the line CB will be to the velocity of a "body deforibing a 

circle about the centre at the diftance BC^ in the fnbda- 

.T^Q* X AC X SP 
plicate ratio of ^ (negiedling 

the ratios of equality of SP to BC, and BQ^ to SY*), in the 
fabduplicate ratio of AC to AO, or ^AB. Q.E.D., 

Cor. 1« When the points B and S come to coincide^ TC 
will become to TS as AC to AO. 

Con. 2. A body revolving in any (circle at a given diftance 
from the centre, by its motion converted upwaid*, wUi ufcead 
to double its diftance from the centre. 

PROPOSITION XXXIV. THEOREM X. 
if the figure BED u a parabola, I fay, that the velocity of a 
' falling hoiy in amf place C i» equal to the velocity hif -which 

a hodi/ mai/ unijorutl defcribt a circle about the centre B 

at half the intci vat BC. (PI. 15, Fig. 5.) 

For (by cor. 7, prop. Id) the velocity of a body defcribing 
a parabola RPB about the centre in any place is equal 
to the velocity of a body uniformly defcribing a circle aboitt 
the fame centre S at half the interval SP. Let the breadth 
CP of the parabola be diuiiniflied in infinitum, fo as the pa^ 
rabolic arc PfB may come to coincide with the right line 
CB, the <^ntre S with the vertex B, and the interval SP 
with the interval BC, and the propofition will be manifefi* 
Q.E.a 

> PROPOSITION XXXV. THEOREM XI. 
J'he fame things fuppofed, I fay, that the area of the figure 

DBS, defcribed by the ind^nite radim SD, is equal fo the 

area which a body with a radim equal to half the latui rec^ 
■ . turn of the figure DES, by nniformly revolving about the 

centres, may defcribe in the fame time, (PI. 16, Fig. J.) 

For fuppofe a body C in the fmalleft moment of time de- 
fcribes in Mling the infinitely little line Cc, while another 
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body K, uniformly revolving about the centre S in the circle 
OKk^ deicnbes the arc Kk. EieB: the perptndiculiirs CD, 
cd, meeting the figure DES in D,d. Join SD, Sd, SK, Sk, 
and draw Dd mfleting the axis AS in T, and tharaon lei fall 
the peipendicular SY. 

Case 1. If the ligmc DCS is a circle, or a rectangular hy- 
perbola, bilecl its traniVerl'e diameter AS in O, and SO will 
be half the latus redlum. And becaufe TC is to TD as Cc to 
Bd, andTDtoTSasGDtoSY; ex4equQTC,vM be to IS 
as CD X Cc a> SY X Dd. But (by cor. 1, prop. 33) TCis 
to TSas AC to AO; Lu wit, if \a the coalehcuce of the points 
D, d, the ultimate ratios ot the lines are taken. Wherefore 
AC is to AO or SK as CJ) x Cc to SY x Dd. Farther, the 
velocity of the defcending body in C is to the vdociiy of a 
body defcrtbtng a circle about the centre S> at the inlenral 
SC, in the lulnhiplicate ratio of AC to AO or SK (by prop. 
33) ; and this velocity is to the velocity of a body defcribing 
the circle OKk in the fobduplicate ratio of SK to SC (by cor. 
6, prop. 4); andj exaquo, the firft yeloeity to the laA, thatis^ 
the little line Cc to the arc Kk, in the fubduplicate ratio of 
AC to SC, that iSj 111 the ratio of AC to CD. \V herefore 
CD X Cc is equal to AC X Kky and confequently AC to SK 
as AC X Kk to SY x Dd, and thence SK x Kk equal to 
SY X Dd, and |SK x Kk equal to ^SY x Dd, that is, the 
area KSk equal to the area SDd. • Therefore in every mo- 
ment of time two equal particles, KSk and SDd, of areas are 
generated, w hich, if their magnitude is dimmilbed, and their 
•number increafed in irtfrnitumf obt|iin the ratio of equality, 
and confequently (by cor. lem. 4), the whole areas together 
generated are always equal. Q.E.D. 

Case 2. But if the figure DES (Fig. 2) is a parabola, we 
fliall find, as above, CD X Cc to SY X Dd as TC to TS, that 
is, as 2 to 1; and that therefore ^CD x Cc is equal to 
}SY X Dd. But the Telocity of the falling body in C is 
equal to the velocity with which a circle may beaniibrmly 
defcribed at the interval iSC (by prop. 34). And this velo- 
city to the velocity with which a circle may be defcribed with 
the radius SK^ thatisj the little line Cc to the arc Kk^ is (by 
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cor. 5, prop. 4) in die fubdnpUcate ratio of SK to ; 
that 18, in the ratio of SK to f CD. Wherefore ^SK x Kk 

18 equal to iCD X Cc, and therefore equal to X Dd; 
that is^ the area KSk is ^vai to the area SDd, as above* 
Q.E.D. 

PROPOSITION XXXVr. PROBLEM XXV. 
To dettmme the iime$ of the dcfcent of a body falling from u 

given place A. (PI. 16, Fig. 3.) 
Upon the diameter AS^ the diftaoce of the body from the 
centre at the beginning, defcribe tbe femi-circfe ADS, as 
likewife the femi-circle OKH equal thereto, aboot the centre 
S. From any plaee C of the body ere^ the ordinate CD. 
Join SD, and make the fedlor OSK equal to the area ASD. 
It is evident (by prop. 36) that the body in falling will de- 
fcribe the fpace AC in the fame time in which another body, 
uniformly revolving ahont the centre may defcribe the ate 
OK. Q.E.F. 

PROPOSITION XXXVIT. PROBLEM XXV!. 
To difiite the times of tht afcait or dejccnt of a body projected 
upwards or downwanUfrom a given place, (FJ. i6, Fig. 4.) 
Suppofe the body to go off from tbe given place G, in the 
direction of the line 6S, with any velocity. In the dupli- 
cate ratio of this velocity to the nniform velocity in a circle, 
with which the body may revoKe about the centre S at the 
given interval SGj take GA to^AS. If that ratio is the 
fame as of the number 2 to U the point A is infinitely remote; 
in which cafe a parabola is to be defcnbed with any latas 
tectum to the vertex S, and axis SG ; as appears by prop. 
34» But if that ratio is lefs or greater than tbe ratio of 2 to 
in the former cafe a circle^ in the latter a re&angular hy- 
perbola, is to be defcribed on the diameter SA; as appears by 
prop. S3. Then about the centre S, with an interval equal to 
half the lalu!? redlum, defcribe the circle HkK ; anci at the 
place G of the afcending or defcending body, and at any 
other place C, eredl the perpendiculars GI, CD, meeting the 
conic fedlion or circle in i and D* Then joining SI, SD, let 
the fe6brs HSK, HSk be made equal to Uie fegments $£IS, 
BEDS, and (by prop. 3if) tlie body G will defcribe the fpace 
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GO in the (ame tiiae ia which the hody K may defcrihe the 
arc Kk. Q.E.F. 

PROPOSITION XXX VI II. THEOREM XII. 
Suppojing that the centripetal forcv is propurtiOJial to the alti- 

tude or dijiancc of places from tlu uutre, 1 fatf, that the 

timet And veiodtia offalUmg hodiet, and the fpaea which 

they defcribe, are rejpe&iveli/ proportional to the arcs, and 

the right and verfed fines of the arcs. (PI. 17, Fig. 1.) 

Suppofe the body to fall from any phu c A in the right line 

AS ; and about the centre of toice b» with the interval AS, 

defcribe thd quadrant of a circle A£ ; and let CD be the right 

fine of any arc AD ; and the body A will in the time AD Id 

falling defcribe the fpace AC, and in the place C will acquire 

the velocity CD. 

This is demonilrated the fame way irotu prop. 10, as prop. 

32 was demonftrated from prop. 1 1 . 

Cob. 1. Hence the times are equal in which one body falling 

from the place A arrives at the centre and another body 

revolving delcribes the quadrantal arc ADE. 

CoR. 2. Wherefore all the times are equal in which bodies 

falling from whatfoever places arrive at the centre. For all 

the periodic times of levolving bodies are equal (by cor. 3, 

prop. 4). 

PROPOSITION XXXIX. PROBLEM XXVII. 
Suppofing a centripetal force of any kind, and granting the 

quadratures iff curvilinear figures ; it is required to find 
the velocity of a body, afcending or defcending in a right 
line, in the fever al places through which it paffes ; as alfo the 
time in which it n^ill arrive at anif place : and vice verfa. 
Suppofe the body E (PI. 17, Fig. 2) to fall from anyplace 
A in the right line AD£C ; and from its place £ imagine a 
perpendicular EG always ere^ed proportional to the centri- 
petal force in that place tending to the centre C; and let 
BFG be a curve line, the locus of the point G. And in tiie 
beginning of the motion fuppofe £G to coincide with the per- 
pendicular AB ; and the velocity of the body in any place E 
will be 89 a right line whofe power is the curvilinear area 
JABGE. Q.E.I. 

a 
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In EG take EM recipiDcallj proportional to a right line 
' whofe power is the area {-ABGE, and let VLM he a curve 
line wherein the point M is always placed, and to which the 
right hne AB produced is an alymptote ; and the time In 
which the body in falling defcribes the line AB, will be as the 
cnrvilinear aiea ABTVME. Q.E.L 

For in the right Hne AE let there be taken the very fmall 
line DE of a given length, and let Dj-F be the place of the 
line EMO, when the body was in D ; and if the centripetal 
force befoch^ that a right linej whofe power is the airea^^ABGE^ 
is as the velocity of the defcending body, the area itfelf will 
be as the fquare of that velocity ; that is, if for the velocities 
in Dand E we write V and V -J- I, the area ABFD will be as 
V V, and the area ^ABGE as VV + £VI + 11 ; and by divi- 

DFGE 

£oa^ the area DFGE as £VX ^ IIi and therefore — 

ii Jb* 

2VI 4- II 

willbeas ■ J } that is, if we take the firft ratios of 
thofe quantities when jaft nafcent, the length DFis as the 
quantity "-^^^ and therefore alio as half that, quanti^ 
I X V 

■ » But the time in which^ the body in falling deficribes 

ihe very fmall line D£> is as that line diredly and the velocity 
V inverfely ; and the force will be as the increment I of the 

velocity directly and the tijne inverfely; and therefore if we 
take the firit ratios when thoib quantities are juil nafcent, as 
1 X V 

that IS, as the length DF. Therefore a force propor- 
tional to DP or EG will caufe the body to defcend with a ve» 
locitv that is as the right line whofe power is the area 
iABGE. Q.E.D, 

Moreover, finoe the time in which a very fmall line D£ of 
a given lengtii may be defcribed is as the velocity inverfely^ 
and therefore alfo inverfely as a right line whofe fquare is equal 
to the area ABFD ; and fince the line DL, and by confe- 
quencc the naicent area DLME, will be as the fame right 



Digitized by Coogle 



Se^.Wll. OF NATURAL PUlLOSaPUY. Ill 

line in¥erfe]y , the time will be as the area DIME, and the 
fum of all the times will he as the Aim of all^the areas ; that 

is (by cor. lein. 4)^ the whole tiaie in whicli liie line AE is 
defcribed will be as tlie whole area ATVME. Q.E.D. 

Cor 1. Let P be the place from whence a body oug^t to 
faUj fo as that, when urged by any known uniform centripetal 
force (foch as gravity is vulgarly fuppofed to be), it may ac- 
quire in the place 1) a veiocily equal to the velocity which 
another body, falling by any force whatever, hath acquired iu 
that place D. In the perpendicular DF let there be taken 
DR, which may be to DF as that uniform force to the other 
force in the place D. Complete the re6):angle PDRQ, and 
cut off the area ABFl) equal to thai leciaiigle. Then A will 
be the place iroin whence the other body fell. For complet* 
ing the reclangle DHSE, fioce the area ABFD is to the area 
BFGEas W to£VI, and ^erefore as^V to that is^ as 
half the whole velocity to the increment of the velocity of fh€ 
body falhng by the unequable force; and in like manner the 
area PQRD to the area DUSE as half the whole velocity to 
the increment of the velocity of the body falling by the ani- 
fonn forc^ ; and iince thofe increments (by reafon of the equa-* 
lity of the nafcent times) are as the generating forces, that is, 
as the ordinates DF, DR, and confequently as the nafcent 
areas DFGE, DRSE ; therefore^ ex aquo,ibe whole areas 
ABFD^ PQRD will be to one another as the halves of the 
whole velocities; and therefore, becaufe the velocities are 
equal, they become equal alfo. ' * 

Cor. 2. Whence if any body be projected either upwards 
or downwards with a given velocity from any place D, and 
there be given the law of centripetal force adling on it^ its Ve* 
locity will be found in any other place, as e, by ere^ng the 
ordinate eg, and taking that velocity to the velocity in the 
place D as aright line whofe Iquare is equal to the re^langle 
PQRD, either increafed by the curvilinear area i)Fge, if the 
plac^e is below the place D, or diminifhed by the fame area 
' DFge, if it he higher, is to the right line whofe fquare is equdl 
to the redangle PQRD aloue. - . 



112 MATHEMATICAL PRINCIPteS. Book U 

Cor. 5. The tune Is alfo known by ere^ng the ordinate 
em reciprocaUy proportional totbei<|ttarerootof PQRD -f- or 
— DFge, and taking the time ki which the body has defcrib- 
ed the line De to the time in which another bodv has ialka 
with an uniibrm force from aad in failing arrived at D 
in the proportion of the curvilinear area DLme to the ^ 
reAangle fiPD X DL, For the time in which a body 
falling with an nniform force halh defcribed the line PD^ is 
to the time in w hicli the fame body has deicnbed the line 
PE m the fubdupUcate ratio of PD to PE; that is (the very 
iinall line D£ being juft nafcent)^ in the ratio of PJ> to PD 
Hh {DE, or 2PD to SPD + DE, and, by divifion, to the 
time in which the body hath defcribed the Imall line DE^ as 
2P1> to DC, and therefore as the redangle SPD x DL to 
the area DLME; and. the time in which both the bodies 
defcribed the very fmali line D£ is to the time in which the 
body moving unequably bath defcribed the line De as the 
area DLME to the area DLme; and^ ex (squo, the firft men- 
tioned of thefe tunes is to the lail as the re6iangle £PD x DIi 
to the area DLme. 

SECTION VIIL 
Of the invention of orHis wherein bodies will revolve, being 
aSted upon by any fort of centripetal force. 

PROl^OSIiiON XL. THEOREM XIIL 
Jj abody^attedupon hy any centripetal for is any how movtdf 

and another bod^ afcends or defcpuds in a right line, and 
their velocities be equal in any one cafe of equal alHludei, 
their velocities will be alfo equal at all equal altitudes. 
Let a budy defcend from A (PI. 17, Fig. 3) through D 
and E, to the centre C ; and let another body move from V 
in the curve line VIKk. From the centre C^ with any 
diftances, defcribe the concentric circles Dl, EK, meeting 
the right line* AC in D and E, and the curve VIK in I and K« 
Draw IC uitjtting KE in N, and on IK let tail tiie perpen- 
dicular NT; and iet the interval D£ or IN between the cir- 
cumferences of the circles be very fmall ; and imagine the 
bodies in D and I to have equal velocities* Then becaufe 
the diftauces C D and CI are equal, the centripetal forces in 
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D and 1 will be alio equal. Let th iie forces be expreflfed 
hy^ the equal lineola^ DE and IN ; and let the force IN (bv 
cor. 2 of the laws of motion) be refoived into two others, NT 
snd rr. Then the force NT aaing in liie diteaion of Che 
line NT perpendicular to the path ITK of the body will not 
at all alieet or change the velocity of the body in that path, 
but only draw it alide trora a rectilinear courfe, and make It 
defiedl perpetually from tlie tangent of the orbit, and proceed 
in the cmrvtlinear path ITKJc. That whole tbrce, therefore, 
will be fpent in producing this effe^^; but the other force 
IT, a6liug in tiic diiet^tion of the cojrfe of the body, will be 
all employed in accelerating it, and in the leaft given time 
will produce an acceleration proportional to itfeif. Theie- 
fore the accelerations of the bodies in D and I, produced in 
equal times, are as the lines DE, IT (if we take the firft ratios 
of the nal'cent lines DE, IN, IK, IT, NT); and in unequal 
times as thofe lines and the times eonjundtly. , But the tjmea 
in which DE and IK are defcribed, are, by reafon of the 
equal velocities (in D and I) as the fpaoes defcribed BE and 
IK, and therefore the accelerations in the courfe of the bodies 
through the lines D£ and IK areasDE and IT, and DC aj]d 
IK conjundly; that is, as the fquare of DE to the rectangle 
IT into IK. But the redUngle IT x IK is equal to the 
Iqnare of IN, that is, equal to the fquare of DE; and theie* 
fore the accelerations generated in the paifage of the bodies 
firom D and I to E and K are equal. Therefore the velocities 
of the bodies in E and K are alfo equal: and by the fame 
reafon ing they will always be found equal in any fubfequent 
equal diilances. . Q.E.D. 

By the fame reafoning» bodies of equal velocities and equal 
diftances from the centre will be equally retarded in their 
afcent to equal diftances. Q.E.D. 

Cor, 1. Therefore if a body either ofcillates by hanging . 
.to a firing, or by any poUihed and perfedtly fmooth impedii* 
ment is forced to move in a curve line ; and. another body 
Afeends or defcends in a right line, and their velocities 
be equal at any one equal altitude, their velocities will 
be alfo equal at all other equal altitudes. For, by tiie 
firing of the pendulous body, or by the inpediment of a veffel- 
Vol. I. I 
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perfe^jr fmooth> the fame thing will be efiiefied as by the 
tranfverie fcnroe NT. The body ts neidier aocelerated nor 

retarded by it, but only is obliged to ijuil its rectilinear courfe. 

CoK. 2. Sup()ott' the quantity P to be the greateft diilance 
from the centre to which a body can afcend, whether it be 
ofcillatingy or revolving in a trajediory^ and fo the fame pro- 
jedM opwacds from any point of a trajedory wUh the vdk>> 
locity it has in that point. Let the quantity A be the diflanoe 
of the body from the centre in any other point of the orbit; 
and let the centri|>etal force be always as the power A"—* 
of the quantity A, the index of which power n — 1 is any 
snmber n diminiihed by aiiity. Then the velocity in every 

ahitade A will bfe as ^ P» — jP, and therefore will be given. 

For by prop. 3[), the velocity ot a body afcending and defcend- 
ing in a riirht hne is in that very jjatio. 

PROPOSITION XLI. PROBLEM XXVIII. 
Sttppofing a cetitripetal force of aity kind, and granting the ' 

quadratura of curvilinear fignret, it U required to find a$ 
* well the trajeBorin in wMch bodies wiU nme, a» tke times 

of I hi. if uiolious in the trajeclorics found. 

Let any centripetal force tend to the centre C (PI. 17, Fig. 
4)^ and let it be required to find the trajedory VIKk, Let 
there be given the circle YR, deibribed from the centre C 
frith any interval CV; and from the fame centre defcribe aoy 
Other circles IB, KE cutting the trajei^ry in I- and and 
the right line CV in D and E. Then draw the riiilit line 
CNIX cutting the circles KE, VR iu N and and 
the right line CKY meeting the circle VR in Y. Let 
the points I and K, be indefinitely near; and let the body 
go on from V through I and K to k ; and let the point A be 
the place from whence another body is to fall, fo as hi the 
place D to acquire a velocity equal to the velocity of the 
firft body in L And things remaining as in prop. 39, the 
iineolai IK, defcribed in the leafl given time, wiU be as the 
velocity^ and therefore as the right line whofe fqoaie is equal 
to die area iABFD, and the triangle ICK proportional to the 
tune will be given^ and tberefbre KN will be reciprocally as 
the altitude IC; that is (if there be given any quantity 

b 
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Q 

aod tbe altitude IC be called A), as -^-^ This quantity-^ call 

•h^ A A 

7>y and fuppofe the magnitude of Q to be fucb that in fome 
cafe v'ABFD may be to Z as IK to KN, and then in all 
caies V ABF1> Will be to Z as IK to XN, atid ABFD 
to ZZ as IK* to KN% and hy di vifion ABFD ZZ to 

ZZ as IN^ to Jfiti*, and therefore i/ABFD — ZZ to Z, ot 
O 

J* as IN t^N; and tberefeie A x KN will be equal to 

^ ^ - ^'^ Therefore fince YX x XC is to 

V ABFD ^ ZZ 

A X XN a^fcX* to A A, the re^gle XY x XC wiU be 

equmto- — r — ^ — . Iherelore m the perpendi- 

V AlU-D — ZZ ■ 

€iilar DJ^^kt there be taken continually Db^ Dc equal to 

> >a Q X CX ^ 

^-✓"AByD — ZZ' 2AA -V/ ABFD — ZZ" «*flp«^ively, 
and let Uie curve lines ab, ae, the foci of the points b and c, 
be defcqi>ed : and iioin the point V let the perpendicular 
Va be ere6iod to the line AC, cutthig off the curvilinear areas 
VDba, ¥I>ca^ and let the ordinates Ez, Ex, be ereaed alfo. 
Then beoaule the reftangle Db x IN or DbzE is equal to 
half tliereaangle A x KN, or to the triangle ICK; and the 
redlangleDc x IN or DcxE is equal to half the reaangle 
YX X XC, or to the triangleXCY; that is^becaufe tbe nafcent 
particles Dbe£, ICK of the aiieasVDba,VIC are always equal; 
and the nafcent particles DdxE, XCY of the areas VDca, 
vex are always equal; therefore the generated area VDba 
wiii be equal to the generated area VIC, and therefore pro- 
portional to the thne; and the generated area VDca is equal 
to the generated fe^or VCX. If, therefore, any time be 
giiren during which the body has been moving tiom \ , 
there will be alfo given the area porportional to it VDba; and 
thence will be given the altitude of the body CD or CI; and 
the area VDca, and the fe^or VCX equal thereto, together 
vdtb ita angle VCI. But the angle VCI, and the altitude CI 
heing given, there is alfo giveri the place I, in which the 
body will be found at the end of that time, Q.E.L 

12 
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Cor. 1. Hence the greatefi. and leaH altitudes of the 
bodies, that is^ the apiidesof the trajedU>ries, maybe found very 
leadily. For the a|>fide8 are ihofe pouts in which a right. 
KneIC drawn throiigh the centre falls perpendicularly upon €he> 

trajcc^tory VI which comes to paCi when the right Kne» 
IK and NK become equal; tbi^t i», when the area ABFD iS' 
equal to ZZ. 

Cor. 8* So alfo the angle KIN, in which the trajec^orj- 
at any place cnts the line IC^ may be readily found by the 
given altitude IC of the body : to wit, by maklqg the fine of 
that angle to radiu?; as KN to IK; that is, as Z to the fquare 

root of ihc area ABFD. 

Cor. 3. If to the centre C (PI. 17, Fig. 5), and the prin- 
cipal vertex V, there be defcribed a conic lodion VHS; and 
from any point thereof, as there be drawn the tangent KT 
meeting the -axis CV indefinitely produced in the point T 
and then joining CR there be drawn the right line CP, 
ec[aal to the abliiila CT, making an angle VCP proportional 
to the fot^torX Cf? ; and if a centripetal force, reciprocally pro*" 
portioaai to the cubes ot tlic dillances of the.plapes f;om the 
centre, tends to the centre C; and from the place V ther9 
fets out a body with a juft velocity in the direction of aJiae 
perpendicular to the right line CV ; that body will proceed in 
a tiajec tujy VTQ, which the point P will always touch; and 
therefore if the conic fcciion VUS be ;ui hyperbola, thebodv 
will deicendto the centre; but if it be aa ellipfis, it will afcend 
perpetually, and go farther and farther oiftn infinitum, And, 
on the contrary, if a body endued with any velocity .goes off 
from ihe place V, and according as it begins either to defcend 
obliquely to the centre, or afcends obliquely from it, the figure 
VRS be cither an liypcj l)ohi or an cllipfis, the traje<5lory may 
be found by inci eahng or diminilhing the angle VCP in a 
given ratio* And the centripetal force becoming centrifugal, 
Ithe body will afceod obliquely in the traje6h>ry VPQ, which 
is found by taking tlie angle VCP proportional to the elliptic 
feaorVRC, and the length CP equal to the length CT, as 
before. All thcfe tljiiigs iullow from the foregoing prupufition, 
by the (juadraUirc of a certain curve, the tnvention.of which, as 
being eafy ^ooMgh, ibr brevity's lake, 1 omit. 
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PROPOSITION XLII. PROBLEM XXIX. 
The law of centripetal force being given, it is required to find 
' the motion of a body fetting out from a given place, with 

a given velocity, in the dire&ion of a green right line. 

Suppoic the lame things as in ihe three preceding propo- 
fitioDs; and let the hody go off from the place I (PI. 17^ Fig*. 
Q in the direction of the little line IK, with the fame velo- 
city as another body^ by falling with an uniform centripetal 
ibrce from the place P^ may acqutfe in D; and let this uni- * 
form force he to the force with whicii the body is at firft 
urged in I, as DR to DF. Let the body go on towards k; 
and about the centre C, with the interval Ck, defcribe the 
circle kis, ineeting the right line PD in e^ and let there ' 
be ereifted the lines eg, ev, ew, ordinately applied to 
the curves 'BFg, abv, acw. From the given rediangle PDRQ 
and the given Jaw of" centripetal force, by which the firll 
body is a\5led on^ the curve line BFg is alfo given, by the 
conftm^on of prop. 27» and its cor. 1. Then from the 
given angle CIK is given the proportion oi the nafcent lines 
IK, KN; and thence, by the conftmdtion of prob. 28, there 
is given the quantity with the curve lines abv, acw; and 
therefore, at the end of any time Dbve, there is given both 
the altitude of the body Ce or Ck, and tlie area Dcwe^ with 
the Ce&xx equal to it XCy, thean^e ICk^ and the place in 
which the body will then be found. Q.E.I. 

We fuppoie in thefe piopolitions the centripetal force to 
vary in its recefs from the centre according to fome law, 
which anyone may imagine at pleafure; but at equal dii« 
' tances from the centre to be every where the fame. 

I have hitherto confidered the motions of bodies in im- 
movable orbits. It remains now to add fomething corn ei n- 
ng their motions in orbits whtcli revolve round the centres 
of force. 

SECTION IX.* 
Of the motion of bodies in mo/veable orbits; and of the motion 

of the apfides, 

* On the fo1)tect of the niiilh Section the leader snj coafult m eteellent ^ Mcaaoir 
on tlie I nveife Method of Cental Forces,*' lij that profouiillly gieat and juffl/celta 
bntod Mathematfcian, Dr.* Dawibn, of Sedbergh, in Yorlibiie. , (/,/fj.i j 

M IL ^ / ■ ■ '•• ' ■• . 
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ITiOPOSiTiON XLTTT. PROBLEM XXX. 
It u required to make a hodxf move in a trajectory thai rC" 

9olvc$ about the centre of force iu the fame wn^amer as 

ther ho^inthe fame trajc&ory at reft* 

In the orbit VPK (PI. 18» Fig. l), given bj pofitioa, let 

the body P revolve, procLcdiiig from V towards K. From 

the rentre C let thn ( he ( ontiiiimlly drawn Cp, equal to CP, 

making the angle VCp proportioiiai to the angle VCP; and 

the area which the line Cp delcribes will be to the area 

.VCP, which the line CP defcribesat the iame time, aathe 

velocity of the defcribing line Cp to the velocity of the de* 

fcribingline CP, that is, as the ant^le VCp to the angle VCP, 

therefore in a given iritio, aiiti theretore propcirtional to tbo 

time, binee^ then, the area defcribed by the line Cp in an 

immovable plane is proportional to the time^ it is manifeft 

that a body, being a^ted upon by a juft quantity of centripetal 

force, may revolve with die point p in ihe curve line which 

the fame point p, by the method juft now explained, may be 

madetu dticube in an immovable plane. IMake the angle 

VCu equal to the angle PCp, and tlie line Cu equal to CV, 

and the figure uCp equal to the figure VCP, and the body I 

being always in the point p, will move in the perimeter of the 

revolving figure uCp, and will defcribe its (revolving) arc 

up in the fame time that, the other body P deferibei 

the fimilar and equal arc VP in the quicfcent figure 

\ PK. Find, then, by cor. 5, prop. 6, the centripetal iorce ^ 

by which the body may be made to revolve in the cunre line 

which the point p defcribes in an immovable plane, and the ' 

problem will be ifolved. 

PROPOSITION XLIV. THEOREM XIV. 
The difference of the forces, hy which two bodies may be made 

to ifioic cqua/li/, one in a quufce)ily the other in the fame or* 

bit revolving, is in a triplicate ratio of their cotmnon alti* 

tiides inverfeiy. 

Let the parts of the qoiefcent orbit VP, PK (PL IS, Figi. ' i 
2), be fimilar and equal to the parts of the revolving orbit uff 
pk ; and let the diilance of the points P and K be fuppofed of , 

the utmoft fmallneis. Let fall a j)er()endicular kr From tlie j 
point k to the ngbt hue pC, and produce it to m, ib thai m 



Digitized by Google 




Digitized by Google 



4 



»» 



Digitized by Google 



IX. or NATURAL )>HILOSaFflY. 11^ 

niijbe to kr as tbe aofie VCp lo theaag^e VCR Becaofe 
tbe altitadet the bodies PC and pC, KC and kC, aie al- 

wnyseqiiaJ, it is manit'eft that the Hicieiiitiits or decrements 
of tlif lines PC and pC are always equal ; and therefore if 
each ot tbe lieveral motions of the bodies in the places P and 
p be resolved into iwo <by oor. € of tbe Jaws of motion), one 
of which is direded towards the centre, or according to the 
lines PC, pC^ and tbe other^ tranfverfe to the former, hath 

^ a iliredlion pcrpentiicular to the hncs PC and pC ; the mo- 
tioiij) towards the centre will be equal, and tiie tranfverfe mo- 
tion of ti^ body p will be to the traniVerfe motion of the body 
P as the angular motion of the line pC to the angular mo« 
tion of the line PC; that is, as the angle VCp to the angle 
VCP. Thewfore, at the fane time that the body by both 
its niutioiis_, comes to the point Iv, the body p, having an equal 
motion towards the centre, will be equally moved from p to- 

. wards C ; and therefore that time being expired, it will be 
feund fomewherc in the line mkr, which, paifi^g through the 
point k, is perpendicular to the line pC ; >pd by its tranfverfe 

" motion will acquire a diftance from the line pC^ that will be 
to tUe diftance which the other body P acquires iiom the lino 
PC as the tranfverfe motion of tiie body p to the tranfverfe 
motion of the other body P. Therefore fxnce kr is equal to 
the diftance which the body P acquires from the line PC, and 
mr is to kr as the angle VCp to the angle VCP, that is, as tbe 
tranfverfe motion of the body p to the tranfverfe motion of 
the body P, it is manifeft that the body p, at the expiration 
of that time, will be found in the place m. Thefe things will ' 
be fo, if the bodies p and P are equally moved in the di- 
re&ions of the lines- pC and PC, and are therefoce urged with 
equal forces in thofedire^ens. But if we take an angle pCn 
that is to the angle pCk as the angle VCp to the angle VCP, 
and nC be equal to kC, in that cafe the body p at the cxj)i- 
ration of the lime will really be in n ; and is therciore urged 
with a greater force than the body P, if the angle nCp is 
greater than the angle kCp, that is, if the orbit npk move 
either ifi confequetUiih or tn mteecdetitia, with a celerity greater 
than the double of that with which the line CP moves ia conr ^ 

I 4 
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Jtqmutia ; and with a lets force if the orbit moves flower m 
anieeedmtia* And the differeDCe of the forces will be as the 
inteiral mn of the places throogb which the body would be 
carried by Che adtion of that difl^nce Ja that given fpace of 
time. About the centre C with the interval Cn or Ck fop- 
pofe a circle defcTibed cutting the hnes mr, mn produced in 
s and t, and the rectangle mu x mt will he equal to the 
redangle mk x ms^ and therefore mn will be equal to 
mk X ras _ , . , 

— — — • Hot fince the triangles pOk, pCn, in a given 

timcj are of a given magnitude, kr and mr, and tlicir differ- 
ence mk^ and their fum ms, are rcciprorally as the altitude 
pC, and therefore the redlangic mk X ms is reciprocally as 
the fquare of the altitude pC. But^ moreover, mt is diraftly 
as imt, that Is, ag the idtitude pC. Thefe are the find ratios 

of the nafcent lines ; and hence ?" . ^ ^ that is, the na« 

' mt . 

fcent lineolaj mn/and the difference of the forces proportional 
thereto^ are reciprocally as tlie cube of the altitude pC, 
Q.E.p. 

" Cor. 1. Hence the diflference of the forces in the places 
P and p^ or K and k, is to the force with which a body may 

revolve with a circular motion iVum Iv to K, in the fame lime 
that the body P in an immovable orb defcribes the arc PK^ 
fts the nafcent line mn to the verfed ^ne of the nafcent arc 

, . mk X ms rk' , , 

RK, that IS, as — — to -t-t^jJ or as mk X ms to the 

< mt xki^ 

fquare of rk ; that is, if we take given quantities F and G in 
the fame ratio to one another as the angle VCP hears to the 
angle VCp, as GG — FF to L'i\ And, therefore, if from the 
centre C, with any dillance CP or Cp, there be defcribed a cir- 
cular fe^^or equal to the whole area VPC, which the body re- 
volving in an immovable orbit has by a radius drawn to the 
centre defcribed in any ceitain time, the diflerence of the 
forces, with which the bofdy P revolves in an immovable or- 
bit, and the body p in a moveable orbit, will be to the centri- 
petal force^ with which another body by a radius drawn to 
the centre can uniformly defcribe that fe^Unr in the fame time 
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as the area VPC is defcribed, as GG — FF to FF. Fnr that 
iie^or and tbe area pCk are to one aoother as t^he limes in* 
which they are defcribed. 

Cob. 12. If tbe orbit VFK be en eUififisi haviiig its focus C,' 
and its higfaeft apfis and we foppofe theellipfis upk fimilaii 
and equal to it, fo that pC may be always equal to PC^ and 
the angle \C\) be to the angle VCP in tin priven mtio G 
to F; and for tiie altitude PC or pC we put A, and 2ii tor tlie* 
latus re^am of tbe ellipAsj the force with which a bod 3- maj 

be made to revolve in a moveable eiiipiis will be as 

^^^^3 ^^ > , and vice verfa* Let the force with which a 

body may revolve in an immovable- ellipfis be expreiTed by 

FF . FF 

the quantity and the force in V will be "Qyi* But the 

force with which a body may revolve m a circle at the dif- 

tahce CV, with tlie fame velocity as a body k volving in an 
eiiipiis has in V, is to the force with which a body revolving in 
an eiiipiis is a€icd upon in the apiis as half the latus ce6ium 
of the dlipfis to. the femi-diameter CV of the drckj and 

RFF 

therefore is as -QyTi ^^^^ which is to this, as GG 

•wm ^ -n-n • RGG RFF , , . - ^, 

— FF to FF, IS as • and this force (by cor. I' 

of this prop.) is the difference of the forces in V, with which 
the body Prevoives in theimmovableeltiplisVPK,and the body 
p in the moveable elltpfis npk. Therefore fince by this prop. 

that difference at any other altitude A m to itfelf at the altitude 

CV as*^ to the fame difference in every altitude A will 

_ EGO-^ KFF ^ ^ FF ^ , . , 

be as -j^ • iherefore to the torce by ivhich 

the body may revohre in an immovable ellipfis VPK, add the 

UGG — RFF 

«xcef8 ^3 " and the fum will be the whole force 

FF ^ RGG— RFF . , ^ ^ ^ 1 v 

j— -|- ^3 ' ' by which a body nmy revolve in tbe 

i 

ftme time in the nioveable ellipfis npk. 
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Cott* 3. In the &me manner il inll be fennd» that^ if the 
inittovable orbit VPK be an eflififit having Us centre in the 

centre of the forces C, and there be ru[)j>olt.ti a moveable el- 

lipfis u})k, fimilar, equal, and concentrical to it; and *iR be 

the principal iattt» rettam of that eliipfis, and 2T the lataa 

tmnfverfam, or greater axis; and the angle VCp be contimiallj 

to the angle VCP as G to F; the Inreet with which bodies 

najr icvohre in the immovable and moveable dUipfis, in equal 

.„ , . FPA . FFA ^ RGG— Kl 1 ^ 
tmiesy wiu be as -Tjg- and + refpeo- 

tively. 

Cob. 4. And aniverfally, if the greateft altitude CV of the 
body be called and the radius of the cunrature which the 
orbit VPK has in V, that is^ the radios of a circle equally 

be calk {{ R, and the centripetal force with which a body may 
revolve in any immovable traje^ry VPK at the place V be 
VFF 

called ^iiiti hi other places P be indefinitely fiyled 

and the altitude CP be called A, and G be taken to F in the 
given ratio of the angle VCp to the angle VCP; the centripe- 
tal force with which the fame body will perform the fame mo- 
tions in the fame time in the fame traje<Slory upk revolving 
with a circular motion, will be as the fum of the forces X 4* 

vr(;g vrff 

A^ * 

Cor. 5. Therefore the motion of a body in an immovable 
orbit being given, its angular motion lound the centre of the 
foroes may be incrcaied or dimimlbed in a given ratio; and 
dienoe new immoTable orbits may be found in which bodies 
may revolve with new centripetal forces. 

Cor. 6. Therefore if there be eredled (PL 18, Fig. 3) the 
line VP of an indeterminate length, perpendicular to the line 
CV given by pohlion, and CP be diaw n, and Cp equal to it, 
making the angle VCp having agiven ratio to the angle VCP, 
the force with whicii a body may revolve in the curve line 
Vpk> which the point p is continually defcribing, will be reel* 
procalty as the cube of the altitude Cp. For the body P, bj 
its vis in€rli(c alone^ no other force impelling it^ will proceed 
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uniformly in the right Hue VP. ' Add, then^ a force fending U> 

the centre C itciprocaliy as the cube of the altitude CP or Cp, 
and (by what was jiilt demo nitrated) the body willdefle<51: from 
the redilmeai motion into the gurve line Vpk. but this 
curve Vpk is the iame with the curve VPQ found in cor. 3, 
prop, 41, in which, 1 faid^ bodies attraded with fiich fiimt 
would afcefid obliquely. 

PHOFOSITION XLV. PROBLEM XXXT. 
Tq JuiU the motion oj the ajijidcs in orkiU a^roaciuug x?/ry 

near to circles, 

This.problem is folved arithmeticaUy by redociiig the orbit, 
which a body revc^ving in a moveable eUififis Ou In con € and 
3 6f the above prop.) defcribes in ao hninovable plaoe^ to th^ 

figure of the orbit w hole aplidea are required; and then feek- 
ing the apfides of the orbit wljich that body defcribes in 
an immovable plane. But orbits acquire the fame %nn^ if 
the centripetal forces with which, they are defcbbed, oompar* 
ed between tbemielvesj are made pioportioiial ai equal aiti- 
tudes. Let the point V be the higheft apfis, and write T for 
the greateft altitude CV, A foi any other altitude CP or Cp, 
and X for the difference of the altitudes CV — CP,- and the 
force with which a body moves in an eihpiis revolvbg about 

FF 

its focus C (as in cor. 2)^ and which in cor. d was as -f 

RGG — RFF . ^ . FFA-f R GG^RFF . . , ^ 
» that is^ as ■■ ■ ^ ■ > by fabftitnt- 

. ^ A ni RGG— RFF + TFF— F FX 

mg 1 — Xior A, will become as ^ » 

In like manner any other centripetal force is to be reduced to 
, airiuftion whofe denominator is A^, and the nnmerators are 

to be made analogous by collating together the homologous 
. ' terms. Tliis will be made plainer by examples. 

£xAMPLB I* Let us fuf^Mie the ceatnpetal force to 

A' 

be uniform, and therefore as ^> or, writing T — X 

r A • . T — 3TTX -f 3TXX — 
for A m the numerator, as i " ^ ■ ■ 



Digitized by 



JC4 . MATHEMATICAL PRINCIPLES Book 1. 

T»— SlTX + STXX — ,^ .1 u ' 

• Then collaUng logelher the 

comefpondent terms of the numeratolv^ that is, thoft that 
coilfift of given quantities* with thofe of given quantities, 

and thofe of quantities not given with thofe of quantities not 
given, it w ill become KGG — HFF + TFF to T as — FFX 
to — STTX + 3TXX — X^ or as — FF to — 3TT + STX 
— XX* Now fince the orbit is fuppoied extremely near to 
i& circk, let it coincide with a circle ; and becaufe in that cafe 
K and T become equal, and X is infinitely diminiihed, the 
laft ration will be, as RGG to T^ fo — FF to — 3TT, or as 
GO to 11', fo FF to 3TT; and again, as GG to FF, fo TT to 
STT, that is, as 1 to 3; and therefore G is to F, that is, the 
angle VC^ to ifaa angle VCP, as 1 to ^3. Therefore fioce 
the body, in an immovable ellipfis, in deibending from tb^ 
upper to the lowei^ apfis, defcribes an angle, if I may fo f^peslk, 
of 180 de2^., the other body in a moveable ellipfis, and there*- 
fore in the immovable orbit we are treating of, will, in its de- 
icent from the upper Jto the lower apfis^ defcribe an angle 

1 80 

VCp of — - deg. And this comes to pafs by reafoa pf the 

likenefs of this orbit which a body adtcd upon by an uniform 
centripetal force defcribes, and of that orbit which a body 
performing itycircuiu in a revolving eilipfis will defcribe in a 
quiefceot plane* By this collation of the terms^ thefe orbits 
are made fimilar; not univerfally, indeed, but then only when 
they approach very near to a circular fignre. A body, there- 
fore, revolving with an uuituiui centripetal force in an orbit 

180 

nearly circular, will Always defcribe an angle of deg., or 

103 deg., 55 m.j 93 fee, at the centre; moving from the*iipper 
apfis to the lower apiis when it has once defcribed that angle, 
And thence returning to the upper apfis when it has defcribed 

that angle again; and fo on /// infinitum, 
Exam. li. Suppolie the centripetal force to be as any power 

A" 

of the altitude A, as, for example. A"—*, or -^j where n — 3 
and n fignify any indices of powers whatever, whether into- 
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gers Of fradlions, rational or furd, affirmative or negative. 

Tbat numerator A" or f — -Xj" being reduced to an indeter*' 
minate ferles by my method of tsonverging feries^ will become* 

— nXT«-« + XXT— % itc. And conferring: 

theie terms with the terms ot the other numerator RGG — 
BFF 4> IFF — FFX> it becomes as RGG — RFF <f TFF 

4o T\ fo — FF to — nT'^-' + XT"-», &c. And 

taking the laft ratios where tlie orbits approach to circles, it 
becomes as RGG to T", fo — FF to — nT** — *, or as GG to 
- », fo FF to nT" ~ " ; and again, GG to FF, fo 1° - ' to 
nT^ '*r % that is, as I to n ; and therefore G is to F, that is, the* 
angle VCp to the angle VCP, as 1 to v^n. Tberefbre fince 
Hie angle VCP^ defcribed in the defcent of the bodj'from the- 

upper apiis to the lower apfis in an ellipfis, is of 180 dfg., the 
angle VCp, dercribcd in the defcent of the body from the npj-^ 
per apfis to the lower apiis in an orbit nearly circular which 
A body ddbribjes'vmh a centripetal force tiropkittional td the. 

' 1 80 

|»wet;A'^===4>-w*ll be eqiialito an.angie of deg.,.alld^ihis 

angle being repeatetl, the budy will return from the lower to 
the upper apfis, and fo t)n in injinitutn, As if the centripetal 
force be. the ^iUaucc of Ijhe body from the centre^ that is, 

A* 

as A, or ^9 n will be equal to 4> and v^n equal to and 

fherelfiirk'' angle between the upper and the lower apfis 

» 

will, bG equal foi — deg., or QOdeg. TherefoK the body 

having performed a fourth part of one revolution^Mrill arrive at 
the lower apfis, and leaving p^ormed another foarth part, 
i^H urm-erM lhe npper Rpfifl,: and £o oti % liiims %n mfitdiuimi 
J*hi» appears alio from prop. 10. For a body acted on by 
this cjentripetal force will revolve in an iriunovublfe ellipfis^ 
whple cesjtre i^. the centre, of force. If the^ centripetal force 

1 A.* 

is reciprocally »is the diflance^ tbfit is, dircclly aj» or 
n will be eqnal to 2 ; and therefore the angle between the up* 
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180 

per and lower apfis will be deg., or 1 27 deg., l6 min., 

45 iec ; mid therefore a body revolvii^ with fuch a foroe, wUl> 

•by a perpetual repetition of this angle, move ialteraateiy frooft 

the upper to the lower and from the lower to the upper apfis 
forever. So, alfo, if the centripetal force be reciprocally as the 
biq^nadrate root of the eleventh power of the altitud^^ ^at i$g 

reciprocally aft A ^9 and, therefore, diiCiStly as j^^ * , or 

^) n will be equal to i, and deg* will be equal to $60 

deg.; and therefore the body partinj^ frnni i.he upper apfis, and 
from thence perpetually defcendtug, wiii arrivtt at the lower 
apfis when it bas completed one entire revolution^ and theooe 
afcending perpetoaUy> when it bas tompleted another eatin; 
revolution, it will arrive again at 'tbe upper apfis; aiidl>foaker« 
liAtely for ever. • ■ , 

Exam. 3. Taking m and n for any indioes of the 
powers oil the altitude, and b and c for aay given ouiu<« 

bers, fuppoie the ceotcjpetaLibrce to be as ^ ^ , tbatk^ 

b into T^=IX|'? c into T^Xl" , . . , ^ 
as or(^bythemelbodofconvejrg» 

. , . , . .. bT'»H.cT»-JttbX'l>-' ncXT--^ 

ing fcrics above-menUonea)as . j 



paring the terms of the numeraloi s, there will arife RGG — 
*RFF + TFF to bT"^ + cT" as— FF to — inbT*— ' — 

ncjn-' + £Si^bXT»-+2SZ:2cXT--%&c. And 

taking the laft siAioa that arlfe wtai the ntbils cm»^ a cir* 
cdar^tni, fchele win oomelbnfaOGtobT*-^^ 4-^-^*89 

FF tornbT- — ■+iicT°-'; and agam, GG to FF as bT 
4- cT"— ' tombT'» — ' + ncT" — '. This proportion, by ex- 
prefiing.the greateft altitude CV or T arithaieticaJJy by unity, 
beeomesj GG to FFas b 4- c to mb 4- nc, and therefore as I 
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to ^!LJL!!£« Whence G becomes to that is^ the angle 

VCp to the an^Ie VCP, as I to V ^^^^^ * And therefoic 

lioce the angle VCP between the upper and the lower apfis, 
in an immovable eiiiphs^ is of 180 deg., tiie angle VCp be- 
tween the fame ap6des in an orbit which a body defcribes with 

a centripetal force^ that is, as — jj— , wiU be equal to an 

b + c 

angk of 180 v" ^^ ^ deg. And by the lame xeafoning, if 

the centripetal force be at , the angle between the 

apfides will be found equal to 180 deg. After the 

fame manner the problem is folved in more difficult cafes. 
The quantity to which the centripetal force is proportional 
muft always be refolved into a converging feries whofe 4tm^ 
minator is A'. Theii the given pait of tlie numeMor arififig 
from that operation it to be fuppofed in" the fame ratio to that 
part of it which is not given, as the given part of this nume- 
rator RGG — RFF + TFF — FFX is to that part of the 
fame munerator which is not given. And taking away llie 
loperfluous quantities^ and writing unity for the proportion 
6f 6 to F is obuinedl 

' CoR. 1. Hence if the centripetal force be as any power of 
the altitude, that power may be found from the motion of 
the apfides ; and fo con trari wife. That is, if the whole an- 
gular motion^ with which the body returns to tlie fame apfis» 
, be to the angular motion of one revolution^ or 560 deg.^ «i 
any number as m to another as n, and the altitude calkii A $ 

the force will be as. the power A ^ -^3 of the altitude A $ 

tlie index of which power id — S. l%iaappeafsbydie lb* 

cond example. Henoe it is plain that the force in its leoefa 
ftoax the centre cannot decreafe in a gieater than a trifdicate 
ratio of the altitude. A body revolving with iudb a force^ and 
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parting from the apfis^ if it once begins to defccnd, cAn never 
aiii\e at the lower npiU or Icait altitude, but will defcend to 
the ceQtrc, delci ibing the curve line treated of in cor. 3, prop. 
41. But if it ihould, at its parting from the lower apiis, begin 
lo albeod liever fo little^ it will afcend in i^mtum, and never 
-come Id the upper -apiis; but will defcribe <be curve Kne 
fpoken of inr tfec fame cor., and cor. 6, prop. 44. So that 
where the force in its recefs from the centre dtcreaies in a 
greater than a triplicate ratio of the altitude, tlie body^atita 
parting from the ajpfis, will either defceod to the centre^ or 
'aicend in uffimtum, accordiag as it defceadsor afcenda at the 
beginning of its motion. Bat if the force in its recefs from 
the centre either decreafes in a lefs than a triplicate ratio of 
the altitude, or increafes in any ratio of the altitude whatfo- 
ever, the body will never defcend to tiie centre, but will at 
fome time drriyeat.the lower ^pfis ; and, on tbe^contrary, if 
jtbe |]»ody fdternate^ afcendiog mid defoetiding fro«i one apfif , 
la another nev^ cones to the oentn*j then either the force 
increafes in the recefs from the centre, or it decreafes in a lefs 
than a triplicate ratio of the altitude ; and the fooner the 
body returns from one apfis to auotiier, the farther is the ratio 
«yfjthe tbrces from the triplicate ratio. As if the body flioald 
jndbfxm to aod froni the upper apfis by an alternate defoent 
nad-aicent in 8 vevokitiotts, or in 4^ or 2, oc If ; that is, if m 
fhould be tu n as 8, or 4, or 2, or IJ to 1, and therefore' 

3 be ^ — S, or A — 3, or J — S, or f-'S; then 

* 

the force will be as A-^ — 3, or A^~ S| or A^ — 3, or 
A^ — 8; that is, it will be reciprocally as A' — ^ or 
A» ^V> A* — i» o«* A» — \. If the body after eack 

revolution returns to tiie iauic ap(ii>, aad the apds remains un- 

inlOvedy then m will be to n as .1 to 1, and therefore A^~^ — 3 

will be equal to A — or • and therefore tlie decrcaic 

of the forces 'will be in a duplicate ratio of the altitude ; as 

was demonltrated above. If the body m three fourth p;trts. 
Of tovo thirdij, or one third, or one fourth part of an eutire 
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levobKMj feturn to the fame apiis^ m will be to n as or 

nil tS.^t 

J or i or i to 1, and therefore A — 3. is e^ual to A , 



9 Ml 3 9p«»9 t^mmi 

or A ^ J or A ^ or A . and therefore the force is 

14. » . « ij 

either reciprocally as A or A , or dire<ftly as A or A • 
Lallly^ iftlie body in its progrefs from ihe upper apii:, to the 
fame upper aphs again, goes over one entire revohition and 
three degr'm<»«> and therefore that apfis iu each levolutioii of 
the body moves tbiree d^. in eottfcqwniia ; • then m will be to 
a 88 363 deg. to S60 deg.. or as 1^1 to 1120, and tfaerafoie 

X ^ a wtU be equal to A and therefore the cen« 

tripetal force will be recipibcaDy as A ^^^i or recipro- 
cally as A ^ ^very nearly. Therdbre the centripetal force 
dtoreafes in a ratio fomething greater than the dufi^icate ; but 
approachiog 59i times nearer to the duplicate than tlie tri- 
plicate. 

CoE. 2. Hence alfo if a body, urged by a centripetal force 
which is reciprocaUy as the il^uaie of the altitude, reYolves in 
an ellipfis whoTe focus is in the centre of the forces ; and a 
new and foreign force tSioald be added to or fnbdadled from 

this centripetal force, the motion of ihe 'apfides arifinp^ from 
that foreign force may (by the third exatnplt) be known; 

and fo oa the contrary. As if the force with which the body 
revolves in the ellipfis be as^j^ ; and the foreign force fub- 

A cA* 

ducted as cAi and therefore the remainbg force as <— ^ — i 

■Ihen (by the third exam.) b will be equal to 1, m equal to 1, 
and n equal to 4 ; and therefoie the angle^ cf revolution be- 

1 — c 

tweeathe aphdes iseq^ual to 180 v^YHTIJ^I^g^Suppofe that 

foreign force to be 357.45 parts lefs than the other force with 
which the body revolves in the eliipiis ; that is, c to be jij^ * 

1 — c 

A or T being equal to 1 i and then 180 ^ t — 7- will be 180 
Vol. L K 
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v^liiH or 180.7623, that is, 180 deg., 46 iiuii.^44 fee Ibm« 
foie the body, parting from the upper apfis^ will airive at tbe 
lower apiis with an angular motion of *1 80 min.^ 44 

fee. and this angular motion being rejjcatctl will return to the 
upper npfis; and tiiorcfoie the upper apfis in each revolutioa * 
will go forward 1 lieg., 31 iu.j 2d iec. The apils of the moon 
18 about twice as iVift. 

So much for the motion of bodies in orbits whofe planes 
pafs through the centre of force. It now remmns to deter- 
mine thofe moUuiiS) iii Lcccutncai ]>lviuc6. loi ihoie authors 
who treat of the motion of iieavy bodies ufed to coniider the 
afcent and defcent of iuch bodies^ not opiy in a perpendicular 
dire<5Uooj but at all degrees of obliquity upon any given 
planes ; and for the fame reafon we are to confider in this 
place the motions of bodies tending to centres by means of 
any forces whatfoever, when llioic bodies move in eccentrical 
planes. Tiiefe planes are fuppofed to be perfe6lly imooth 
and poliihed; fo as not to retard the motion of tbe bodies in 
the lead. Moreover^ in thefe demonlirations, infieadof the 
planes upon' which thofe bodies roll orflide^ and which are 
therefore tangent planes to the bodies, I Ihall ufe planes pa*» 
rallel to tliem, m which the centres of the bodies move, and 
by that motion de}( i ihe orbits. And by tlie fame method I 
afterwards determine the motions of bodies peribrmed ia 
curve fuperficies. 

SECTION X. 

Of the motion of bodies in given fuperficies, and of the reci^ 

procal ??iotion offnnependulou$ bodies. 

PROPOSITION XLVT. PliOBLEM XXXIL 
Anif hind of cetUriptial force being fuppofed, and the centre 

of force, and ar^ plane whatfoever in which the hoefy re^ 

vohe$, being given, and the quadraiuru ef mroiUmetr 
figures being allowed; it is required to determine the motion 
\ of a body goin^r off from a given place, with a given vclO" 

city, in the direction of a given right lint in that plane. 

Lets (Pi. 18, Fig. 4) be the centre of iknce, SCtheleaa; 
diftance of that centre from the given plane> P a body iirnin^ 
firom the place P iq thedixefiion of the ri^t line VZ, Q the 
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• 

fame body lievolving in its tnge^oiy, and PQR ihe tnye^tory 
itfeifwbidh is required to be found, defcribed in tbat given 

plane. Join CQj QS, aiul if in QS we take SV proportional 
to the centripetal force with which the hody is attracled to- 
* wards the centre S, and draw VT parallel to CQ, and meet* 
ingSp-in T; then will the force SV beiefolved into two (by 
cor. i, of the laws of motion), the force ST, and the force 
TV ; of which ST^ attra^ling the body ra the^dire6Uon of a 
hue perpendicular to that planCj does not at all change its 
motion in that plane. But tlie adlion ot tlie other force TV, 
coinciding witli the poiition of the plane itfeli^ attracts the 
body dire^y towards the given point C in that plane ; and 
therefbie canfes the body to move in this plane in the iame 
manner as if the force ST were taken away^ and the body 
were to revolve in free ipace about the centre C by means of 
the force TV alone. But there being given the centripetal 
force TV with which the body Q revolves ui tree ipace about 
the given centre C, there is given (by prop. 42) the trajeclory 
PQR which the body defcribes ; the place Q, in which the 
body will be found at any given time; and, laftly, the velocity 
of the bodv in that place Q. And fo c contra. Q.E.L 

IMiOPOSlTiON XLVIl. THEOREM XV. 
Suppofing tiie centripetal force to be proportional to the di/iance 
of the body from the certtre ; all bodies revolving m 
anyfUauB whatfoever wiU defetihe eUipfcs^ and eamphtc 
their revohUiont in epuil tmen $ and thofe which move in 
right lines, running baekward$ and forwards alternately, 
will complete their feveral periods oj going and returning in , 
the fame times, * 

Per letting all things iland as in the foregoing propofition> 
the force Sy> with which the body Q levolving in any plane 
PQR is attra^ed towards the centre S, is as the diftance SQ; 

and therefore becaufe SV and SQ, TV and CQ are propor- 
tional, the force TV with which the body is attra6led towards 
the given point C in the plane of the orbit is as tlie diftance 
CQ. Theretbre the forces with which bodies found in the 
plane PQR are attracted towards the point are in proper- 
tion to the diflances equal to the forces with which the fanie 
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bodies are altraded every way towards the centre S ; and 
therefore the bodies will move in the faine times, and in the 
fame figmes, in any plane PQR about the point C, as they 
* would do in free fpaces atoit the oentce S; and tliereibie(by 
cor. prop. 10^ and cor. 2, prop* 38) they wiU in etful 
times either defcribe eOipfes in that plane about the centre 
C, or move to and fio in right lines palFincr through the cen- 
tre C in that plane ^ completing Ike iatne period^i of time in 
all cafes. Q.E.IX 

SCHOLIUM. 

The afoent and de&ent of bodies in curve fiiperScies has a 

near relation to thefe motions we have been fpeaking of. 
Imagnie cua've lines to be defcribed on any plane, and to re- 
volve about any given axes pafiing through the centre of force^ 
and by that revolution to deicribe curve fuperficies ; and that 
the bodies move in fnch fort that their centres may he always 
Ibnnd in thofe faperfidet • If thofe bodies leciprocate to and 
fro with an obhq.ue afcent and defcent, their motions will be 
performed in planes pafiing through tlie axis, and therefore 
in the curve lines, by whofe revolution thofe curve fuperficies 
were generated. In thofe caies^ therefore^ it will be fiifficient 
to oonfider the motion in thoie curve lines. 

PROPOSITION XLVUr. THEOREM XVL 
IJ a xcht el Jlands upo)i the outfidt of a globe at right angles 
thenlo, and revolving about its own axis goes forward in a 
great circle, the length of the curvilinear path which any 
poini, given m the perimeter thewkeei, hath deferibed 
fnee ike time thai it tmtched the globe (wMek ewrmUifear 
path we may caU the cycloid or epicycloid), will be to dou- 
ble the verfed fine of half the arc which fincc that time has 
touched tJw globe in pajjing over it^^as tlie fum of tlit dia* 
meters of the globe and the wheel to the feim-diameter of 
the globe* 

PROPOSITION XLIX. THEOREM XVH. 
If a wheel Jtand upon thcinfide of a concave globe at right iwi- ' 
gles thereto, and revolving ah out its own axis go forward im 
one of the great circles of the globe, the length of the curvi^ 
lincurpath which iny point, ffven in the perimettr of ike 
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wkui, kath defended fime U iauckd tib globe, mil be to 
ikg daiSle of the terfed fine o/halfihe mre which in all that 

time has louchcd the globe in pajjlug oicr it, as the difference 

of the diameters of the giobe and the wheel to the femi-dia^^ 
• meter of Uw globe, 

IietABl4(Fl. J9j F%« 1^ e^) be the globb^ C itis centre^ 
BFV the wheel hififtbg thenon, B the centre of Uie wheels ^ 
B .the {Knot of eonta^, and P the given point in the perimeter 
ot the wheel. Imagine this wheel to proceed in the great 
circle ABL from A through B towards and in its progrels 
toierolve in fueh a manner that the arcs AB> PB may he al« 
yfrwjt equal the one to th^ other, and the given point P in th^ 
fierimeter of the wheel maj defciihie in the mean time the cor- 
iriliiiemrpath AP« Let AP he the whole eiirrtlinear path de- 
fcribcd fi nee the wheel touehed the globe in A, and the length 
of this path AP will be to twice the verfed fine of the arc 
l-PB 2CE to CB. For let the right line CE (prodaced 
if need be) me<»t the wheel in and join CP, BP^ EP^VP; 
pToduce CP, and tetfall thereon the perpendicular VF. Let 
PH^ VH, meethig in H, toteefa the circle in P and and 
let PI I cut in G, and to VP IcL fall the perpendicnlars 
GT, HK. From the centre C with any interval let^here be 
defcribed the circle nom, cutting the right line CP in n, the 
perimeter of the wheel BP in o, and the cordlinear path AP 
in m ; and froin the oentie V with ihe inlerval Vb let thei« 
be defcribed a circle catting VP produced in 

Becaufe the wheel in its progrefs always revolves abont the 
point of conta^ B, it is mamfeft that the right line BP is 
perpendicular to that curve line AP which the point P of the 
wheel defcribeSj and therefore that the right line VP will 
touch this carve in the point P. liet the niidtaa of the cirde 
nom be gradoalty increafed <*r diminiihed lb that at laft it 
become equal to the diftance CP ; and by reafon of the fimi- 
litude of the evanefcent fi^re Pnorruj , and the figure PFGVI, 
the ultimate ratio of the evaueicent lineola^ Pm, Pn, Po, P<|, 
thatis^ the ratio of the momentary mutations of the curve 
AP, the right Jine CP^ the cufcnlar arc BP> and the right 
line VP, will be the fame asofthelmeaPV, PF, PG^ PI^ 
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refpeaiTely. But fince VF is pecpendicalar to OF, and VH 
to CV, fmd therefore the angles HVG, VCF eqiial ; aod the 

angle VilCi (becaure the angles of the quadrilateral figure 
HVEP are right in V and P) is equal to the angle CEP, the 
triangles VHG, CEP will be limiiar ; and thence it will come 
• to pafs that as EP is to CE fo is HG to HV or HP, and fo 

^ Kl to KP> and by compofitioa or diviiion as CB to C£ fo is 
PI to PK^ and doubUng the confequents as CB to £C£ fo 
PI to PV, and fo is Pq to Pm. Therefore the decrement of 
the line VP, that is, the increment of the line BV — VP to 
the increment of the curve hue AP is in a given ratio ot CB 

^ to 2,CE, and theiefb(^ (by cor. lenu 4) the lengths BV — VP 
and AP, generated by thole increments, are in the fame ratio. 
But if BV be radius, VP is the cofine of the angle BVP or 
■|BEi, and therefore BV — VP is the verfed line of the i;iine 
angle, and therefore in this wheel, whofe radius is -^iiV, BV 

. — VP will be double the veriied fme of the arc ^BP. There* 

' fore AP is to double the verfed fine of thearc iBP as 2C£ to 
CB. Q.E.D. 

The line AP in the former of thefe proportions we (hall 

name the cycloid without the globe, the other in the latter 
propoiiLiou the cycloid within the globe, tor diiiiiuction fake. 

CoR. 1. Hence if there bedelbribed the entire cycloid ASL, 
and the fame be bifedied in the length of the part PS will 
be to the length PV (which is the doi]d>le of the Une of the 
angle VBP, when EB b radius) aa £CE to CB, and therefore 
in a given ratio. 

Cor. 2. And the length of the femi-penmeter of the cycloid 
AS will be equal to n ri^ht lin^ which is to the diameter of 
the wheel BV as 2CE to CB. 

PROPOSITION L. PROBLEM XXXIII. 
To caufe a pendulous body to ofcillate in a given cycloid. 

Let there he jjiven within the globe QVS (PI. 19, Fig. 3), 

defcribed with the centre C, the cycloid QKS, bifeded in R, 

and meeting the fuperiicies of the globe with its extreme 

points Q and S on either hand. Let there be drawn CR bi« 

feeing the arc OS in O, and let it be produced to A in fach 

fort that CA may be to CO as CO to CR. About the ceatce 



Digitized by Google 



' SeB* X. OF NATURAL PHILOSOPHY. IS5 

C> with the interval CA. let there be defcribed an exterior 
globe DAF ; and within this globe, by a wheel whofe dia^ 

meter is AO, let there be defcribed two fenii-cycloids AQ, 
ASj touching the interior globe in Q and S, and meeting the 
exterior globe in A. From that point A, witli a thread APT 
in.Ieogth equal to the line AR» let the body T depend^ and 
ofcillate in fach manner between the two femi-cyloids AQ; AS, • 
that, as often as the pendulum parts from the perpendicular 
AU, the upper part of the thread AP may be apphed to that 
femi-cvcloid APS towards whicli the motion tends, and fold 
itfelf round that curve line, as if it were fome folid obfUuslej 
the remaining part of the fame thread PT which has not yet 
touched the femi-cycloid continuing ftraight. Then will the 
weight T ofcillate in the given cycloid QRS. Q.E.F. 

For let tlic thread PT meel the cycloid QRS in T, and the 
circle QOS in V, and let CV be drawn ; and to the re6lilinear 
part of the thread PT from the extreme points P and T let 
there be eredled the p^pendiculars BP, TW, meeting the 
right line CV in B and W. It is evident, from' the conftnie- 
tion and g^i^eration of the fimilar figures AS, SR, that thofc 
perpendiculars PB, TW, cut off from CV the lengtlks VB, 
V\V equal the diameters of the wheels OA, OR, There- 
fore TP is to VP (which is double the fine of the angle VBP 
when «BV is radius) as BW to BV,or AO + OR to AO, that 
is ((ince CA and CO, CO and CR, and by divifion AO and 
OR aie proportional), as CA'^-f CO to CA, or, if BV be bi- 
fe6led in E, as 2CE to CB. Therefore (by cor. l, prop. 4y), 
the length of the rcdlliuear part of the thread PT is always 
equal to the arc of the cycloid PS, and the whole thread APT 
is always equal to the half of the cycloid APS, that is (by cor. 
2» prop. 49), to the length AR. And therefore contrai-iwife, 
if the firing reibain always equal to the length AR, the point' 
T will always move in the given cycloid QUS. Q,E.D. ' 

Cor. The firing All is equal to the femi-c-vcloid AS, and 
therefore has the fame ratio to AC the femi-diameter of the* • 
exterior globe as th^ like femi-cycioid^ SR has to CO the 
femi-diameter of the interior globe. 
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PROPOSITION LI. THEOREM XVIII. ' 

Jf a centripetal force taiding on all fides to the centre C of a 

globe (FL 19, Jb'ig, 4), he ni ail places as the dijtance of the 
place from the centre, and hf this force aUme aBing ti^Mn 
it, the bodsf T ofciUate (in the manner above defcribed) in 
the perimeter of the cycloid QRS ; / fay, that all the oJciU 
^ lathing, how uiit^aal Jocicr in thanJcLcs, will be performed in 
equal times. 

For upon the tangent TW infioitely produced let fall the 
perpendicular CX, and join CT. Becaufe the centripetal 
force with which the body T is impelled towards C as the 

diftance CT, let this (by cor, Q, of the laws) be refolved into 
the parts CX, TX, ot \viiich CX impelling the body dire6tly 
from P Ihetches the tlircad PT, and by the refiftance the 
thread makes to it is totiilly employed, producing no other 
effe&; but ^he other part TX, impelling the body tranfverfelj 
or towards X, diredly accelerates the motion in the cycloid. 
Then it is plain that the acceleration of the body, propor- 
tional to this accelcratinc^ force, will be every moment as the 
length TX, that is (becaule CV, WV, anrl TX, TW pro- 
poiiional tq them ar« given), as the length TW, that is (by 
cor. I, prop. 49% ^& the length of the arc of the cycloid TR, 
If therefore two pendulums APT, Apt, be unequally drawn 
afide from the pei"pendiOular AR, and let fall together, their 
accelerations will be always as the arcs to be deft ri bed TR, 
tR. But the parts deicribed at tbe^b^gmmug of the motion 
are as the accelerations, that is^ as the wholes that are to be 
. defcribed at the beginning, and therefore the parts which le- • 
main to he defcribed, and the fubfequent accelerations pro- 
portional to thofe parts, are alfo as the wholes, and lo on. 
Therefore the accelerations, and confequently the velocities 
generated, and the parts deicribed with thofc velocities, and 
the parts to he defcribed, are always as the wholes ; and there- 
. fore the parts to be defcrilvcd preferviag a given ratio to each 
other will vanifh together, that is, the two bftdies ofeiUating 
^ will arrive togetlier at Llie perpendicular AR. And fince on 
the oiber band the afcent of the pendulums from the lowefl 
place R through the £me cjcioidal arcs with a retrograde 
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motion, is retarded in the feveral places they pais through by 
the lame forces by which their deicent was accelerated; it is 
piaiu that the velocities of their afcent and defcent through 
Ihe fame arcs are equal> and confequently perfonned in equal 
times; and, theiefore^ fince the two parts of the cycloid RS 
and RQ lying on either fide of the perpendicular are fimilar 
and equal, the two pendulums wiil perform as well the ^ 
wholes as the halves ol their ofciiiatious in the fame times* 
Q.E.D. ■ 

Cor. The force with which the body T is accelerated or 
retarded iii any place T of the cycloid> is to the whole weight 
of the fame body in the higheft place S or Q as the arc of 
the cycloid TR is to the arc SR or QR. 

PROPOSITION LIL PROBLEM XXXIV. 
To d^n€ the velocities of the pendalums in the Jhverai jda€e$^ 
and the timet in wHek both the entire ofciilatiom, and the 
Jevtrai parts of them are performed. 

About any centre G (PI. iiO, Fig. 1), with the interval GH 
equal to the arc of the cycloid RS, dcfcribe a iemi-circle 
jtiKM bife^ted by the femi-diameter GK. And if a centrir* 
petal force proportional to the difbance of the places from the 
eeiitiie,tend to the centre G, and it be in the perimeter HIK 
equal to the centripetal force in the perimeter of the globe 
QOS tending towards its centre, and at the fame time that 
the pendulum T is let fall from the highell place S, a body, 
as i$ kt fall from H to G^ then becaufe the forces which 
a6t upon the ^bodies are equal at the beginning, and 
dways proportional to the fpaces to be defcribed TR^ LG> 
and therefore if TR and LG are equal, are alfo equal in the 
places T and L, it plain thai thole bodies defcribe at the 
beginning equal fpaces ST, HL, and therefore are ftill ac^ted 
upon equally, and Gontinae to defcribe equal I'paces. Thore- 
fore by prop. SB, the tune in which the body defcribes the 
arc ST is to the time of one ofciUation^ as the arc HI the 
time in which the body M arrives at L, to the femi-periphery 
HKM, the time in which tlic body H will come to M. And 
the velocity of the pendulous body in the place T is to its 
velocity in the loweii; place R^ that is> the velocity of the 
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body H in the place li to its velocity in the place G, 
or the momentary increment of the line HL to the 
momentary increment of the line HG (the arcs HI^ HK 
rncreaftng with an e quahle flux) a s the ordinate LI to the 
radius GK, or as \/SR* — TR* to SR. Hence, fin ce in 
unequal oicillalions there are dei'cribed in eqnal time arcs pro- 
portional to the entire arcs of the ofcillations, there are 
obtained from the times given, both the velocities and the 
arcs defcribed in all the ofcillations univerfaliy. Which was 
firft required. 

Let now any pendulous bodies ofcillule in different cycloids 
defcribed within different globes, whofc a])rolute forces are 
alfo different; and if the abfolute force of any globe QOS 
be called V, the accelerative force with which the pendulnm 
is adbed on in the circumference of this globe^ when it begins 
to niove dire^lly towards its centre^ will be as the diftance of 
the pendulous body from that centre and the ablulute force 
of the globe conjun(5lly, that is, as CO X V. Therefore the 
lineolae HY, which is as this accelerated force CO x V, will' 
be defcribed in a given time;- and if there be ere&ed the* 
perpendicular YZ meeting the circumference in Z, the nafcent 
arc HZ will denote that given time. But that nafcent arc 
HZ is in the fubduplicate ratio of the reclangle GHY^ and 
therefore as '^GH x CO x V. Whence the time of an entire 
ofcillation in the cycloid QRS (it being as the femi-)periphery 
HKM, which denotes that entire ofcillation^ 'diredly; and 
as the arc HZ which in like manner denotes a given time in- 
verfely) will be as Gil diredtly and v^Gli X CO X V inverfe- 

SR 

Jy i that w, becaufe GH and SR are equals as y^— » 

or (by. cor. prop. dO) as ^ Therefore the oi'cii- 

lations in all globes and cycloids, pLiforincd with what al){o- 
Inte forces foever, arc in a ratio compounded of the fubdupH- 
catc ratio of the length of the firing direiSlly, and the fub- 
duplicate ratio of tlie diftance between the point of fufpea* 
iion and the centre of the globe inverfely^ and the fabdu-^ 



Digitized by Google 



Se3,X, OF NATURAL IPHILOSOPHT. ?39 

plicate ratio of the ahiblute ibrce oi the globe inverfely alio. 
Q.E.I.,. 

Cob. 1* Hence aUb the times of ofdliating, falling, and 
fevdving bodies may be compared among themfelves. For 
if the diameter of the wheel with which the cycloid is de- 

fcribed within the globe is fuppofed equal to the femi-diame- 
ter ot the giobe, the cycloid will become a right line pailing 
through the centre of the globe^ and the ofcillation will be 
changed into It defcent and fubfequent afcent in that right 
line. Whence there is given both the time of tbe defcen^ 
-Irom. any place to the centre, and the time equal to it in 
which the body revolviiig unitoimiy about the centre of the 
globe at any diftance defcribes an arc of a quadrant. For 
this tiiBi& (by caie £) is to the time of half the ofciilation in • 

AR 

tmy cycloid QRS as 1 to V^jg* 

Cob.* It. Hence aKb follow what Sir Chrifiepher Wren and 

M. Huygem have difcovered concerning the vulgar cycloid. 
For if the diameter of the globe be inhnitely increafed^ its 
fpbaerical fa{>erficifes will be changed into a plane, and tha 
centripetal' 'force will a& .walbrmly in the direction of liiw| 
perpend^cnkr to tbat plane^'and this cycloid of oar's will be* 
come the fame with the coalkmon cycloid. But in that caie 
the length of the arc of the cycloid between that plane and 
the defcribing point will become equal to four times the 
Terfed fine of half the arc of ^he wheel between the lame 
plane, and the defcribing point, as was difcovered by Sir 
Chriftophtf Wren* And a.pendolnm between two fnch ej^ 
cloids will ofcillate in afimtlar and eqnal cycloid in equal times, - 
as M. IJui/gens demonftrated. The defcent of heavy bodies 
alfo in the time of one ofciUatiou will be the lame as M. Hu^- 
gem exhibited. 

The propofitipns here demonilrated are adapted to the true 
confiittttk>n of the £artli> in fo far as wheels moving in any of 
its great circles will defcribe, by the motions of nails fixed in 
their perimeters, cycloids without the globe; and pendulums' 
in mines and deep caverns of the Earth, muft ofcillate in cy- 
cloids withm the globe^ that thofe oiciUationa may be per- 

* 
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Xormed in equal times. For giavity (as will be ftiewn in the 
third book) decreafes in its progrefs from the iuperficieBof the 
Bartk; upwafds in a dupKoate ratio of the diftance* from the 
centre of the earth; downwaide in a fimple ratio of the fame 

PROFOSfTlON LTTL PROBLEM XXXV. 
Granting the quadratures of curvilineurjigures, it is requir-' 

id to find the farcet with which bodies moving in given 

curoc ttna mmf mliW0aft perfmn tkdr rfdiiatmm m tftiAl 

Let the hody T (PI. 9.0, F!^. 9) of^nllale In any corve line 
STRQ, whofe axis is AR paiiiiig through the centre of force 
C, Draw TX touchiog that carve in any place of the body 
T, and in that tangent TX lake TY equal to the arc TR. 
The length of thai aro ia khbwn fidni the omopon methada 
ufed for the qnadratares of figures. From the p«»nt Y dramr 
the right line YZ perpendicHlaftr to the tangent. Draw CT 
mcetiri^j that j>erpendicular in Z, and tiie centripetal iorce 
will he proportional to the right line TZ. Q.E.L 

for if the fbrae with which the body is attra6led firom T 
'lOTMdi 6 be exptfefled bj* tbe right line TZ laken prapoor* 
'tiaoal to tt« that focoe will be velblved into twofbhsteTY, YZ, 
oH wbioit YZ drawing the body in the direction of the length 
of the tl c'^ad PT, does not at all change its motion; whereas 
.the oth<^i: .uce TY dire6lly aocelcrates or retaids its motion 
m iht cvr^er STRQ. Wherefote fince that force k as the 
IjpeDe t6 ^ defdribed TR^ the aooekrationa ar letdrdatioiis 
af. tfa^ body in defcribiag two proportional parts (a greater 
4nid.il le&)of two ofcillations^ will be always as thofe parts^ 
and therefore will caufe thole parts to be deici ibed together. 
.But bodies which continually defcribe together parts propor- 
tional to the wfaoka, mil defaribe the wholes fcc^ther alio. 

Con. 1. Hence if the body T (PL dO, Fig. 3), iMnging hy 
• re&ttinear tfavead AT from the centre A, defcribe the cir- 
cular arc STRQ, and in the mean time be acted on by any 
force tending downwards with parallel directions, which is to 
the uniform force of gravity as the arc TR to its ine TN, the 
tiraea of the ^feval oiciiiatioQs mil be equal, tat beeanfe - 
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TZ, Ait ate paralH the taang^ ATN, ZTY ate iiimkr; 

and thercfure TZ will be to AT as TY to TN; that is, if the 
uniform force oF gravity be cxpreli'ed by the given length AT, 
the force TZ, by which the ofcillations become ifochronous, 
will be to the force of gravity AT^ as the arc THeqaaL toTV 
is to TN the fine of that aic. 

Cor. 2. And therefore in doeks, if fbroes were kapgdSsd 
hy fome machine upon the pendulum which prefcrvcs the 
motion, and fo compounded with the force of gravity that 
the whole force tending downwards ihould be always as a hue 
produced hy applying the re^angle aader the arc TR aaA 
the radiiiB AR to the fine TN> all the oldikitiont. wiU become 
iCbdHonoot. 

PROPOSITION LIV. PROBLEM XXXVL 
Granting the quadratures o f curviiinear Jigures, it is required 

to find the times in which bodies by mcan& of asu^ cetUfi* 

petal farep wiil defcend or afcrnd in aa^ curve Una dv** 

farihed in aphnc jp^ffing through the centre cffbttk. 

Let the body defoend ftom any place S (BL dO;, Fig. 4), 

and move in any curve STtR given in a plane puffing throui^h 

the centre of force C. Join CS, and let it be divided into 

innumerable equal parts^ and let Dd be one of thofe parts. 

From the centre C, with the intenrais CD, Cd^ let the circles 

DTy dt be defcribed, meeting the carve line STtR in T and t. 

And becauie the law of centripetal force is given, and aHb 

the altitude GS from which the body at firft fell, there will 

be given the velocity of the body in any other altitude CT (by 

prop. 39)- But the time in which the body defcribes the 

lineolas Tt is as the length of that lineolac, that is, as the 

fecant of the angle tTC dire^ly, and the velocity mverfidy. 

Let the ordinate DN^ proportional to this time, tie madepeiw 

pendicular to the right line CS at the point i), and becauie 

Dd is given, the re6langle Dd X DN^ that is, the area DNnd, 

will be proportional to tb. fame time. Therefore if PNn be 

a curve line in which the point N is perpetually found, and 

its afjrmptote be the right line SQ ikaiding upon the line 

CS at right angles^ the area SQPND will be proportiooa} to 

' the tioie in which tlie body in its dcfecnt ijiath (jciciibed the 
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line bX; and therefore that area beiog founds the time is alio 
given* Q.E.I. 

PROPOSITION LV. THEOREM XIX. 
If a body move in' any curve fuperfkks, whoj'e axis paffes 

through the centre of force, and from the body a perpendi- 
cular be let fall upon the axis; and a line parallel and 
equal thereto be drawn from an^ given point of the axi^ i 
I fay, that this parailel line wiU defcribe an area proper^ 
' iicnal to the time. 

Let BKL (PL 90, Fig. 5) be a carve faperficies, T a body 
revolving in it, STR a trajectory which the body defcribes in 
the lame, S the beginning of the tiajectory, OMK the axis of 
the curve fupeificies, TN aright hne let fall. perpendicularly 
from the body to the axis; OP a line parallel aod equal 
diereto drawn from tbe given point O in the axis; AP 
the orthographic proje^on of the trajedory defcribed by the 
point P la the plane AGP in which the revolving line UP is 
found; A the beo:inningof that projef^iou, arifwenng to the 
point TC a right Une drawn from the body to the ceutic; 
TG a part thereof proportional to the centripetal force with 
which the body tends towards the centre C; TM a right line 
perpendicular to the curve fuperficies; TI a part thereof pro^ 
porlional to the force of prcllurc w iih which the body urges 
the fuperficies. and therefore wiili which it is again repelled 
by the fuperficies towards M ; PTF a right line parallel to tbe 
axis and paffing through the body, and GF, IH right lines let 
fall perpendicularly irom the points G and I upon that parallel 
PHTF. I fay, now, that the area AGP, defcribed by the 
radius OP from the beginning of the motion, is proporlioniil 
to the time. For the force TG (by cor. d, of the laws of mo- 
tion) is reiblvcd into the forces TF, FG; and the force TI into 
the forces TH, HI; but the forces TF, TH, aaing in the 
diredUon of the line PF perpendicular to the plane AOP, in- 
troduce no change in the motion of the body but in a ditec- 
ti(jn perpendicular to that plane. Therefore its motion, fo far 
as it iias the fame direction with the pofition of the plane, that 
is, the motion of the point P, by which the proje<^on AP of 
the trajedbry is defcribed ia that plane^ is the fame as if the 
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Ibrces TF, TH were taken away, and the t)otly were adcd on 
by ihe forces FG^ HI alone ; that is, the fame as if the body 
were to deferibe m the plane AOP the curve AP by means of 
a oentripetal force tending to the centie O;^ and equal to the 
fum of the forces F6 and HI. But with foch a force as that 
(by prop. 1) the area AOP wiii be defer ibed proportional to 
the time. Q.E.D. 

Co a. By the fame reaioningy if a body, aded on by forces 
tending to two or more centres in any the fame right line CO,' 
ihonld defcribe in a free fpace any curve line ST, the area 
AOP would be always proportional to the time. 

PROPOSITION LVI. PROBLEM XXXVII. 
Granting the quadratures of curvilinear Jigures, and fuppofhig 

that thert are given both die law of centripetal force lending 

* lo a groen centre, and the curve fuperficies whofe axUpaJ^ 

through that centre ;itk required to find the traje&ory which 

a body will defcribe in that jvperficies, when going off from 

a gitcn place with a given vdocili^f and in a given dirttiiou 

in that fuperjicies. 

The iaii coDiirudion remaining, let the body T go from 
the given place S (PL 20^ Kg. 6), in the dire^ioa of a line 
given by pofition, and turn into the traje^ry fought STR, 
whofe cMtfaographic proje6Hon in the plane BLO is AP. And 

iioiii the given velocity oftlic body in the altitude SC, its ve- 
locity in any other .iltitude TC will be alio given. With that - 
velocity^ in a given moment of-time^ let the body defcribe the 
particle Tt of its trajedory^ and let Pp be the proje^ion of 
that particle defcribed in the plane AOP. . Join Op; and a 
little circle' being defcribed' upon the curve fuperficies about 
the centre T with the intci val ll, let tlic projection of that 
little circle in the plane AO? be the elliphs pQ. And be- 
caufe the magnitude of that little circle Tt, and TN or VO 
its diftance from the axis CO is alio given, the eliipiis pQ 
win be given both in kind and magnitude, as alfo its polition 
to the right line PC. And fince the area POp h proportional 
iu tlictime, and Lhcrelore given beeauie the time is given, the 
angle POp will be given. And thence vnli be given p the . 
common iateife^n of the eliipiis aud the right line Op> tOf- 
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gelher with the migle OPp, in which the projedion -APp of 
the trajedory cuts the line OP. But from iheace (by con- 
ftrrmg prop. 41 j with ki 2d cor.) the inaniier of delemuQiiig 
the enrve APp eafily appeen. Then firom the ibveral points 

P of that piujedion ereding to the plane AOP, the perpen- 
diculars PT iTi( etinsj ihe curve fuperficies in T, thtae wUl be 
given the ieveiai points T of the trajedtory. Q.E.I. 

SECTION XI. ' 
Qf lAtf m^iimtt of botUa taukmg to emeh other wUk eentripetml 

fortet* 

I have hitherto been treating of the attra6lions of bodies 
towards an immovable centre ; though very probiibly there 
ia no luch tbmg exiilent iu nature. For attractions are made 
towards bodies, and ihe ftdiona of the bodies attraded and 
olttamG&ag aie always reciprocal and eqoal, by law S ; ib thai 
if there are two bodies, neither the atteaded nor the Atlni^Bng 

body IS truly at rult, but both (by cSOT. 4, of the laws of mo- 
tion), being as it were mutually attra(itcd, revolve about a 
common centre of gravity. And if there be more bodies^ 
which are either attra<5ied by one Angle one which is attraded 
by them again, or which, all- of them, attraA each other 
mnlnally ; thefe bodies will be fo mo^ among themleWer, 
as that their common centre of gravity, will either be at reft, 
or niove uniformly lorward in a right hne. I fhall therefore 
at preient go on to treat of the motion oi. boches mutoaUy at* 
trai^g each other ; oonddering the centripetal forces as ait- 
tmtfons; though perhaps in apbyfical firidbie& they msHf 
more truly be called impolfes. But thefe propofitions are to 
be conlidered as purely mathematical ; and therefore^ laying 
ahde ail pliylical conlirlcrations, I make ufe of a familiar 
way of ipeaking, to make my£idif the more eaiUy imderik>od 
by a mathematical reader. - 

PROPOSITION LVIL THEOREM XX, 
' Two todies attraQing each other mutualiy dtfcriht fimiimr 

figures about their cQimiou centre of gravitt/, and about e<ich 

othfr /nutuaii^, 

I'qx the di&ances of the bodies from their common centre, 
of ifrnvity are ledpiiocally as the bodies; and tberefoge m » 
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given ratio to each other ; .and thence, by compoHtion of jra- 
tios, in a given ratio to the whole diftance between the bodies. 

Now thefe diftances revolve about their common term with 
an equable angular motion, becaufe lying in tbe fame rigbt 
line they never change their incUnaUon to each other mu- 
taaliy. But right lines that are in a given ratio to each other^ 
and revolve about their terms with an eqnal angular motionj ' 
•^fcribe upon planes, which either reft with, thofe terms, or 
move with any motion not angular, figures entirely (imilar 
round thole terms. Therefore the figures defcribed by the re- 
volution of thefe diftances are funilar, Q.E.D. 

PROPOSITION LVIU. THEOREM XXI. 
If two bodies attroB eacJi other mutuality with forces of any 

kind, and in the mean time revolve about the common centre 

of gravity ; I fay, that, by the fame forceSy there may he de- 
fcribed round cither i/udi/ imDiovcd a figure fimilar and equal 
to t^i€ Jigures which the bodies fo moving defer ibe round each 
other mutually, 

< Let the^bodies S and P (PI. 20, Fig. 7) revolve abput their 
common centre of gravity proceeding from S to T, and 

from P to Q. From the given point s let there be continually 
drawn sp, sq, equal and parallel to SP, TQ;. and the curve 
pqv, which the point p defcribes in its revolution round the 
immovable point s, will be fimilar and equal to the curves 
.which* the bodies^S and P defcribe about each other mutually ; 
and therefore, by theor. 20, fimilar to the curves ST and PQV 
which the fame bodies defcribe about their common centra of 
gravity C \ and that becaufe the proportiuus oi the lines SC, ' 

^ CP, and SP or sp, to eacli other, are given. 

•Cas£ 1« The common centre of gravity C (by cor. 4, of 
the -laws of motion) is either at refb, or moves uniformly in 
.a right line. Let us firft fuppofe it at reft, and in s and p let 
•there be placed two bodies, one immovable in s, the other 

' moveable in p, limilar and equal to llic bodies S and P. Then 
let the right hnes PR and pr touch the curves PQ and pq in 
P and p^ and produce CQ and sq to R and r. And.becaufe 
the £gures CPRQ, sprq are fimilar, RQ.will be to rq as CP 
to 8p> and therefore in a given ratio. Hence if the force with 
Vol. I. L 
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whicli the body P is attraded towards the body S, and by 

coniecjuence towards the intermediate point the centre O, 
were to the force with which the body p is altra^ed towards 
the centre s, in the fame given ratio^ thefe forces would in 
^ual times attmdi the bodies from the tangents PR, pr to the 
arcs VQ, pq, through the intervals proportional to them BQ, 
rq ; and therefore this laft force (tending to s) wooM make llife 
body p revolve in the curve pqv, which would become finiilar 
to the curve PQV, in which the firfl force obligees the body P 
to revolve; and their revolutions would be completed in the 
fame times. But becaufe tho^e forces are not to eacli other ih 
the ratio of CPtosp, bat (by 'ieafon of the iimilarity and 
equality of the bodies S and S> V and *p, knd the equality of 
the diftances SP, sp) mutually equal, tlic bodies in equal times 
will be equally drMwn from the tan<Tenfs ; and thei efore that 
the body p may be attra(!;ied through the greater interMil rq, 
there is required a greater time^ which wiU be in the fubdu* 
plicate ratiox>f the intervals ; becaufe, by lemma id, the fpaces 
defcribed at the very beginning of the motion are in a dupli- 
cate ratio of the times. Suppofe, then, the velocity of the body 
p to be to the velocity of the body P in a fubduplicate ratio of 
the diltance sp to the diilance CP, fo that the arcs pq, PQ, 
which are in a fimple proportion to each other, may be de- 
fcribed in times that are in a fubdnpltcate ratio of the diftances; 
and the bodies T, p, always attra^ed by equal forces, wUl ife- 
fcribe round the quiefcent centres 'C and s fimilar figures 
PQV, pqv, the latter of which pqv is fimilar and equal to tlfe 
figure which the body P def^pribes round the moveable body 
Q.E.D. 

Casb S. Suppofenow that ibe common' centire ci 'gmbj, 
together with the l^ate in wbidi the bodies ate mored amttag 
themfolves^ proceeds uniformly in a right line; and (byoolr. 

C, of the laws of motion) all the motions in this fpace will be 
performed in the fame manner as before ; and therefore the 
bodies will defcribe mutually' about each other the fame fi- 
gtues as before, which will be therefor^ fimilar and equal ta 
the figure pqv. Q,£.D. 
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Cor. 1. Hence two borlics attra<9:ing each other with forces 
IHToportional to tbek diitance, defaibc (by prop. 10) both 
fOttnd their conmion centre of gravity, and round each otber 
mufvsUyj conoeDtricalelUpfea; and, vice terfa, if facfa figoies 
tie defcribed, the forces are proportiona] to the diftancea. 

Cor. 2. And two bodies, whole forces arc reciprocally pro- 
portional to the fquare of their diliaace, defcribe (by prop. 
11, IS, 13)> both round Uieir common centre of gravity, and 
found each otbise mulually, conic SiB£dan$ having theur focus 
ill the centre abopt which the figures are 'defcribed. And, 
mee verfs, if filch figures ate defcribed, the centripetal forces 
are reciprocally proportional to the fquares of the diilance. 

CoR. 3. Any two bodies revolving round their common 
frentre of gravity defcribe areas proportional to the times^ by 
jadii driiwa both to that centre and to each otiier mutually, 

PBOFOSmON LIX. THEOREM XXIL 
I%eperiodie Hme of two bodie$ S and P revolving roufid their 

common centre of gravity C, m to the periodic time of one 
of the bodies P revolving round the other S rcmaijung un- 
moved, and defcribiiig a figure Jimilfir Oft^ equal to thofc 
' which the bo^u$ defcribe about each other mutually, in a 
fuUnpUeaU rafio tfthf othr bod^ Sti» the fum of the bo- 
dtcsS^P. 

For, by the demonftration of the lail propofition, the times 
in which any fmiilar arcs PQ a.nd pq are deferibed are in a 
fttbduphcate ratio the dillances CP and SP, or sp, that is, 
in a fubduplicate ratio of the body S to the fum of the bodies 

4* P* And b|y compofition of ratios, the JCnms of the times 
in wbieh all the )6p3«r fmi PQ and pq aredefcribed, thatis, 
whole times in which the whole fimilar figures axe defcribed, 
.are iajthe fame fubduplicate ratio. Q.E.D. 

PROPOSITION LX. THEOREM XXIII. 
If two bodia S and P, attra&ing each other with forca re* 

qpf!>PC4l% proporOonal to the fquara ofthar df^ance, re^ 

voifie about their common eentre of gravity ; I faj/, that the 

frindpal axis of the eliipfh which either of the bodies, d$ P, 

defcribes by this motion about the other S, mil be to theprm- 
eipai axM of the cUijufiip which the fame bo^ P. me^ defcribe 
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in the fame periodical time about the other body S quitfccnf^ 
as the jam of the two bodirs S F to the Jirfi of two mean 
proportionah between that Jum and the other body S« 
For if the ellipies defcribed were equal to each other, their 

pci iodic timrs by tlie laft tlieorc tn wou'd be iu a iiibduplicate 
niliu of llio body S to the linn oi llie bodies S + P. Ix?t tlie 
periodic time in tbc latter cllipiis be dimiiiilhed in that ratio, 
and the periodic tunes will become equal ; but, by prop. 15, 
the principal axis of the ellipiis will be 'diminiihed jn a ratio 
fefqaipHcate to the former ratio; that is, in a ratio to which 
the ratio of S to S 1* is triplicate ; and therefore that axis 
will be to the principal axis of the other cllipfis as the lirft 
ot two mean proportionals between S + P and S to S + 
And inverfely the principal axis of the ellipfis defcribed about 
the moveable body will be to the principal axis of that de- 
fcribed* roond the immovable as S + ^ to the firft of two 
mean proportionals bctweeu b P ^^i^^l Q.E.D. 

PROPOSTTrON LXI. THEOPPM XXIV. 
If two bodies attracting each other with any kind of forces^ 

and not othcrzcife agitated or obtruded, are moved in at^ 

manner whatfoever, thqfe motiom will he the fame as 

they did. not at all attraB each other mutvalfy, bui were 

both attraSled zcith the fame forces hif a third bodi/ piaccd 
in their common centre of gravity ; and the law of the at- 
traQing forces will be the fame in refpett of the dijlance of 
the bodies from the common centre, as in refped of the 
difiance bettveen the two bodies. 

For thofe forces with which the bodies attra^ each other 

mutually, by tending to the bodies, tend alio to the common 
centre of gravity lying direcSlly between them ; and therefore 
are the fame as if they proceeded from an intermediate 
body. Q.E.D. 

And becaufe there is given the ratio of the diftance of eU 
ther body from that common centre to the diftanoe between 
the two bodies, there is given, of courfe, the ratio of any power 
of one diltance to the fame power of the other diftance ; and 
alio the ratio of any quantity derived in any manner from 
one of the dtilanoes compounded any how with given quan« 
tities^ to another quantity derived in like manner from the 
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otiier diil^noe, and as many given quantities having tbat 

given iiUiu ui the (iiiiauces to the firft. Therefore if the force 
with which one body is altradled by another be directly or 
inverfely as the diftuuce pf the bodies from each other, or as 
any ]>ower'of that diilance ; or^lailly^ai any quantity derived 
after any m^nerfrom tbat difiance compoonded with given 
quantities; then will the fame force with which the fame 
budv is Mliiacicd to llic commua centre of gravity be in like 
manner tlirecily or inverfely as the diftance of tlie attracHcd 
body iVom tiie common centre, or as any power of tliat 
diihinoe; or, la&ly^ as a quantity derived in like Ibrt from tbat 
fliftance compounded with analogous given quantities. That 
]S> the law of attrading force will be ti^e fame with lefped to 
both diftances. Q.E.D. 

PROPOSiilON LXTT. PROBLEM XXXVTII. 
J'o dttermim tlu motiom qt two bodies which attratt each othet * 
voith forces reciprocalljf proportional to the fquares ofthm 
fiftanu between them, and are ht fall from given plaee$. 
The bodies, by the lail theorem, will be moved in the fame 
manner as if they were attracted by a third placed in the 
common centre of their gravity ; and by tbe bypothefis that 
centre will be quiescent at the begiuoing of their motion, and 
therefore (by cor. 4, of the laws of motion) will be always qui<- 
e£cent. Tbe motions of the bodies are therefore to be deter- 
mined (by prob* d5) in the fame manner as if they were im* 
pelled by forces tending to that centre; and then we fhall 
have the motions of Llie bodies atti'adSling each uliitr mutu- 
ally. Q.E.T. 

PHOPOSmON LXIII. PROBLEM XXXIX. 
JTo determine the motions pf ttco bodie$ attra^ing each other 

mth forces reeiproeally proportional to the^fguares of their 

diftance, and going off from given places in given direStions 

with iiiiLu velocities. 

The motions of tlie bodies fit the beginning being given, 
there is given alio the uniform motion of the eommon centre 
of gravity, and the motion of the ipace which moves along 
with this centre uniformly in a right line, and alfo the very . 
£xSt, or beginning n^otions of the bodies In refp^^ of this 

L 3 
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fpace. Then (by cor. 5, of the laws, and the laft theorem) 
the fiibfeqnent motious vviil be perlornicii in tlie lame manuer 
in that Ijpace^ as if that fpace together with the common cen- 
tre of gravhy wm at ieft> and as if the bodies did not atlraiS; 
each other> but were attroded by a third body pboed ki iSiaft 
centre. The motion therefoie th this moveiMe f^ace of each 
body going off from a given place, in n given direction, with 
a given velocity, and a6led upon by a ceiitripctal force tend- 
ing to that centre, is to be determined by prob. 9 and £6^ 
and at the fame time will be obtained the iXMltkNi of the other 
lomid the fame centre. With this motion obmpoand the am* 
Ibrm progreffive motion of the entire fyftem of the ipaee and 
the bodies revolving in it, and there will be obtaiocd the ab« 
folute motion of the bodies m immovable f}>riee. Q.£,L 

PROPOSITION LXIV. PROBLEM XL. 
^ppofir^ forces fmth which bodia mutualfy uHruSt each other 

to inereaft m a fin^h r^tio of their dijlancei from the cen^ 

ires ; it is required to find the motiom offeoeral boOet among 

themfehes. 

Suppofe the two firfl bodies T and L (PI. 21, Fig. 1) to 
have their common centre of gravity in D. Thefe,by cor. 1, 
theor. ^1, will deicribe eliipfes having their centres in D, the 
magnitudes of which eliipfes are known by prob. 5. 

Let now a third body S attra^ the two ibnnerTand Ii 
with the accelerative forces ST, SL, and let it be attrafted 
again by them. The force ST (by cor. 2, of the laws of mo- 
tion) is refolved into the forces SD, DT; and the force SL 
into the forces SD and JDL. Now the forces DT^ Dh, which 
areas their fum TL> and therefore as the accelerative forces 
with which the bodies T and L attra6); each other motnally, 
added to the forces of the bodies T and L, the firft to the firft, 
and the laft to the laft, compofe forces proportional to the 
diftances DT and DL as before, but only greater than thofe 
former forces; and Uierefbre (by cor 1, pr6p. 10^ and cor. 1^ 
and 8, prop. 4) they vrill canfe tiiofe bodies to defcribe el- 
iipfes as before, bat with a Iwifter motion. The remaining 
accelerative forces SD and DL, by the motive forces SD x T 
and SD x L, whidi are as the bodies attracting thoie bodies 
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^ijully, and in the direction of the lines TI, LK parallel to 
►S, do not at aii change their fituatloDs ^vlUi reipe<SI; to one 
aoti:i^];, but caufe them equally to approach to the line IK ; 
rbicb muft be Imagined drawn through the middle of the; 
ody S, aod perpendictilar to the line DS. But that approach 
o the line IK wUl be hindered by caufing the fyftem of the 
>odies T and L on one fide, and the body S on the other, 
vith proper velocities, to revolve round the common centre of 
gravity C. With fuch a motion the body S, becauie the fum 
ttf the moti?e forces SD X T apd SD x L is proportional to 
the difianoe CS, tends tp the centre will defcnbe an el* 
lipiis round jthe fame centre C ; and the point becdnfe the 
lines CS and CD are proportional, will defcribe a like ellipfis 
over againft it. But the bodies T and L, attracted by the 
motive forces SD X T and SD x L, the firft by the firft, and 
the laft by the laft, equally and in the diredlion of the parallel 
lines TI and Lji, as wasfaid before, will (by oor* 5 and 6, of 
jthe Jaws pf motion) continue to defcribe their ^ples round 
the moveable centre D, as before. Q.E.I. 

Let there be addccl a fourth hody V, and, by the Uke rea- 
foning, it will be dcmoniirated that this body and the point 
C will defcribe eilipfes about the common centre of gravity 
B ; the motions of the bodies T> L, and S rpund the centres 
D and G remaining the fame as before; but accelerated* 
.And by the fame method one may add yet more bodies at 
.pleafure, Q.E.I. 

This would be the cafe, though the bodies T and L attra^l 
each other mutually with accelerative forces either greater or 
}d3 than thofe with which they attra^ the other bodies in 
proportion to their diiiance. Let all the mutual accelerative 
attradtioDS be to each other as the diftances multiplied into 
the attracting bodies ; and liom wliat has gone before it will 
eafily be cuiicluded that all the bodies will defcribe different 
.ellipfes with equal periodical times about their common centr^ 
of gravity B, in an immovable plane. Q.E.L 

PROPOSITION LXV. THEOREM XXV. 

Bodies, whofe fonts decreafe in a duplicate ratio of their 

■ dijianccs Jrom their caiircs, maj/ move among Utemjdves m 

L4 
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ellipfes ; and by radii drawn to the foci fmy defetibe areas 

proportional to the times vert^ nearly. 

In the laft i)ropoiition we demonilrated that cafe in which 

the motions will be performed exa^My iD ellipfes. The more 
diiiHiit the l;u\ of the forces is liom the law in that cafe, the 
more will the bodies diflurb each other's motions ; neither is 
it pofliblc that bodies attracting each other mutually accord* 
ing to the ]aw fuppofed in this propoiition ihould move ex- 
a6);ly in ellipfes, tinlefs by^ keeping a certain proportion of 
diflances from each other. However, in the following cafes 
the orbits will not much differ from eHipf«.s. 

Case 1. Imagine feveral lelTer bodies to revolve about forae 
very great one at different diftances from it, and fuppofe ab- 
folute ibrces tending to every one of the bodies* proportional 
to each. And becaufe (by con 4, of the laws) the common 
centre of gravity of them all is either at reft, or moves uni- 
formly forward in a right line, fnp[)ole the IciTcr bothes io 
fmail that the great body may be never at a fenfible diilauce 
from thai' centi e ; and then the great body will, without any 
. feniible error, be either at reft, or more uniformly forward in a 
right line ; and the leHer will revolve about that great one in 
* ellipfes, and by radii drawn thereto will defcribe areas pro- 
portional to tfjc tiiiies; if we except the errors that maybe 
introduced by the receding of the great body iVom the com- 
mon centre of gravity, or by the mutual adtions of the leiler 
bodies upon each other. Bpt the lefler bodies may be fo far 
diminiftied, as that this recefs and the mutual adions of the bo- 
dies on each other may become lefs than any aflignable ; and 
therefore fo as tluit tiie orbits may become ellipfes, and the 
areas anfwer to the times, without any error that is not lefe 
than any allignabie. Q.Ji^.O. 

Case Let us imagine a fyftem of lefTer bodies revolving 
about a very gieat one in the manner juft defcribed, or any 
other fyftem of two bodies revolving about each other to be 
moving uniformly forward in a right line, and in the mean 
time to be impeded iuleways by the force of anutiicr vaflly 
greater body fituate at a great diihince. And becaufe the 
equal acoelerative force$ with whiph the bodlei are impelled 
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in parallel diiediions do not change the iituation of the bodies 
with lefpe^ to each other, but only oblige the whole fyOem 
to change its place while the parts ftili retain their motions 
among themfelves, it is manifeft that no change in thofe 
motions of the attradled bodies can arife from their attra6lions 
towards the grea^r, unlefs by the inequality of the aCcde^ 
tative attraiSUons, or by the inclinations of the lines, towafdtr 
each other, in whofe dire^ions the altradions are' made. 
Suppofe, therefore, all the accderatlve attractions made to- 
wards the great body to be among themfelves as the fquares 
of the diftances reciprocally; and then, by increaiing the 
diftance of the great body till the differences of the right lines ' 
drawn from that to the others in refpe^ of their length, and 
the inclinations of thoiib lines to each other, be lefs than ttaj 
given, the motions of the parts of the fyftem will continue 
without errors that are not lefs than any gi\ cii. And becaufe, 
by the fmall diftance of thole parts from each other, the 
whole lyltem is attracted as if it were but one body, it will 
therefore he moved by this attraction as if it weie one body ; 
that ir, its centre 6f gravity wiH deforihe aboot the great body 
one /of the conic feCUons (that is, a parabola or hyperbola 
when the attraction is, but languid, and an ellipfis when it is 
more vigorous) ; and by radii drawn thereto, it will defcribe 
areas proportional to the times, without any errors but. thofe 
which ante from the diftances of the parts, which are by 
the fuppofition exceedingly fmall^ and may bediminifhed at 
pleafore. Q.E.O. 

3^ a like nafoning one may proceed to more compounded 
eaies in infinitum, 

CoR. 1. In the fecond cafe, the nearer the very great bod3'' 
approaches to the fyftem of two or more revolving bodies, the 
greater will the perturbation be of the motions of the parts • 
of the fyftem among themfelves ; becsnfe the inclinations of 
the lines drawn from that great body to thofe parts become 
greater; and the inequality of the proportion is alio greater. 

Cor. 2. But the perturbation will be greateft of all, if we 
fuppofe the accelerative attractions of the parts of the fyftem 
lowards the greateft bodj of all are not to each other i^. 
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fsotuHy u tli« ^aaw of the diiaoces fam tba^ grt^t bpdy ^ 
efpecil^y if the inequality of tbU proportion be greater than 

ihu inequality oi tlit: pj opoi Uou of the diilances from the gi out 
body. For if the accelerative force, acting in parallel djiec-. 
lions and equally, caufes no perturbaliou lu the motions of th^ 
P«|fU pf tfee iyA^ok, it maft •f courfe^ when it fi6U nn^quaUj^ 
^fude n pcirtiirbi^tioii ibouawlieK, which will be greater or leff 
9B the ineqaality is greater or lefs. The excefs of the greatjer 
iUipuileii acting u[)on iome bodica_, aad not a<Siing upuu other?, 
piull neceflaiilv change their fituation auiong themfelves. 
^jDfi this pertarbation^ ttdded to the perturbation ariiingiroi^ 
ihe inequ^Ufcj and iodiQatioa of \hp lines^ makiqs the >rJbi^ 
]ier|;urhatioii gmlfx* 

Colt. S. Heooe if Ihe parts of this fyftem Tpaoie in dlipj(ef 
or circles without any remarkable perturbation^ it is ipauiteft 
that, if they are at all impelled by accelerative forces tending 
to any other bodies^ the ioipuire is very ^eak, or elfe is i^- 
prelTed vfsrjr nw equally {^d ij^ 4i1^?^>^# opof^ 

of them* 

PROPOSITION LXVI. THEOREM XXVI, 
three bodies whofe forces decreaft in a diiplijcate ratio pf th^ 

dijUniCi^ attraB each otfur inutuaUy ; and the accelerative 

attractions oj ojij/ two towards the third be between tUfmr 

fiiv€s reciprQcaiii/ a$ the Jq^res .of the ^ijiances ; ^nff t^f 

of Attpo rewMng bqdies mU, by radii ^f^» fa tie i%- 
ntrmofi and greateft, defcrihe round thai hod^ areas nmp 

proportional to t/it timtSy (Did a figure ifiore approaching lo 
tJiat (f an tUipjh having iisjocus in the point pf foucourjfi 
of t/ie radii, 4f that great bodif be /agitated thiof/t at- 
Jra^Umh thfln it mould do if ti^ §reat ho4y ^ 
tra&€4 ai 0ll l^the leffir, b,ut rmB^m^ otr^ ; f^ t^^ it 
vould if that great bodj/ mre very mudi rnoxe or very rmch ' 
kfs at tract edy or very pyuch niore 91* very piuch l^s flgitateff, 
by the (ill rati ions. 

This appears plainly enough from the dcmonftratioin of the 
{(aQ9Mi:^H9Qll9iy of t^e ff^x^^g jpso^fitiofL ; hut m»y he 

♦ 
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itoade out after this numiierby a way of veii£oiiiiig mmdittnA 
tHMi move imiTerftUy ooftvindiig. 
Cass 1. Let the kfler bodies P and 8 <PL ^l. Fig. 2) ra^ 

volve in the fame plane about the grealeft body T, the body 
P defcribiiig the interior orbit PAB, and S the exterior orbit 
£SE. Let SK be the mean diftance ot the bodies P and S ; 
and let the acoelerative attra^ion of the body P towards at 
that aiean diftamee, be ekfMefled by that Une^. Make 
6L to SK as the fquave of SK to the fquare of woA SL 
will be the accekfrathe aElra6lioii of the body P towards S al; 
any ((iflance SP. Join PT, and draw LM parallel to it inect- 
hig ST in M ; and the attradtion SL will be relblved (by cor. 
^, of the laws of motion) into the Attractions SM« LM. And 
Co l^e body P will be iiiged vtilh a thfeefold eoeeleratife 
force. One'of thefe forces tends towards T, and anfesireat 
the mutual altradtion of the bodies T and P. By this force 
alone the body P would defcribe round the body T, by the 
radius PT, areas proportional to the times, and an ellipfis 
whofe focus is in the centre of the body T; and this it would 
do whether the body T remained unmoved^ orwhelher it were 
agitated by that attraction. - This appears prop, il, and 
cor. 2 and 3 of theor.- (21. The other foree is' that of the al» 

traclion LM, which, becaufe it tends from P to T, will be fu- 
peradded to and coincide with the ibrmei force; and canfc 
the areas to be ftill proportional to the times^ by cor. 3, theor. 
21. But becaufe it is not reciprocally proportional to 'the 
fquareof the diflanee PT^ it will eompofe; when-added to-tfae 
lbrmer> a force varying from that fM-oportion'; 'which varia- 
tion will be the greater by how much the proportion of this 
force to the former is greater, cateris paribus. Therefore, 
fince by prop. 11, and by cor. 2, theor. 21, the force with 
which the ellipfis is defcribed about the focus T - ought ^ 
dired«d to that fbcus^ and to be vec^rocaUy preportioiral-to 
the fquare of the diftance FT^ that compounded foree^ary- 
ing from that proportion will make the orbit PAB vary from 
the figure of an cHipfis that has its focus in the point T ; and 
fo much the more by how much the variation from that pro- 
portion is gieMer; and by confeqnence by how mueh the 
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proportion of the iecond torce LM to the firft force is greater, 
cateris paribus. But now the tliird force SM, attrading the 
body P in a dtre^ion paraUei to ST> compofes with the other 
forces a new force which is no longer dire^ed froih P to T; 
and which varies fo much more from this direcftion by how 
much the proportion of this tliii d force to the other forces is 
greater, caUris patibus ; and therefore caufes the body P to 
defcribe, by the radius TP, areas oo jonger proportional to 
Ihe times; and therefore makes the variation from that pro* 
portionality fo much greater by how much the proportion of 
this force to the others is greater. But this third force will in- 
creafe the variation uf the orbit PABfroni the elliptical figure 
before-mentioned upon two accouuto ; hril, becaufe that force 
is not direded from P to T ; and, fecondly, bec.uife it is not 
reciprocally proportional to the fquare of the diftance FT. 
Tbefe things being premifejd^ it,ismanifeft that the areas are 
then mod nearly proportional to the times, when that third 
force is the ieaft poflible, the reft preferving their former quan- 
tity ; and that tlie orbit PAB does then approacii iieareft to 
.the elliptical figure above-mentioned, when both the fecoud 
juid third, but efpecially the third force, is the leaft poffible i 
th^ fir(l £orce remaining in its former qnantity. 

Let th^ accelerative attra<^ion of the body T towards S be 
.expr^-'iled by the line SN ; tlicn if the accelerative altra<5lions 
«Qd SN were lequal, thefe, attracting the bodies T and P 
eqnally and in parallel diredions, would not ^tall change their 
Situation with rei'pe^ to ^ch oMser. The motions pf the bo- 
dies between therofelves would be the fame in that cafe as if 
thofe attra^ions did not a^ at all, by cor. 6, of the laws of 
motion. And, by a like reuloiiing, if the attraction SN is iefs 
than the attraction SM, it will take away out of the attradlion 
.jSM the part SN, fo that there will remain only the part (of 
the attraiftion) MN to diftorkt the' proportiqnality of the areas 
and timesj «pd the elliptical figure of the orbit, ^nd in lik^ 
manner if the attradUon SN be greater than the attni6tion 
SM, the perturbation of the oi biL and pioportion will he pro^ 
duced hy the diti'erence MN alone. After this manner the 
attra^on SN reduqss always t,h& attrat^qn SM to the at- 
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tra<5lion MN, the firft and i'ecoiui iiUracLioiis lemaiuing per- - 
iedtly unchanged ; and tlicrefore the areas and times come 
th^n neareil to proportionahty, and the orbit PAB to the 
above-men tioiied elliptical figure^ when the attra^ioa MN is 
either none, or the leafb thai is poffibk ; that h, when the ac- 
' celerative atlradlions of the bodies P and T approach as neai; I 
as pollihle to equality; thai 13, when the attra6tion SN is 
neither none at all, nor lels than tlie leaft of all the attractions 
SM^ but is, as it were, a mean between the greateil and kail of 
all thole attra^ions SM^ thatisj not much greater nor much 
kfs than the attra^ion SK. Q.E.D* 

Case 9. Let now the leiTer bodies P, S, revolve about a 
greater T in different planes ; and the force LM, adding in the 
diredlion of the line PT fituate in the plane of the orbit PAB, 
will have the fame effect as before ; neither will it draw the 
body P from the plane of its orbit. But the other force NM . 
a^ing in the diredtion of a line parallel to ST (and which^ there- 
fore, when the body S is without the line of the nodes Is inclined 
to^the plane of the orbit r.AB), betides tfie perturbation of the 
nioUon jufl now fpokeu of as to loii<_ri tud(\ introduces another 
perturbation alfo as to latitude, attracting the body P out of 
-the plane of its orbit. And this perturbation, in any gtvem 
iituation of the bodies P and T to each other, will be as the 
generating force MN ; and therefoie becomes leaft when the 
force MN is leaft, that is (as was juft now (hewn), where the 
attract ton SN is not much greater nor much leik than the at* 
traction Si\. Q.E.D. 

CoR. 1. Hence it maybe eafily colleded, that if feveral 
kfs bodies P, &c. revolve about a very great body T, 
'the motion of the innerinoft revolving body P will he leaft 
• diftnrbed by the attra<5lions of the others, when the great body . 
-is as 11 attra6lcd and agitated by the reft (accordin;^ to the 
ratio of the accekrative forces) as the red are by each othdr 
mutually. 

Com. 2. In a fyftem of three bodies T, P, if the accde- 
rative attra^ons of any two of them towards a third be to 

each other reciprocally as the fquares of the diilances, the 
body P, by the rsbdius PT, wiU .describe its ai^ea fwiiter near 
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toe conjondUon A and the oppditkMi B ihm it will near the 

<juadratures C and D. For every force with whicli the bodj 
P is ad^ed on and the body T is not, and whicli does not a€t 
in the dii:e<^lion of the liae FT> does either accelerate or retard 
the defcripttoa of the aiesy aooonliiig aa it is dire^ed« whe» 
thar m tonfequenHa or m amUeedtmtm, Such ii the force 
NM. This ibroe in the palTage of the hody P from C to A if 
dire^d in conft (jutatia to its motion, and Liicrefoie accele- 
rates it ; then ;ia far as D in (niUcedrntia, and retards th6 
motion ; then m co$^quenUa as far as B ^ and laiUy in 
eedentia as it moves from B to C. 

CoE. 5. And from the fame i«afotting,it appean ihatthe 
hody eaUrk paribus, moiws more fwiftly in the conjime- 

tion and oppolition than in the quadialurcs. 

Cor. 4. The orbit of the body P, ca^eris paribus, is more 
curve at the quadratures than at the couj unction aod oppo- 
Snionm For the furifter bodies move^ the lefs they defied 
Bnom « ledilmear paUi* And befides the focce KL^ or VM, 
«t tlie cottjimdioti and oppofition^ is contrary to the force 
ivith which the hudy T attra^ls the body P, and therefore 
diiijiniflit s that force : but the body P will defletft the leCs 
from a re<^liiiaear path the leis it is impelled towards the 
hody T. 

Co«-5. Hence the hody P^ jcmttm pmhm, goesfortiber 
from the body T at the qnadraUnes ihaob at the conjun^ftioa 

and oppofiLioii. This is faid, however, fuppoiiiig no regard 
had to the motion of eccentricity. For if the orbit of the 
'body P be^ecoentrical^ its eccentricity (as will be fkexn pre- 
ientJy by cor. S) will be greateft when the apiides aiein the 
'£yzygte^ ; 4nd thence it may fometimeB com to ipaft that the 
'hody P> In its near approach to the farther apfis, may go 
ihrther fioui the body T at the iyzygies than at the qua- 
dratures. 

CoR. 6. Bccaufe the centripetal force of the centrai.body 
T, by which the body P is retained in its arhit» is incveafed 
4it tbe.qQadmtara8:by :the addition canfed by the force *1M, 
mnd dininiflied lit ^e fyzygies by the fshdn^on oanfed hy 

the Ibice lUuy and by rt^^Ubu the force ..KL ^greater tiiiia 
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LM is more diminifhed than increafed; and, ttioreoVet, fiwe* 
that centripettil force (by cor. 2, prop. 4) is in a ratio com- 
pounded of the fimple ratio of the radins TP dire<Slly, and the 
duplicate ratio of the peviodlcal time inverfely; H is plai^ 
, t)mt thb compoCnuied ratio is dtmhiiflied the a^cm toF 
^ fbitee KL; cloA therefore tbatt Iftie periodicsltitae, foppofr 
ing the ^dins of the orhit PT to reniaki ilte fame, wffl be 
crealcd, and that in the fnbdnplicate of that ratio rti WhicH 
the centripetal force is diininillicd; and therefore, fuppofing 
this rftdms increiS^ or diminifhed, the periodical time wtfl 
be irtdieiKfed more 6r dtmtdiihed iefs than in the fefifiiipKMe 
rittio of ibis Widius, by cor, % prop. 4. If 'that force ^ %fae 
ti^trkl %ody Aioald gradnalty decay, tlie body P %eing left 
uud lefs attracted would go farther and farther from the cen*- 
tre T; and, on the contrary', if it were increafed, it would draw 
nearer to it. Therefore if the a6tion of the diftant body S, bf 
which that fbrcSe ts dimihiiihed^ were to lucreafe atid deciealb * 
by tfiriisy the rdd?1^8 TP will be aUb mcreafed'and 'diAiiidlhdl 
by 'turns; and ibe periodical time wfll be IficreaM and -di** 
tninifhed in a ratio coiiipuLinded of the fef^uiplicate ratio of 
the radius, and of the fubduulicate of that ratio in whtc?h'the 
centripetal force of the central body T is dimiaiihed or increa{^ 
ed, by the increafe or decreslib of the a^oti of the dikuBlt 
bodyS. 

Cob. 7. It alfo fb]lows> frdm what was before laid doira, 

'that the axis of the ellipfis dcfcribed by the body P, or the 
line of the aphdes, does as to its ans^iilar motion go ibi vvtirds 
and backwards by turns, but more forwards than backwards, 
alild bytheexcefs of its dire6l motion is in the whole carried for- 
%aid8. For the force with which the body P is urged to the 
liddy ^ at the qu^adratiiiies, wheide the force MN vaniflies, h 
compounded of the force LM and' the cert tripetal fbnie with, 
which the body T attra6b the body P. The firft force LM, 
if the diftance PT be increafed, is increafed in nearly the 
fame proportion with that diftance, and the other force de* 
<«eafes in the duplicate ratb of- the diftaneef and therefbm 
4ie fuai of theib two forces^ deoeafes In a lefii than the daplU 
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cate ratio of the diltauce PT; and tlierefore, by cor. i, prop. 
45, will make the line of the aplldes> or, which is the fame 
things the upper apfis^ to go backward^ But at the coojuno- 
tion and oppofitton the force with which the body P is urged 
towards the body T is the difference of the force KL, and 
of the force with which the body T attradls the body P; and 
that difference, bccaufe the force KL is very nearly increafed 
in the ratio of the diiiance FT, dccreafes in more than the 
dopiicate ratio of the diftanoe PT; and therefore^ bj oor. 1^ 
prop. 45> caufes the line of the apfides to gitforwards. In the 
places between the fyzygies and the qnadratures, the motion 
of the hue ul the aplides depends upon both theie caufes con- 
jun6lly, fo that it either goes fonvards or backwards in pro- 
portion to the excels of one of thefe caufes above the other* 
Therefore iince the force KL in the fyzygies is almoft twice 
as great as the force IM. in the quadratures, the excefs will 
be on the fide of the force KL^ and by confequence the line 
of the apfides will be carried fur w aids. The truth oi this and 
the fore2:omg corollarv will be more eafily underftood by con- 
ceiving the f3r(lem of the two bodies T and P to be furround- 
ed on every fide by feveral bodies &c. diQ>ored about 

the orbit £S£. For by the adions of thefe bodies the aAion 
of the body T will be diminifhed on every fide« and decieafe 
in more than a duplicate ratio of the diftance. 

Cor. 8. But fince the progrefs or regrefs of the aj>fidcs de- 
pends upon the decreaie of the centripetal force^ that is^ upon 
its being rn a greater or lefs ratio than the dupUcate ratio 
of the difbance TP^ in the paflage of the body from the 
lower apfis to the upper; and upon a like increafe in its re- 
turn to the lower apfis again ; and therefore becomes greatefi; 
where the proportion of the force at the upper apfis to the 
• force at the lower apfis* recedes fartheft from the duplicate 
ratio of the diftances inverfely; it is plain, that, when the ap- 
fides are in the fyzygies^ they will, by reafon of;the fubdu^- 
ing force KL or NM IM, go forward more fwlfUy;. and 
in the quadratures hy the additional force LM go backward 
more flowly. Bcciiufe the velocity of the progrefe or flow- 
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nefs of the regrefe is oooiiniied for a long time; lihisinequali* 
ty becomes exceedingly great. * 

Cor. g. If a body is oWiged, by ;i f i ce reciprociiUy pro-^ 
portional to the fquare of its diltauce troin any ceutre, to re- 
volve in an ellipfis round that centre; and atiterwards in its 
defcent from the upper apfis to the lower apfis, that force bjr 
a perpeti«al aoceflfion of new force ii increafed in more than 
a duplicate ratio of the diminifhed diftance; it is manifeft 
that the body, being impelled always towards tbe centre by 
the perpetual acoeilion of this new force, will incline juore 
towards that centre than if it were urged by that force alone 
which decreafes in a duplieate ratio of the diminiihed diftanoe, 
and therefore will defcribe an orbit interior to that elliptical 
orbit^ and at the lower ap6s approaching nearer to tbe centre 
than before. Therefoic the oibit by the accellion of this 
new force will become more eccentrical. If now, while tbe 
body is returning from the lower to the upper apiis, it ihould 
decceafe by the fame degrees by which it increafes before the 
body would return to its firft diftance; and therefore if the 
force decreafes in a yet greater ratio, the body, being now 
lefs attra6ted than before, will afcend to a ftill greater dif- 
tauce, and fo tbe eccentricity of the orbit will be iucreafed 
iiill more. Therefore if the ratio of the increafo and de- 
creafe of the centripetal force be augmented each rerolution^ 
the eccentricity will be augmented alfo; and, on the contrary, 
if that ratio decreafe, it will be dimini/hed. 

Now, therefore, in the lyllem of the bodies T, P, S, when 
tiie apfides of the orbit PAB are in the quadratures, the ratio . 
of that increafe and decreafe is leafi of all, and becomes 
greateft when the apfides are in the fyzygies. If the apfides 
are placed in the quadratures, the ratio near the apiides is leis, 
. and near the fyzygies greater, than the duplicate ratio of the 
diftanccft, and iVuin that greater ratio arifes a diredl motion of 
the line of the apluies, as was juk now laid. But if we con- 
fider the ratio of tbe whole iocreafe or decreafe in tbe progrefs 
between the apfides^ this is lefs than the duplicate ratio of the 
difiances. The force in the lower is to the force in theiipper 
apiis in lefs than a duplicate ratio of the difiancp of 
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the upper '.i\)i\s from the focus of the ellipfis to the dlt- 
taooe of the lower apfis from the fume focus; aad^ con* 
trariwife^ when the apfides are plac€(} in the fyzygies^ the 
force in tli^^wef apfis is to the force in the npper apfis in a 
g I cater than a duplicate ratio of the diftances. For the 
forces LM in the quadratures added to the forces of the body 
T compere forces in a lefs ratio ; and the forces KL in the 
lyzygies fuhduded irom the forces of the body T, leave the 
forces in a gieifter ratio. Therefore the ratio of the whole 
i&cfeafe and decreafe in the paflage faetwaen the apfides is 
leaft at the quadratores and greateft at the fyzygies; and 
therefore in the paffagc of the aplidcs troin tlie quadratures to 
the f3'zygies it is continually augmented, and iiicrealbs the 
eccentricity of the eUipfis; and in the pafTage from the fyzy« 
gies to the quadratares it is per petuaUy deoreaiing> and dimi* 
aiflies the eccentricity. 

CoR. 10. Thnt we may give an account of the errors as to 
latitude^ let us iuppofe the plane of the orbit EST to remain 
immovable; and from the caufe of the errors above explained^ 
it is manifoft, that^ of the two forces NM, ML, which are the 
enly and eaiiie csmfe of them^ the force ML a^ing always in 
liie plane of ike orbit PAB never diftnrbs the motions as to 
latitude; and that the force NM, when the nodes are in the 
fyzygiesj ading alio in the fame plane of the orbit, does not 
at that time uffe€t thofe motions. But when the nodes are 
in the quadratures^ it difturhs them verymoch, and^ attract* 
kig the body P perpetnaMy oat of the plane of its orbit, it di- 
niniihes the inclination of the plane in the paifage of the body 
from the quadratures to the fyzygies, and again increafes the 
faiac ill tlK' palVage from the lyzygies to the quadratures. 
Hence it comes to pai^ that when the body is in the iyzygies, 
the inclination is then leaft of all^ and returns to the firft magni- 
tude nearly, when the body arrives at the next node. But if 
the nodes are fituate at the o^nts after the quadratures, that 
is, between C and A, D and B, it will appear, from what was 
jufl now Oiewn, that, in the pallage of the body P from cither 
node to the ninetieth degree from thence^ the inclination of 
the pkme is perpetually diminiibed; theuj^ in the pa£age 
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through the neoci 45 d^prees to the next quadrature, the m-' 
jdiDalion is increafed; and allerwaidf^ agaiQ^ ia its paflTage 
ifarougb anotiier 45 degrees tp the next node^ it is diminiih* 
«d. Therefore the incUnatbn is mom diminiflied than in* 

creafed, and is theielore always leik in the fubfequent node 
than in the preceding one. And, by a like rcaioning, the 
incUoatian is more increafe^ thaa diminiihed when the 
nodes are ia the other odtants between A and D, B and 
. C. The indinationj therefore, is the grealMft of all when the 
nodes are in the fyzygies. In their paflage from the fyzygies 
to the quadratures the inclination is diminiflied at each ap- 
pulfe of tiie body to the nodes; and becomes leait ot ail when 
the nodes are in the qaadratares, and the body in the fyzy- 
gies; tiien itincieafes by the fame degrees by which it de« 
creafed before; and, when the nodes qome to the next fyzy- 
gies, returns to its former magnitude. 

CoR. 11. Becaule when the nodes are in the quadratures 
the body P is perpetually attrad^ from the plane of its orr 
bit; and becaufe this attradion is made towards S in its pa&' 
liige from the node C Ihrongb the conjunction A to the node | 
D; and to the contrary part in its paflage from the node D 
through the op[)oritiori B to the node Cj it is manifeir that, 
in its motion from the node the body recedes continually • 
from the former plane CD of its orbit till it comes to the 
next node; and therefore at that node, being now at its 
greateft diftance from the £rft plane GD, it will pafs through 
the plane of the orbit EST not in D, the other node of that . 
plane, but in a point that lies nearer to the body S, which 
therefore becouies a new place of the node in autcctdentia to 
its former place. And, by a like reafoning, the nodes will 
contimie to recede in'their paflage irom this node to the nextk 
The nodes, therefore^ when fituate in the qnadratures, recede 
perpetually ; and at the fyz) gies, where no perturbation eaii 
be produced in the motion as to latitude, are ciuiefcent: in 
the interniediate places they partake of both conditions, and 
recede more ilowly ; and, therefore, being always either retro- 
grade or fiationaryj they will he caoied b^ckwards^ or in tfn* 
Hct/dStnHa, ench reyoliition. 
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Cor. 12. Ail the erroi*s deicribed in thefe corollaries are a 
little greater at the conjunction of the bodies P, S, than at 
their oppofition; becaufe the generatbg forces NM and ML 
are greater. 

CoR. 13. *And fince the caufee and proportions of the er- 
rors and vai ialions mentioned in thefe coiullai ic.^ do not de- 
pend upon tlie magnitude of the body S, it follows that ail 
' things before demonilrated will happen, if the magnitude of 
the body S be imagined ib great as thai the fyftem of the two 
bodies P and T may revolve about it. And from this increaie 
of the body S, abd the confequent increafe of its centripetal 
force, from which the errors of the body P arile, it will folJow 
that all thclc errors, at equal difiances, will be greater- in ibis 
cafe^ than in the other where the body S revolves about the 
fyilem of the bodies P and T. 

Coit« i4. But ilnce the forces NM, ML, when the body S 
is exceedingly diftant^ are very nearly as the force SK and the 
latio oi PT to ST conjun<9:ly; ihaL is, if both the diftance PT, 
ajid die ahfolute force of the body S be given, as ST^ recipro* 
cally; and lince thofe forces NM, ML are the caufes of all 
the errors and effects treated of in the foregoing corollaries; it 
is manifeft that all thofe effedls> if the fyiiem of bodies f and 
P continue as before, and only the diiUnce ST and the ah- 
folute force of the bofly S be changed, will be very nearly in 
a ratio compuundcd of the direct ratio of the abfohite force of 
the body S, and the triphcate inverfe ratio of the diftance ST. 
Hence if the fyftem of bodies T and P revolve about a diilant 
body S, thofe forces NM, ML, and their efiedte, will be (by 
cor. and 6, pi op. 4) reciprocally in a duplicate ratio of the 
periodical time. And thence, alfo, if the luairnitude of the 
body S be proportional to its abfolutc force, tboiV; forces NM, 
ML, and their eft'edls, will be diredlly as the cube of the ap- 
parent diameter of the diftant body S viewed from T, and fo 
• vice verfa. For thefe ratios are the fame as the compounded 
ratio above-mentioned. 

Cor. 15. And becaufe if the orbits ESE and PAB, retain- 
ing their figure, proportions, and inclination to each other, 
ibpuld alter their niagoiiude^ and the forces of the bodies ^ 
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and T lliould eitlier remain, or be changed in any given ratio; * 
thefe forces (that is^ the force of the bodj which obliges the 
hody P to defledl from a redilinear courie into the orbit 
and the force of the body which caules the body P 
to deviate ftom that orbit) would a6): always in the iiime 
inaiuier, and in the fame pro[)orLion; it fol]Gws_, that all the 
eiFe^s will be iiinilar and proportional, and the times ot tiioie 
effects proportional alfo; that is^ that all the linear errors 
will be as the diameters of the orbits^ the angplar errors the fame 
as before; and the times of fimilar linear errors^ or oqud an-* 
gular errors^ as the periodical times of the orbits. 

Cor. iG. Tbcrcfoic it the figures ol' the oibits and their 
inclination to each otlier be given, and the maij;Ditudes, forces^ 
and diftaoces pf tlie bodies be any how changed^ we may, 
from the errors and times of tkofe errors in oae cafe, colle^fc 
very nearl^r the erroci and times of the errors in any other 
cafe. But this may be done -more expeditiouily by the fol- 
lowing UK tiiod. The forces NM, ML, other tbin^^ remain-r 
' ing unaltered, are as the radius TP; and their periodical ef- 
£e^ (by cor. 2, lem. 10) are as the forces and the fquare of 
the periodical time of the body P conjun^y. Theie are the 
linear errors of the body P; and hence the angular errors aa 
they appear from the centre T (that is, the motion of the ap* 
fides and of the nodes, and ail tlie apparent errors as to lon- 
gitude and latitude) are in each revolution of the body P as 
the fquare of tiie time of the revolution, very nearly. Let . 
thefe ratios be compounded with the ratios in cor. 14, and in 
any fyftem of bodies F, where P levolm about T very 
near to it, and T revolves about S at a great diftance, the an« 

gular errors of the body P, obfeived irom the centre T, wili 
be in each revolution of the body P as the fquare of tiie 
periodical time of the body P dire(^ly, and the fquare of the 
periodleal time of the body T inverfely. And therefore the 
mean motion of the line of the apfides will be in a given ra« 
tio to the mean motion of the nodes; and both tfaofe motions 
will be as the periodical time of the body P directly, and tlie 
fquare of the periodical time of the bod/ T inverfely. Th«^ 
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increafe or diuinmliou uf the ecccnlricity and iuclinaLioii of 
the ©rbit PAB makes no feniible variation in the molions of 
the apfides and nocks, imier» tiiat iucreafe or diminution be ' 
?ejry great indeed. 

Cob. 17* Since ibe Hoc IM becomes fometiines greater 
and fometimea kfs than the TaiKfU PT^ let the mean quan* 
tily of the force LM be exprefled by that radius PT; and 
ihen that mean force will be to the mean force SK or SN 
(which iiKiy be al£b exprelTed by ST) as the length PT to the 
Jength ST. Bat the mean foroe SN or f3fF, hj which the 
body T 18 retained in the orbit it defcribes' about k to the 
force with which the body P Is retained in its orbit about T 
in a raliu coni pounded of the ratio of the radius ST to the ra- 
dius PT, and the duplicate ratio of the periodical time of the 
body P about T to the periodical time of the body T about S. 
And^ e» mquo, the mean force LM ia to the force by which 
tfie body P is retained In iU otbH aboatT (or by which the 
fame body IVmight revolve at the diftance PT in the fame 
periodical time about any immovable point T) in the fame 
duplicate ratio of the periodical times. The periodical times 
therefore being given, together with the diftance PT, the 
BK&n foroe LM iaalfo given; and that force being given, 
there is given alfo the force MN^ very nearly, by the analogy 
of the lines PS and MN. 

CoK. 18. By the fame laws by which the body P revolves 
about the body T, let us fuppofe many tiuid bodies to move 
round T at equal diftanoes foam it; mid to be To nnmenm, 
that they may all become contignens to each other, fo as to 
form a fluid annnlns, or ring, of a loitod figure, anil coneen* 
trical to tlie body T; and the fcveral parts of this annulus, per- 
forming tlieir motions by the fame law as the body P, will 
draw nearer to the body T, and move fwifter in the conjun^on 
and oppo&Uon of themfehrea and the body than in Ibe qua* 
dratttres* And the fiodes of thk annnhiflt or i|B interfedkMis 
with th^ plane of the orbit of the body S or T, wiOieft at the 
fyzygies; but out of the fyzygies they will be carried back- 
ward, or in anltcedcntia; with the greateft fwiftnefs in the 
quadratures^ and more (lowly in other places* The indina* 
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tion of this annulus cilfo wilJ vaiy, and its axis will ofcillate 
each revolution^ and when the revolution is completed will 
return to its former iituation^ except only that will be car- 
ried round a little by the preoeffion of the nodes. 

Cob. J 9. Sisppofe now the fphsrical body T, confiding of 
fome matter nol fluids to be enlarged, and to extend itfelf on 
every iide far as that aimulus, and that a channel were cut 
all round its cir< umference containing water; and that this 
fphere revolves uoitbrmly about its own axis in the fame perio- 
dical time. Tbis water being accelerated and retarded by 
turoB (as in the la& corollary)^ will be" fwiflter at the fyzygies, 
and (lower at the quadratures^ than the furfaoe of the gldbe, 
• and ib wiil ebb and How in its channel after the manner of the 
fea. If the attradlion of the body S were taken away, the 
water would acquire no motion of flux and reflux by revolving, 
round the qaieicent centre of the globe. The caCe is the 
lame of a g^obe moving uniformly forwards In a rrght line, and 
in the mean time revolving about its centre (by cor. 5 of the 
laws of muLiou), and oi a globe unitbrniiy iittracied iVoni its 
redtilinear courfe (by cor. 6, of the fame laws). But let the 
body S come to adl upon it> and by its unequable attraction the 
water will receive this new motion ; for there will be a 
Wronger attra&ion upon that part of the water that is neareft 
to the body^ and a weaker upon that palt which is more 
leaiote. And tlic force LM will attract the water downwards 
at the quadratures, and deprefs it as tar as the i'yzy^'ies; and 
the force KL will attratl^i it upwards in the lyzygies, and with- 
hold its defcent^ and make it rife as far as the quadijBtares; ex* 
cept onljr in &r as the notion of flax and reflitx may ht 
diredled by the channel of the water> and be alittle retarded 
by friction. 

Cor. 20. If. now, the annulus becomes hard, and the globe 
is diminiflied, tha motion of flux and reflux will ceafe; but 
the ofciUating motion of the inelination and the pneeeffion of 
the nodes will lemaui. Let the globe have the fame axis with 
the annnlos, and perform its revolutions in the fame times^ and 
at itsfurface touch the annulus wiibin^ and adhere to it; then 
the globe partaking of the moUon of the annulus^ this whole 
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compages will ofcillate^ and the nodes will go backward, for 
the globe, as we (hail ihew prefently, i» periet^y indiiFereDt 
to the reoerang of aH impreflions. The greateft angle of the 
inclination of the annulus fingle is when the nodes are in the 
lyzygics. Thence in the progrcfs ot" the noflcs to the quadra- 
tures^ it endeavours to diuiiniib its inchnation, and by that en- 
deavour imprefles a motion upon the whole globe. The globe 
letaioa this motion imprefled, till the anHalus by a contrary 
endeavour deftroys that motion, and imprefles a new motion 
ill a contrary direction. And by this means the greateft mo- 
tion of the fieereaiing inclination happens when the nodes are 
iu the quadratures, and the iealt angle of inclination in the 
o^kantsftfter the qoadratoies; and, again, the greateft motioik 
of reclination happens when the nodes are in the 0'^yg^^« 
and the greateft angle of reclination in the o^ants following. 
And the cafe is the fame of a globe without this annulus^ if it 
be a little higher or a little deufer in the crjualoiial than in 
the polar regions^ for the excefs of that matter ia the re* 
giotts near the equator fuppUes the place of the annulus. 
And though we (hould fuppofe the centripetal force of this 
globe to be any how increafed^ to that all its parts were to 
tend downwards, as the parts ol our earth c^ravitate to the 
centre, yet the phaenomena of this and the preceding corol- 
lary would fcarce be altered; except that the places of the 
greateft and leaft height of the water will be difiereot; for 
the water is now no longeir fuftained and kept in its orbit by its 
centrifugal force, but by the channel in which it flows. 
And, befides, the force LM aLiradls the water downwards mod 
in the quadratures, and the iorce KL or NM — LM attradb 
it upwards moii in the fyzygies. And thefe forces conjoined 
Gea£e to attra^ the water downwards, and begin to attra&it 
upwards in the o^lants before the fyzygies; and ceafe to at* 
tra^ the water upwards, and begin to attrai^ the water down- 
wards in the ocuuils atlcr the lyzygies. And thence the 
greateft height of the water may happen about the odtants a^ 
ter the fyzygies; and the leaft height about the o&ants a^ 
the quadratures; excepting only fo far as the motbn of 
jfcent or defoent imprefled by thefe forces may by the 
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v^a of the water continue a little longer, or be iibpt a little 
fc^ner by im pediments in its channel. 

Cor. 2 1 . For the fame reafon that redundant matter in the 
equatorial regions of a globe caufes the nodes to go back 
wards, and therefore by the increafe of that matter that re- 
trogradation is increaled, by the diminution is diminiilied 
and by the removal qoite ceafes ; itfollow«j that, if more thait 
that redondant matter be taken away, that is, if the globe be . 
cither more depreiTed, or of a more rare coniifience near the 
t (ju iLoi tlian near the poles, there wiil arife a motion of the 
jiodes in conjequentia. 

Cor. 22. And thence from the motion of the nodes is 
known the conftitntion of the .globe. That is, if the globe 
retains unaltembly the fame poles, and the motion (of the - 
nodes) be in anteeedentUi, there is a redundance of the matter 
near the equator ; hut it' in confequcntia, a deficiency. Sup- 
pofe an uniform and exactly Iphaerical globe to be firit at reti 
in a free fpace ; then by fome iinpulfe made obliqueiy upon 
its faperficies to be driven from its place, and to receive a 
motion partly circular and partly right forward. Becaula 
this globe is perfedly indiilerent to all the axes that pal';> 
through its centre, nor has a greater propenfity to one axis 
or to one fUuation of the axis than to any other, it is manifefi; 
that by its own force it wiii never change its axis, or the in- 
clination of it. Let now this globe be impelled obliquely by' 
a new hnpalfe in the fame part of its fuperficiea as before ; and 
finoe the effc^of an impidfe is not at all ehanged by its oom-'^ 
ing fooner or later, it is uianifeit thai tiiefe two impuUes, fuc-^ 
ceflively imprcfled, will produce the fame motion as if they 
were impreiled at the fame time ; that is, the fame motion an 
if the globe had been impelled by a iimple force compounded 
of them both (by cor. % of the laws)> that is, a fimple motion ' 
about an axis «i a given inclination. And the cafe is the 
fame if the fecond impulfe were Uiutlc upuii aii^ other place of 
the equator of tlie firft motion ; and alfo if the firft impuiie. 
were made upon any place in the equator of the motion which 
would be generated by the fecond impulfe alone ; and there- 
fore^* alfo,. when both impulfes are made in any places what* 
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Ibever ; for thefe impulfet will generate the fume circtilar bio* 

tion as if they were icnpreiTed together, and at once, in the 
place of the uiterfe<5iions of the c(jULitors of thole motions, 
which would be generated by each of them feparately. There- 
fore, a homogeDeoos and perfe6l globe will not tetaia feveral 
dlftin^' notioDSy bat wUl unite all thofe that aie impreffied on 
it, and reduce them into one ; revolvfng, as far aa in it tiea^ 
always with a iimple and uniform motion about one fingle 
given axis, with an inclination perpetually invariable. And 
the inclinatioQ of the axis, or the velocity ot the rotation, will 
not be changed by centripetal force. For if the globe be fup* 
pofed to be divided' into two hemifpheres, by any |4ane what- 
foever pafliDg through its own centre, and the centre to whidi 
tlie force is diiecited, that force will always urge each hemi- 
fphere equally ; and therefore will not incline the globe any 
way as to its motion round its own axis. But kt there be ad« 
ded any where between the pole and the equator a heap of 
new matter like a mottntalnj and this, by its perpetual ende»- 
vour to recede from the centre of its motion, will diftorb the 
motion of the globe^ and caufe its poles to wander about its 
fuperficies, defcribing circles about themlelves and their op- 
p<^te points. Neither can this enormous evagation of the 
poles be oorreded, unleia by plaoiag that mAiatain either in 
one of the poles; in which cafe, by cor. £1, the nodes of the 
equator will go forwards; or in the equatorial regions, in 
which cafe, by cor. 20, the nodes will go backwards ; or, laiily, 
by adding on the other fide of the axis a new quantity of mat-* 
ter, by which the mountain may be balanced in its motion t 
and then the nodes will either go forwards or backwards^ as 
thi& mountain and this newly added matter happen to ha 
nearer to the pole or to the equator. 

PROPOSITION LXVIf. THEOREM XXVIl. 
Tie fmnu laws of attraction being Juppofed, I fa^, that the ex^ 
ierior body S doa, b%f radii drawn to the fomt Q, the eam^ 
mut centre of gravity of the kUerior bodies P and- % defcrite 
round thai eentre areas more proportioned to the times, and 
an orbit more approaching to the form of' an clUpfis having 
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itifocm m thai centre, than it can dtferibe rmmd tht inmt» 
moft and grtatefi bo^ T by radii drawn to that body. 
For the attrw^otis of the body S (PI. %\, Fig. S) towmU 

T and P compofe its abiolute attraftion, which is more di- 
recked towardi O, the common centre of gravity of the hodiea 
T and than ii is to the greateil bodjr T ; and which is more 
in a reciprocal proportion to the iqnare of the diilanoe SOj 
than it is to the fquare of the diftancft ST ; as w9l eafily ap* 
pear by a little confideration. - 

PROPOSITION LXVIIL THEOKLlM XXVIIF. 
The fame iaws of attraction fuppofed, 1 fay, that the exterior 
botfy S will, by radii drawn to O, the common centre of gm* 
vity of the interior bodies P and T, deferibe round that cen^ 
tre areas more proportional to the times, and an orbit mo^ 
approaching to the form of an ellipfts having its focus in that 
centre, if the innermoft; and greatefi body be agitaitd by 
thefc attractions as well as the reji, than it would do if that 
body mere either atrefiasnot attraded, or were much more 
or much iefs attraBed, or mnch more or msdl lefs agi^ 
tuted. 

This may he demonftrated after the fame manner as prop. 
66, hut by a more prolix reaionmg, which I therefore pafs 
Over. It will be fufiicient to confider it after this manner* 
"Stem the demonftration of tbelaft propofition k is plain, thai 
Ihe centre^ towards whicli the body* S Is niged* by the two 
forces conjon^ly, is very near to the common centre of gra* 
vitv oi thofe two other bodies. If this centre were to coincide 
with that common centre, and moreover the common centre 
i>f gravity of all the three bodies were at reft, the body S on 
one fide, and the common centre of gravity of the odier two 
bodies on the other fide, would deferibe trae etlipfes about 
that quiefi^t common centre. This appears from cor. 2, 
prop. 68, compared with what was flMuoiiltrated in prop. 64 
and 65. Now this accurate elliptical motion will be diilurbed 
a lillle by the diftance of the centre of the two bodies from the 
centre towards which the third body S is attracted. let there 
be added, naloreover, a motkm to the common centre of the 
three, and the perluibaUou will be mcreafed yet more. 
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Therefore tbe perturbation is leaft when the common centre 
of the three bodies is at reft ; that is^ when the innermoil and 
greateil body T is atira6i;ed according to the iame lair as the 
reft are ; and is always greateft when the common centre 
of tbe three, by the diminution of the motion of the body T, 
begins to be moved, and is more and moic agitated. 

Coa. And hence if more lelfer bodies revolve about tbe 
great one, it may eaiiiy be inferred that the orbits deicribed 
will approach nearer- to ellipfes ; and tbe defcriptions of areas 
will be more nearly equable, if all the bodies muloally attra6b 
and agilalc eacli otiici with accelerative forces that are as 
their abfolute forces dire6lly, and the fquares of the diftances 
inverfeiy ; and if the focus of each orbit be placed in tbe 
oommon centre of gravity of all the interior bodies (that is^ 
if the focus of the firft and innermoft orbit be placed in the 
centre of gravity of the greateft and innermoft body ; the fo- 
Cnsof the fecoud orbit m the common centre of gravity of the 
two innermoil bodies; the focus of the third orbit in the com- 
mon centre of gravity of the three innermoit; and fo on)^ than 
if the innermoft body were atieft^ and was made the common 
focus of all the orbits. 

PROPOSITION LXIX. THEOREM XXIX. 

In a fyftcm of feveral bodies A, B, C, 1), ^c. ij any one of thofe 

bodies, as A, attrati all the rejt, B, Q, D, Sfc, mith acccle^ 
rativc forces that arc rc^iprocaUy a» ike fquarts of the 
di^anccifrom the atiraOing botfy ; cmd anoiher body, cu B, 
attra&s alfo the rtfi, A, C, J), Sfc, with form that are re* 

ciprocally as the fquares of the diftances from the attraditig 
bodif ; the abfolute forces of the attract nig bodies A and B 
will be to each other as thofe very bodies A and B to wiuch 
thofe forces beioi^» 

For Use accelerative attractions of all the bodies B, C> D> 
towards A> are by the fuppoiition equal to each other at equal 
diftances; and in like manner the accelerative attrac^lions of 
all the bodies towards R are alfo equal to each other at equal 
diftances. But the abfolute attracS^ive force of tbe body A is 
- to the abfolute attrai5^ive force of the body B as the accde- 
rative attra&ian of all the bodies iQwaids A to the accelenitife 
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attraction of all the bodies towards B at equal diflances ; and 
£0 » aiib the acceierative attraction of the body B towards A 
to the acceierative attradtion of the body A towards B* But 
the acceierative. attra^ton of the body B towards A is to the 
acceierative attra^on of the body A towards B as the raafs 
oi ihe body A to the raafs oi the body B ; becaufe the mo- 
tive forces wliich (by the 2d, 7th, and 8th definition) are aa 
the acceierative ibrces and the bodies attradled conjun6lly- 
are here equal to one another by the third law. Theretbre the 
^bfolttke attrai6tive force of the body A is to the abfolote at* 
tra6live force of the body B as the mafs of the body A to the 

inafs of the body B. Q.E.D. 

CoE. 1. Therefore if each of the bodies of the fyflem A, B, 
C, J), &c. does (ingly attrai^t aii the r^it with acceierative 
forces that are ledprocally as the fquaies of the diilances firom 
theattra^gbody^ the abfolale forces of all thofe bodies will 
J>e to each other as the bodies tbeinfelves. 

Coil. 2. By a like realbiiing, ii each of the bodies of the 
fyftem A, B, C, D, &c. do fingly attrad all the rell with ac- 
ceierative force^^ which are either reciprocally or directly ia 
the ratio of any power whatever of the dift^nces from the at* 
trading body; or which ane defined by the diftances Ixooi 
each of the altra&ing bodies according to any common law; 
it is plain that the abfolute forces of thofe bodicb are as the 
bodies themfeives. 

Cob. 3. In a fyitem of bodies whofe forces decreafe in the 
duplicate ratio of the diflances^ if the Jeifer revolve about one 
Teiy great one in ellipfes^ having their common focus in the 
centre of that gireat body^ and of a figure exceedingly accti- 
rate ; and moreover by radii drawn to that great body defcribe 
areas proportional to the tiqjes exa6lly ; the ahlbhite forces of 
thofe bodies to each other will be either accurately or very 
nearly in the ratio of the bodies. And fo on the contrary. 
This appeaa^rfrom cor. of prop. 0B> compared witU ^« ficft • 
coioUairyof this prop. 

SCHOLIUM. 

Thefc propofitions naLuruily lead us to the analogy there is 
)>e^w€€a ceatripetal forces^ and the c^iitrai bodies to which 
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^ofe forces nfed to be dire<ded ; for it h realbnabk to fuppofe 

tliat ibices whicU are directed to bodies Ihuuld dcjirnd upon 
the nature and quantity of thofe bodies, as we lee they do in 
magneUcal experiments. And when fuch cafes occnrj we aie 
to Qompote the attra^ons of the bodies by aifigniBg to each 
of their partides its proper force^ and then coUei^g the fum 
«f them all. I here life the word attra^lion in general for an y 
endeavour, of what kind foever, made by bodies to approach 
to each other ; whether that endeavour arife from the a6iioa 
of the bodies themfelves, as tending mutually to or agitating - 
eaoh other by fpirits emitted ; or whether it arifes from the 
action of the aether or of the air^ or of any medtum whatfo* 
ever^ whether corporeal or lueorporeal, any how impelling 
bodies placed therein towards each other. In the fame ge- 
neral fenfe I uie the word impuile, not dehnmg m this trea- 
tife the fpecies or phyfical qnalities of forces^ bat invefttgating 
the quantities and mathematical proportions of them ; as 1 
obierved bef<»re in the definitions. In mathematics we are to 
inveftigate the quantities oi forces wilh their proportions con- 
fequent upon any conditions fuppofed ; then^ when we enter 
Upon phyficSj we compare thofe proportions with the phsB* 
Bomena of Nature^ that we may know what oonditions of 
tfaofe forces anfwer to the feTeral kinds of Mn/Bm bodies. 
And this preparation being made, we argue moi-e fafely con- 
cerninc^ the phyfical fpecies, caufes^ and proportions of the 
forces. Let us fee, tiien, with what forces fphaerical bodies 
confifting of particles endued with attra^ve powers in the 
manner above fpoken of muiladlmntiiaUy upon one another; 
^nd what kind of motions will folk>w from tbeaoe. 

SECTION xir. 

Of the attidHive forces of fpharical bodies, 

PBOPOSITION LXX. THEOREM XXX. 
ff to every paint of a fplutric^U furface there tend efmal cen* 

tripetal foreei deefeajing in the dapUcaie naljo of the 

^ijlancesfrom thofe points ; I fay^ tha{ a corpufcle placed 

uitfiin that fvperjicies will not he attracted hi^ thofe fqrces 
atiJ/ waif. 
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Let HIKL (Pi. ftU 4), be that fphwrical fuperficiei, 
and P a oorpafcle placed wiUiiii* Through P let there be 

drawn to Xhif luperficies the two lines HK, IL, iutercepting 
very fniall arcs Hf, KL; and becauie (by cor. 3, lem. 7) the 
tiiangies HPI^ LPK arc alike^ thofe arcs will be proportioual 
to the difbances HP, LP ; and any particles at HI and KIi 
of the fpbflBrical faperficies, terminated by ri^t lines paffing 
. through P^ .will be in the duplicate ratio of thofe - diftaooes. 
Therefore the Ibiccd of thel'e parUcies exerted upon the body 
P are equal between thenilelves. For the forces are as tlm 
particJes diie^y^ and the fquares of the diilances inverfelj. 
And thefe two ratioa compofe the ratio of equality. The at^ 
tradUons, thmfore, being made equally towards contrary parts, 
deftroy each other. And by a like reafoning all the attrac- 
tions through the whole fplioerical rn]>ci ficics are deltioycd by 
contrary attradlions. Therefore the body F will not be any 
way impelled by thofe attra^ons. Q.E.D. 

PROPOSITION LXXI. THEOREM XXXI. 
The fame tkingt fitppoftd a$ above, I fay, thai a eorpufcle placed ' 

without the Ipharical fuper/icies is attraRed tozvards the cen^ 

trc of the iphcve with a force reciprocalli/ proportional to 

the j quart of its dijlance from that centre. 

Let AHKB^ ahkb (PL £1, fig. 5), be two equal fphssrical 
fuperficies defcribed about the centres S, s; their diametean 
A6> ah ; and let P and p be two corpufcles fituate without 
the fpheres in thofe diameters produced. Let there be drawn 
from tlie corpufcles the lines PHK, PIL, phk, ]>il, cutting off 
from the great circles AHB^ ahb^ the equal arcs 1:1 hk^, 
IL^ il ; and to thofe lines let fall the perpendiculars SD, sd» 
SE, se, IR, ir; of which let SD, sd, cut PL, pi, in F and f. 
Let fall alfoto the diameters the perpendiculars IQ^ iq. Let ' 
now the angles DPE, dpc vanifli j and becaufe DS and dsj, 
£S and es are equal, the lines PE, PF, and pe, pf, and the 
lineolse DF, df may be taken for equal ; becauie their lafl ra- 
tio, when the angles DP£, dpe vanifli together, is the ratiq 
of equality. Thefe things then fuppofed, it will be, as PI to 
PP fo is HI to DF, and aspf to pi fo is df or DF to ri ; and, 

cc^uo, iu, ri X pi lo PF X pi fo is Rl to ri^ that is (by 
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cor. 3,lem. 7), fo is the arc IH to the urc ih. -Again, PI is to 
PS as IQ to SCj and ps to pi as se or SE to ii] ; dud^ t'x a quo, 
yi X ps to rs X pi as iQ to iq. And eoiijpoundiug the ra- * 
tios PI* X pf X ps is to pi* X PF X PS, as IH x IQ to 
ih X iq ; tbat is^ as the circular fuperficies which is defcrihed 
by the arc IH, as the femi<-circle AKB revolves about the dia- 
meter AB, is to the circular fuperficies defcrihed by the arc 
ih as the ferai-circlc akh revolves about the diameter ab. And 
^he ibrces with, whicii tbeie lupertiGies attract the corpufcles 
P aod p itk the diredlion of lines tending to thofe fuperficies 
ore by the hypothecs as the fuperficies themfelves diredUy, • 
and the fquares of the diftaoces of the fuperficies from Ehofe 
corpufcles invei icly ; that is, as pf X ps to PF X PS. And 
thefe forces again are to the oblique parts of them which (by 
the refolution of forces as m cor. 2, of the laws) tend to the 
ceutres in the dire^oos of the lines P3> as PI to PQ^ and 
pi to pq ; that is (becaufe of the like triangles PIQ and PSF, 
piq and psf ), as PS to PF and ps to pf. Thence^ ex aquo, the 
attiaiftion of the corpufcle P towards S is to tbeattra6lion of the 

. , , , PF X pf X ps . Df X PF X PS 
porpufcle p towards s as ^is to ^ ■ 

that is, as ps^ to PS\ And, by a like reafoning, the ibrces 
with which the fuperficies defcrihed by the revolution of the 

arcs KL, kl attra6t thofe corpufcles, will be as ps^ to PS\ 
And in the fame ratio will bu tlio forces of all the circular fu- 
perficies into which each of the fphaerical fuperficies may be 
divided by taking sd always^equal to SD, and se equal to SB. 
'And therefore, by compofition, the forces of the entire fphfi&- 
rtcal* fuperficies exerted upon thofe corpufcles will be In the 
fame ratio. Q.E.I). 

PROPOSITION LXXTT. THEOREM XXXTT. 
jff'to the Jkvcral points of a j'phere there tend equal cmtripctcd 

form decreafing in a dupHcate ratio of the di^ances from 
ihoft points i and there d< given both the denfity of the fphere 
■ and the ratio of the diameter of the fphere to thedi fiance of 

the corpufcle from its centre ; I jatj, ilmt the force mLli ichick 
the corpufcle is attra6ied is proportional to the femi-dimtieter 
p/ the fphere^ 
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For ooDoeiTe two coq^ufdes to he fevecally aUra;£iied by two 
fphem^ otte by one, the other by the otiber^ and their 
cUftancea from the cenlies of the fj^eres to be proporttonal 
to the diameters of the fpheres refpedUvely ; and the fpheres 

to be reiblved into like p:u tjclcs, difpoled in a like fitnation to 
the corpulcies. Then the attracSlions of one corpulbie to* 
wards the feveral particles of one fphere will be to the at- 
Im^lioiis of the other towards as many analogous particles of 
the other fphere in a ratio oomponiided of the ratio of the 
particles diredlly^ and the duplicate ratio of the diftances in* 
verfely. But the particles areas ihe Ipheres, that is, in a tri- 
plicate ratio of the diameters^ and the diilances are as the 
diametefs ; and the firft ratio diveddy with the la& ratio taken 
i twice inverlbly; becomes the ratio of chameter to diameter. 

Cor. 1 . Hence if corpufcles revolve in circles about fpheres 
^ colli poied of matter equally attradling, and the diftances 
• from the centres of the fpiieres be proportional to their dia»* 
meters, die periodic times will be equal. 

Cor. {2. Aud^vm iterfa^ii the periodic timesaie equals the * 
diftances wall be proportional to the diameters. Thefe two 
corollaries appear from cor. 3, pi^p* 4. 

Cor. 3. If to the feveral points of any two folids vviiatever, 
of like hgure and equal dgniity, there lend equal centripetal 
forces decreafing in a dupticate ratio of the diftances from 
- ihoie pointy the ftntces with which cocpufeles placed in a 
lilfe iitoatioB to thofe two foBds will be atlra^ed by them 
will be to each other as the diameters of the folids. 

PROPOSITION LXXIII. THEOREM XXXIIT. 
Jf to tlie feveral points of a given fphere there tend equal cen^ 
'.. tripUifU forces decreafing in a dupUcate ratio of the diftances 
.jfrom^ poinh.; ikai a eorpufeU placed mikin the . 

fphmc.4$ 4t$tra&ed by a force prop<niio$utl io it$ di^anee 
'fpowi the centre. 

In the fphere ABCD (PI. 21, Fig. 6), defcribed about the 
•centre S, let there be placed the corpufcle P ; and about the 
fame centre S, with the interval SP, conceive, defcribed an 
interior fphere P£QF. It is pkia (by prop, 70) that the 

Vol. I. N 
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concentric fpbaerical fuperficies, of which the difference AEBF 
of the Iplieres is coinpolied, have no effe6l at all upon the 
body P, their attra^ons being deftroyed by contrary at^ 
tra^oDs. There remaiDs, therefore, only the attrBi6tioii of the 
interior fpbere PEQF. And (by prop. 72) this is as the diftance 
PS. Q.E.D. 

SCHOLIUM. 

By the fuperficies of w hicli i here imagine the foiids com- 
pofedy 1 do not mean fuperficies purely mathematical^ but 
orbs fp extremely ihin, that their thicknefs is as nothing; that 
is, the evan^fcent orbs of which the fpbere will at laft con- 
fift, when the number of the orbs is increafed, and their 
thicknefs di nil milled without end. In hke manner, by the 
points of which lines^ furfaces, and foiids are laid to be coni- 
poCed> are to be underllood equal particlesj whofe maghitude 
is perfe^y inconfiderable. 

PROPOSITION LXXIV. THEOREM XXXIV. 
The fame things fuppo fed, I Jai^, that a corpufcU fituate zcitJiout 

the fphere is attratLcd xcith a force re nprocally proportioned 

to the Jquare of its dijiance from the centre^ 

For fuppoie the fphere to divided into innnmerahle con^ 
centric fphasrical fuperficies, and the attia&ioBS of the oor« 
pnfcle arifing from the federal fuperficies will be reciprocally 
propoitional to the fquare of the diftance of the corpulcie 
from the centre of thf^ f|>liere (by prop. 71). And, by coin- 
poiitioo, the lum. of thoiie uttra6lions, that is, the attra(!:tioii 
of the corpulcie towards the entire fphere, wiU be in the fame 
latio. 

Cob. 1. Hence the attra^ions of hdmogeneous fpheres at 

equal diftances from the centres will be as the fpheres tbein- 
felves. For (by prop. 72) if the diiiances be proportional 
to the diameters of the fpheres, the foroes will be as the dia- 
meters. Let the greater diftance be dimjniflied in tbat ratio ; 
and the diftances now being equal, the attnt^on will be in- 
cvea^ed in the duplicate of that ratio; and tberefm will be to 
the other attradion in the triplicate ui tiiat ratio ; that is, in 
the ratio of the fpheres. 
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Cor. 2. At any diftances whatever the attradlions are as 
the fpheres applied to the Iquares of the diftances. 

Cor. 3. If a corpufcle placetl without an homogeneous 
fphere isattradled by a force reciprocally proportional to the 
iquare of its diftance from the centre, and the fphere conlifts 
of attra<5live particles, the force of every particle will decreafe 
in a duplicate ratio of the diftance from each particle. 

PROPOSITION LXXV. THEOREM XXXV. 
Jf to the feveral points of a given fphere there tend equal cen- 

tripetal forces decreafing in a duplicate ratio of the dijlances 
from the points; I fay, that another fimilar fphere will be at' 

traded by it zvith a force reciprocally proportional to the 
fquare of the dijiance of the centres. 

For the attradlion of every particle is reciprocally as the 
fquare of its diftance from the centre of the attra<^ing fphere 
(by prop. 74), and is therefore the fame as if that whole at- 
tradling force iflued from one fingle coq)ufcle placed in the 
centre of this fphere. But this attraftion is as great as on 
the other hand the attra6lion of the fame coi'pufcle would be, 
if that were itfelf attradtcd by the feveral particles of the at- 
tradled fphere with the fame force with which they are at- 
tra6led by it. But that altradlion of the cot'pufcle would be 
(by prop. 74) reciprocally proportional to the fquare of its dif- 
tance from the centre of the fphere; therefore the attraction 
of the fphere, equal thereto, is alfo in the fame ratio. Q.E.D. 

Cor. I . The attradiions of fpheres towards other homoge- 
neous fpheres are as the attracting fpheres applied to the 
fquares of the diftances of their centres from the centres of 
thofe which tliey attra<St. 

Cor. 2. The cafe is the fame when the attracted fphere 
does alfo attradl. For the feveral points of the one attra<5l 
the feveral points of the other with the fame force with which 
they themfelves are attra6led by the others again ; and there- 
fore ftnce in all attra<!^ions (by law 3) the atlraded and at- 
tracting point are both ei]ually a6led on, the force will be 
doubled by their mutual attractions, the proportions remaining. 

Cor. 3. Thofe feveral truths demonftrated above con- 
cerning the motion of bodies about the focus of the conic foe- 

N2 
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tiona wiU tahe plsMcewbeo aoattradting iphm UpIaiQedmllie 

focos^ and tbe bodies move vntbout the fphere. 

' CoK. 4. Tliofe things which were demonflrated before of 
the motion of bodies about the centre of the conic fedtioa^ 
tal^ place when the motiops are perfonned within the fpheie* 

PROPOSITION LXXVL THEOREM XXXVL 
Tffphere$ be however diffimhr (m to dinfitif of matter and 

attraBive force) in the fame ratio onward from the centre 

to the circurnference ; but every zc here Jimilar, at every given 

difiancefrom the centre, on all Jides round about; and the 

- uttra&we force of every point deercBfes in the duplicate .ra* 

* tio of the, dytanee of the boefy aUta&eds I f^, that ike 

whole force with which one thefe fphera attrm&$ ihe other 

will be reciprocally proportional to the fquore of the dif- 

tance of the centres. 

Imagine leveral concentric fimilar ipheres, AB, CD, EF, 
Itc, (Pi. Fig. 1), the innennaft of whicb added to the 
outennoft ]najooiQ|kofe4 niatter imnedeiife towaicb the eeo* 
tie, or fnbdu^bed from them may leave the fame more lax 

a^d rare. Then, by prop. 75, thefe fpheres will attra<!;i other 
fimilar concentric fpheres GH, IK, LM, &c. each the other, 
with forces reciprocally proportional to tire Iquare of the dif- 
tance SP. And, by coropofition or diviiiDn, the fum aU 
thpfe foreesfr or the esoefii of any of them above Ibe otbeia; 
that is^ the entue force -with which the whole fphare AB 
(compofed of any conceiiLric fpheres or of their differences) 
will attra6l the whole fphere GH (com poled of any concen- 
tric fpheres or their diiierences) in tlie fame ratio. Let the 
number of the concentric fpheres be inciealied t» iiffimihm, 
4ial th^ denfity of the matter together with the attiafiive 
loFce may, in the progrefefim the circiimfefeiiee to the eeii« 
tre, increafe or decreafe according to any given law ; and by 
the addition of matter not attradive, let the deficient denfity 
be fupplied, that fo the fpheres mi^ acquire any form de* 
fired ; and the force wilh wbid!;^ op9 of thefe attn^ the 
other will be ftilli by.tbe foriipef reafimngf in the ihne 
tio of ihe rqnaie of the 4iflmoe iuTerliely. QXJ). 
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CoB« !• HeDoe if many fpbms of tbis kind^ fifiailar in att 
vefpe^^ attra^ each other mntually, the acceleralhre at- 

• tractions oi each to each^ at any equal diitauccs of the cen- 
tres, will be as the attradling fpheres. 

Cob. 2. And at any unequal diilances, as the attradling 
fpheres applied to the fquaiei of the diftances betweeii the . 
^centres. -. 

Cor. 3. The motiye attradtionsj or the weights of the 

ipheics towards one another, will he at equal diftancesof the 
centres as the attracting and attra<Sed I'pheres conjun<5l1y ; that 
is, as the proda<^ ariiiDg iVom maltiplying the fpheres into 
«ach other. 

* ♦ • 

Cob. 4. Abd at nneqaal diftances, as thofe ptoda& di« 
le^j, and the fquanes of the difiaQces between the centres 

piverfely. 

Cor. 5. Thefe proportions take place alfo when the at- 
traction arifes irojii the attra6Uve virtue of both fpheres mu- 
tually exerted upon each other. For the attra^on is only 
doubled by the conjun^Uon of the forces, the proportions re- 
maining as beibie. 

Cor. 6. If fpheres of this kind revolve about others at reft, 
each about each ; and the diftances between the centres of 
the quiefcent and revolving bodies are proportional to the 
diameters of the quiefcent bodies; the periodic times wlU b^ 
equal. 

Cob. 7. And, again, if the periodic times are equal, the 

diftances will be proportional to the diameters. 

Cor. 8. All thofe truths above demonftrated^ relating to 
the motions of bodies about the foci of conic fe^tions, will take 
place when an attra^ing fphere> of any form and condition 
hke that above defcrihed, is pla<^ in the focus. 

Cob. 9* And alfo when Uie revolving bodies are alfo at« 
tra6ting fpheres of any condition like that above deicribed. 

PROPOSITION LXXVII. THEOREM XXXVIT. 
fj" to the feveral points oj Jpheres there tend centripetal Jorces 

proportional to the dijianees of the points from the attra&ed 

Ifodiesi J Jay^ tlmt^ht compounded f^rcp wUh wkick tm 
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fpkeres attract each other mutually n a$ the dijiance beibpeen 

the centres o f the fpheres. 

Case 1. Let AEHF (PI. 22, Fig. 2) be a fphere ; S its 
.centre ; P a corpufcle attracted; PASB the axis of the Iphere 
pHffiog through the centre pf the corpufcle ; £F, ef two planes 
cutting the fpheiCj. and perpendicular to the axis^ and equi- • 
dlilant, one on one fide^ the other on the other^ from the 
centre of the fphere ; G and g the interfedtions of the planes 
and the axis; and H any point in the plane EF. The cen- 
tripetal force of the point H upon the corpufcle P, exerted in 
the diredion of the line PH, is as the diilance PH ; and (bjr 
cor. 2, of ' the laws) the fame exerted in the dire6Uon of the line 
PG, or towards the centre is as thelength P6. Thereforethe 
force of all the points in tl^c plane EF (that is, of that whole 
plane) by which tlie toi [)ulc le P is aUracled towards the centre 
S is as the diftance PG multiplied by the number of thofe points, 
that is^ as the folid contained under that plane EF and the 
diftance PG. And in like manner the force of the plane ef» 
hy which the corpufcle P is attracted towards the centre is 
as lliat plane diawii into its diftance Pg, or as the equal plaoe 
EF drawn into that diftance Pj?; and the fiim of the forces 
of both planes as the plane EF drawn into the fum of the 
diftances PG + Pg> that is, as that plane drawn into twice 
the diftance PS of the centre and the corpoible ; that is, as 
twice the plane EF drawn into the diftance PS, or as the fum 
of the ccjual planes EF + ef drawn into the fame diftance. 
And, by a like reafoning, the forces of n!! the planes in the 
whole fphere, equi-diitanton each iide from the centre of the 
fphere, are as the fum of thofe planes drawn into the diftance 
PS, that is, as the whole fphere and the diftance PS con- 
jungly. Q.E.D. . 

Case 2. IaI now the corpufcle P attract the fphere 
AEBF. And, by the fame reufoning, it will appear that 
the force witt^ which the fphere is 4ttraded is as the diftance 
PS. Q.E.D. 

Case 3.' Im^qe another ^here compofed of innumerable 
corpufcles P ; and beetle th^ force with which every cor- 
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pilfcle 1ft attra^ied is as the diftance of the qorpttfde from the 
ceptre of the firft fphere, and as the fame fpheie conjun^Uy, 
and Is therefore the fame as if it all proceeded from a tingle 

corpufcle fituatein the centre of the fphere, the eiitiie force 
with which all the corpufcles in the Iccond fphere are attra(5l- 
ed> that is, with which that whole fphere isattradled, will be 
the fame as if that fphere were attraded by a force ifluing 
from a iingle corpufcle in the centre of the Mt, fphere ; and is 
therefore proportional to the diftance hetween the centres of 
the fphereg. Q.E.D. 

Case 4. Let the Ipheres attract each other mutually, and 
the force will be doubled, but the proportion will remain* 
Q.E.D. 

Case 5. Let the corpufcle. p be placed within the fphere 
AEBF (Fig. 3) ; and hecaufe the force of the plane ef upon 
the corpufcle is as thefolid contained under that plane and the 
diitance pg ; and the contrary force of the plane EF as the 
folid contained under that plane and the dillance pG ; the 
ibrce compounded of both will be as the dilferei^ce of the fo- 
lids, that is, as the fum of the equal planes drfiwn ipto half 
thedifierence of the diilances ; that is, as that fum drawn into 
pS, the diftance of the corpufcle from the centre of the I'phere, 
And, hy a like realbiiing, the attraction of all the planes EF, 
ef, throughout the whole ipiiere, that is, the attra(5lion of 
the whole fphere, is conjunt^tly as the fum of all the planes, 
or as the whole fphere, and as pS, the diitance of the corpufclf 
frdm the centre of the fphei^. Q.E.D. ^ 

Case 6. And if there be eompofed a new fphere out of in- 
numerable corpufcles fuch as p, liluatc within the firfl fphere 
AEBF, it may be proved, as before, that the attia<Siion, whe- 
ther liiigie of one ipherp towards the other, or mutual of 
both towards each other, will be as the difiapce pS of the 
centres. Q.E.D. 

PROPOSITION LXXVIIl. THEOREM XXXVIII. 
Jf fpherts in the progrcfs from the centre to ifw cucumftrcnce 
he however diffumlar and unequable, hut fimiiar on every 
fidp rqund alioiU at all given d/jtaac^/rQ^i the centre { and 
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the attraciive force of cverif j>oi}i( be as the diftanre of the 
attracted body ; I fay, that the entire force with which two 
fpheres of this kind attra& each other mutually is propar* 
tional to the difianee ^between the centres of the Jpheres, 
This is demonflrated from tlie foregoing propofition, in the 

fame manner as the 7Gth proportion was deinoniiiated hum 

the 75tb. 

Cor. Thofe things that were above demonflrated in prop. 
10 and 64, of the motion of bodies rotrnd the centres of co« 
nic fedions^ take place when all the attindions are made by 
the force of f^oBrical bodies of the condition above de- 
ftsribed, and the attiacied bodies are fpheres of the fame 
kind. 

SCHOUUM, 

I have now explained the two principal cafes of attra^oDS; 
to wit^ when the centripetal forces decreafe in a dopUcate ri^ 
tio of Ae diftances^ or increafe in a fimple ratio of the dif- 

laiices^ caufing the bodies ia both cafes to icvolvc in cuiiic 
fe(5lions, and conipoling fphaerical bodies whofe eentripclal 
forces obferve the fame law of increafe or decreafe in the re- 
cefs from the centre as the forces of tlie particles themfelves 
do ; whicb is yeiy remarkable. It wonH be tedious to run 
over the other cai^^ whofe conclufions are lefs elegant and 
important fo particularly as I have dune ihcfc. i cliuic ra- 
ther to comprehend and determine them ali by one general 
method as follows. 

LEMMA XXIX. 
about the* centre S (PL ^ Fig. 4) there be defcribed any 

eireie as AEB, and about 'the centre P there be alfo dk- 

fcribed two circles EFj ef, cutting the firft in E and e, and 
the line PS in F and f ; and there be let fall to PS the per^ 
pendiculars ED, ed ; / fay, that, if the dijlance of the arcs 
£F> ef be fuppofed to be in^nitely dminifkedi the lafi ratio , 
of the evanefeent line Dd to the ernnefeent Kne Ff is the fame 
' as that of^ Une PE to ffte Imf PS. 

For if the line Pe cut the arc EF in q ; and the right line 
£e^ whicli coincides with the evanefeent arc £e^ be produced^ 
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and meet the right Mne PS in T; and there be let M from 
S to PE the perpendicnlar SG ; then, becaufe of the like 
triangles DTE, die, BES, it will be as Dd to Ee fo DT to 
TE, or DE to ES; and becauie the triangles Eeq, ESG (by 
Jem. 8, and cor. 3, lem. 7) are iiinilar, it will be as £e to eq 
dr Ff fo EStoSG; and» ex afuo, as Dd to Ff fo D£ to SG<; 
that is (becaufe of the iimilflj trtaBgles POE^ PGSX fo is PE 
tops. Q.E.D. • 

PROPOSITION LXXIX. THEOREM XXXTX. 
Stippoje a fuperficies as EFfe (PI. £2. Fig. 5) to havt iU 

breadth infinitely diminijhed, and to bejajl vani/king; and 

that the fame juptrficie$ iy its revolutim round the axis 

PS defcribes a fpharical eoneavo^onvex foUd, to thefivetal 

equal particles of which there tend equal centripetal forces; 

1 fay, that the force with which that folid attraBs a corpuf- 

cle fituate in P is in a ratio compounded of the ratio of the 

folid DE* X Ff and the ratio of the force with which the 

given particle in the place Ff would attra^ the fame 

eorpufcle. 

For if we confider, firft, the force of the fphaerical fnperficies 
FE which is generated by the revolution of the arc 1 Ll, and 
is cut any wiiere, as in r, by the line de, the annular part of 
the fupci-ficies generated by the revolution of the arc rE wtH 
will be as the lineolsB Dd^ the radius of the fphere PE remain- 
ing the fame; as Archimedes has demonftrated in his bode 
of the fphere and cylinder. And the force of this fuperficie^ 
exerted in the direction of the lines PE or Pr fituate ail round 
in the conical fuperficies, will be as this annular fuperlicies 
itfelf; that is^ as the lineola; Dd^ or, which is the ^Gune^ as the 
jredangle under the given Iradius PE of the fphere and the line- 
olsB Dd; but that force^ exerted in the dire6);ion of the line PS 
tending to the centre S, will be lefs in the ratio of PD to PE, 
and therefore will be as PD x Dd. Suppofe now the line 
DF to be divided iiiLu innumerable little equal particles, each 
of which call Dd, and then the fuperiictes FE will be divided 
into fo many equal annnli> whofe forces will be as the funt 
of all the reaangles PD x Dd, that is, as |PF*-^ |PD% • 
and liitieiure as DL\ Let iiow the fuperficies FE be drawn 



Digitized by Google 



}B6 HATHIMATICAL PRINCIPLBS . BooM I* 

into the altitude Ff ; and the force of the folid EFfe exerted 

upon the corpurde P will be as DE* X Ff ; that if the 

force be given whit h any givcii paiticle as Ff cxeils upon 

the oorpufcle P at the diilance PF. But if that force be not 

givea, the force of the folid £Ffe will be aa the folid D£^ x 

Ff and that force not given, coiy nn^ly . Q.E.D. . 

PROPOSITION IXXX. THEOREM XL. 
Jftothe ftteraleqmlpaHtofafphertA^EiJ^l. Fig. 6) 

defcribed about the centre S tlierc tend equal centripetal 

forces; and from the feycral pohits D in the axis of the 

Jphere AB in which a corpufcle, as V, is placed, there be 

ere&td the perpendiculan D£ meetif^ the fphcre in E^and 

if in thofe perpendiculan the lengths DN be taken as the 

0£* X PS 

quantity — — , and as the force which a particle of 

the fphere jituate in the axis exerts at the dijiance PEi/po» 

the corpufcle P conjunct Ij/; Iff^y^ that the whole force with 

which the corpuf cle P is attra&ed towards the fphere is as^ 

the area ANB^ comprehended under the axis of the Jphere 

AB, and the curve line ANB, the locus of the point N. 

For fuppofing the conrtruciion in tlic lali lemma and theo- 

rciii to ftand, conceive the axis of llie Iphere AB to l)e divided 

into innumerable equal particles Dd, and the whole fphere 

to be divided into fomany fphaerical concavo-convex lamiosc 

£Fie; and ereiSl the perpendicular du. By the laft theorem^ 

the force with which the laminae EFfe attrad^s the corpufcle 

P is as DE* X Ff and the force of one particle exerted at 

the diftancc PE or PF, conjun<5lly. But (by the laft leiuiiia) 

Dd is to Ft' as PE to PS, and therefore Ff is eqtid to 

PS X Dd , .. . , , T)E*xPS - 
— — ; and DL^ x ii is equal to Dd x — jand 

therefore the force of the lamin» EFfe is as Dd X ^ ^ 

PL 

and the force of a particle exerted at tlie diftance PF con- 
jund;ly^ that is, by the fuppofition, as DN X Dd, or as the 
evanefcent area DNnd, Therefore the forces of all the 
kmin^B exerted upon the corpufcle P •are as all the areas 
DNnd, that ts, the whole force of the fphere will be aa the 
whole area ANB. Q.E.D. 
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Cos* 1. Hence if the centripetal force tending to the 
leveral particles remain always the fame at all diflances^ and* 

D£* )C PS 

DN be made as » the whole force with which the 

corpufclc is attradcd by the fphere is as the area ANB. 

Cor. 2. h tlie centripetal force of tlie particles be recipro- 
cally as the diftaoce of the corpufcle attraded by it, and BN 

X PS 

be made as — , the force with which the corpufcle P is 

Phi 

attradted by the whole fphere will be as the area ANB. 

CoK. 3. It' tlie ceiitripetid force of the particles be reci- 
procally as the cube of the dillance of the corpufcle attraded 

X PS 

by it, and DN be made as — — » ^otcQ with which 

the corpufcle is attraded by the whole fphere will be as the 
area ANB. 

Cob. 4. And univerfally if the centripetal force tending 
to the feveral particles of the fphere be fuppofed to be rcci- 

DE* X PS 

procally as the quantity Vj and JDN be made as p£ y ' V "? 

the force which a coipulcle is attracted by the whole 
iphere will be as the area ANB. 

PROPOSITION LXXXl. PROBLEM XLt. 
The things remaining as above, it is required to meafure the 

area ASB. (PL 23, Fig. 1.) 

From the point P let there be drawn the right lino PH 

touching the fphere in H; and to the axis PAB, letting Tail 
the perpendicuhir HI, bifecl PI in L; and (bv prop. 12, 
book 2, elem.) PE* is equal to PS* + SE^ + £PSD. But 
becaufe the triangles SPU, SHI are alike, S£^ or SH* is 
equal to the rectangle PSI, Therefore P£* is equal to the 
redlangle contained under PS and PS + SI + «SD; that 
is, under PS and '2LS + ; that is, under I^S and '2LD. 
Moreover DE* is equal to SE/ — SD\ or Slv — LS* + 2SLD 

— LDS that is, 2SLD — LD* — ALB. For LS'- — SE* or 
LS^ — SA^ (by prop. 6, book 2, elem.) is equal to the ret^"* 
i^le ALB. Therefor^ if Inftead of D£* we write 2SLD 

— LD* ALB, the quantity ^ which (by cor. 4 
of the foregoing p^op.) is as the length of the ordinate DN^ 
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Will now refolve itfelf into turee parts —77^; — rj rrn — rr 

PE X V PE X V 

_.:^iL^; where if inftead of V we wtile Bie inverfe 

PL X V ' 

ratio of the centripetal force^ and inilead of PE the mean 
proportional between PS and thofe three parts will 

become oidinates to fo many carve lines, whofe areas are dif- 
covered by the common mediods. Q.E.D. 

Example 1. If the centripetal force lending to the fcve- 
ral particles of the fphere he reciprocally as the diftance; in- 
ftead of Y write PE. the diftance, then ePS x LD for P£' ; 

and DN will become as SL — ^ LD — ^^g* Suppofe DN 

ALB 

equal to its double 2SL — LD —\ and sSL the given 

part of the ordinate drawn into the length AB will deicribc 
the redangolar area sSL X AB; and the indefinite part U), 
drawn perpendicularly into the iame length with a coutinned 
motion, in fuch fort as in its motion one way or another it 
toay either by increafing or dccreafing remain always equal 

lothelengthLD,willdercribetbearea=tr f^,that is, the 

area SL x AB; which taken from the former area SSL 
X AB, leaves the area SL x AB. Bnt the third pari 
ALB 

drawn after the fame manner with a continued motion 

perpendicularly into the fame length, will defcribe the area of 
an hyperbola, which fubdudled from the area SL X AB will 
leave ANB the area fought. Whence arifes this conftnidlion 
of the problem. At the points L, A, B (Fig. 2), erca the 
perpendicniars LI, Aa, Bb; making Aa equal to 1 15, nd Bb 
equal to LA. Making LI and LB afymptotes, deicnbG 
through the points a, b, tlie hyperbolic curve ab. And the 
45hord ba being drawn, wiU inclofe the ai«a aba eqnal to the 
area fought ANB. 

ExAMFtB £. If the centripetal force tending to the feteral 
particles of the fphere be n f ipiocally as the cube of the 
diflance, or (which is the fame thing) as that cube applied to 

* ' PE^ 
any given plane; write — — for V, and x LD for PE* j 
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jiTMn Mii^ ^ SL X AS* AS ALB x AS* 
and DN will become as — — — — , .u =-Tr* 

PS X LD 2PS 2PS X LD* 
that is (becaufe PS, AB, SI are contiaually f»roportloiial), as 

LSI 

into the length AB, the firfl -Qj w3l generate the area of an 

hyperbola ; the fecond |SI the area jAB x SI ; the Mxd 

ALB X SI , ALB x SI ALB x SI 

the area ^g--. that is, 

4-AB X SI. From tlic firft fubdu($l the i\an of the fecond 
and third, and there will remain ANB, the area fought. 
Whence arifes this conltructioaot the problem. " At the points 
L, A, S, B (Fig. 3), ere<5l the perpendiculars LI, Aa, Ss, Bb, 
of which fuppofe Ss equal to SI ; and through the point to 
the afymptotes U, LB, defcribe the hyperbola asb meeting 
the perpendiculars Aa, Bb, in a and b; and the redlangle 
SAST, fubd nested from the hyperbolic area AasbB, will leave 
ASB the area ibiv^^ht. 

Example 3. If the centripetal force tending to the feyeral 
particles of the fpberes decreafe in a quadruplicate ratio of 

PE* 

the diftance from the particles; write ibr t)iei|i 

• ST* X SL 

ftPS + Li> for P£^ and DN will become as ■ ^ ggj 

1 SP SI* X ALB 1 

Tfaefe three parts drawn into the length AB, produce f6many 

. SSI* X SL . ^ —T T" . SI* , 

V^Sl '""^ 7TA - VLB^ Tisi 



SI* X ALB . . — ! T 



V Ll>- ^ LA . and -^gT" vbiT ^nS^' 
And thefe after due reduction come forth ^ — jj — 9 SI*, 

and SP + ^« And thefe, by fubdnding the lafi fcom 

4SP 

the firft, become Therefore llit; entire luice with 

which the corpufcle P H attraAed towards the centre of the 
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fphere is as pj> tiiat is, reciprocally as PS' X PI. Q.E.I. 

By the fame method one may determine the attradUon of a 
eorpufcle (ituate within the fphere, hut more expeditioufly by 

iLc k)l lowing theorem. 

PROPOSITION T.XXXIT. THEOREM XLT. 
lu a Iphtre dcfcribcd about the centre S (PI. 2o, Fig. 4) with 
the intervai SA, if there be taken SI, SA, SP continual^ 
proportional ; I fay, that the attra&ion of a corpufcie within 
the Jphere in any place \ is'to its attra&ion without the 
fphere in the place P f» a ratio compounded of the fubdu" 
plicutc ratio of IS, PS, the dijlauces from the centre ^ and 
the Jubduplicate ratio of the centripetal forces tending to the 
centre in thofe places P and I. 

As if the centripetal forces of the particles of the fphere be 
redprocaUy as the diftances of the corpufcle attracted by 
them ; the force with which the corpufcle fituate in I is at- 

tratited by the entire fphei'e will be to the force with which 
it is attracted in P in a ratio compounded of the fubdupUeate 
ratio of the diilance SI to the di&ance SP, and the fubdupU- 
, cate ratio of the centripetal force in the place I arifing irom 
any particle in the centre to the centripetal force in the place 
P arifing from the fame particle in the centre; that is, in the 
fub( I u plicate ratio of the diftances SI, SP to each other reci- 
procally. Thefe two lubdupUcate ratios compofe the ratio 
of equality, and therefore the attradions in I and P prodoced 
by the whole fphere are equal. By the like calculation^ if the 
forces of the particles of the fphere are reciprocally in a du«^ 
plicaLc ratio of the diilance, it will be found that the attradion 
in I is to the attrac^tion in P as the drftance SP to the femi- 
diameter SA of the I'phere. If ihofe forces are reciprocally in 
a triplicate ratio of the diflances, the attractions in I and P 
will be to each other as SP^ to SA* ; if in a quadruplicate ra* 
tio, as SP' to S A'. Therefore fince the attradion in P wat 
fuutid in this laft cafe to be reciprocally as PS' X PI, the 
attraciion in I will be reci pi orally as SA' X PI, that is, be- 
caufe SA' is given, reciprocally as PL And the progreliion 
is the fame in ii^mtum. The demonfiratton of this theorem, 
is as follows : 
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The things remaining as above confiru^ed, and a cor- 
pufcle being in any place the ordinate DN was fbond to be 

DE* X PS 

— iTr; rr-» Therefore if IE be drawn^ that ordinate for 

PL X V 

any other place of the corpufcle, as will become (mutatis 

BE* X IS . , . , , 

mutaudU) as ■ . » y * buppoie tlie centripetal forces tiow- 

ing from any point of the fphere, as E, to be to each other at 

the dilhinces IE and PE as P& to IE" (where thenumbem 
denotes the index of the powers of PE and IE), and thofe or- 

A' . -.1 u J>EVxPS , DE- X IS 

dinates will become as p£ x PE "" ^ ife x IE" ™* 

tio tp each other is as PS x IE x IE*" to IS x PE X PE^. 
BecaitfeSI^ SE^ SP are in contii^ued proportion, the triangles 
SPE, SEl are alike ; and thence IE is to PE as IS to SE 
or SA. For the ratio of IE to PE write the ratio of IS toSA ; 
and the ratio of the ordinates becomes that of PS X IE" to 
SA X PE". But the ratio of PS to SA is fubduplicate of that 
of the diftances PS, SI ; and the ratio of IE" to P£> (becanfe 
IE is to PE as IS to SA) is ftibdoplicate of that of the foroei 
at the diftances PS, IS. Therefore the ordinates, and confe* 
quently the areas which the ordioates defcribe, and tlie at- 
tractions proportional to them, are in a ratio compounded of 
thofe fubduplicate catios* Q.E.D. 

PROPOSITION LXXXIII. PROBLEM XLIL 
To find the force with which a eorpujcie placed in the centre of 
a Jphere is attra&ed towards any fegment of that fphett 

whiitfocver. 

\jeX P (PI. Fig. .5) be a body in the centre of that 
ijpliere^ and KBSD a iegmcnt thereof contained under the 
plane RDS, and the fphserical fuperHcies RBS. Let DB be 
cut in F by a fphssricai fuperficiies EFG defcribed from the 
centre P, and let the fegment be divided into the parts 
BREFGS, FEDG. Let us fuppofe that fegment to be not a 
purely mathematical but a phyfical fupcrficies, having fome, 
but a perfedlly inconiiderable;, thicknefs. Let that thicknefs 
be cidted O, and (by what Archimedes has dcmondrated) that 
foperficies will be as PF x DF x O, Let us fuppofe beiidea 
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the attr«i6live forces of tbe particles of the fphere to be reci« 
piocaUjr 9B tbal power of the dift^mceB^ of which n is index ; 
aod the force with which the fuperfictes EFO attra^ the 

DE* X O 

hody P will be (by prop. 79) «» > that is^ as 

«T>FxO DPxO , . . ' , 

^jj.^^ » ' ' ' * "^^ perpendicular 1\N diiiwa 

ittto O be proportiooal to this quantity ; and the ciir?ilioeaf 
area BIH, which the oidifiate FN, drawn through the length 

DB witli a continued motion will delcribe, will be as the 
whole force with which the whole i'egmcnt iiBSD attracts the 
bodyP* Q.E.L 

l>ROPOSinON LXXXIV, PROBLEM XLIII. 
Tofimd thtfoTU with whkh a earpufcUj piaced mithovi the 

cadre o f a fphere in. the axis af any fegmmt, ti atUroBad 

bif that legment. 

T.et the body P placed in the axis ADB of the ici^nicnt 
£BK (PI. 23, Fig. 6) be attracted by that fegment. About 
the centre P, with the interval PE, let the fpheencal fuper- 
Acies £FK be defieryMsd ; and let it divide the iHs^^taent into 
l«ro parts £BKF£ and EFKDS. Find the force of the firft 
«rf thbfo parts by prop. 81, and the force of tbe latter part by 
prop. 83, and the fura of the forces wiii be llie force of the 
whok fegment EBKDE. Q.E.I. 

SCHOLIUM. 

The attra^UoDs of fphasrical bodies being Aow escplaiiied^ it 
^ipines next ip order to teeat of the laws of attraAioii in other 
hodies conlifting in like manner of attra^ive partides ; but to 

treat of them particularly is not neceflary to my defign. It 
^ill be fufficient to iubjoia fome general propofitions relating 
to the forces of fueh bodies, and the motions thence arifing^ 
I>ec9tifo the knowledge of thefe will be of fome hittle fifo in 
^hiMophical enquiries. 

SECTION XITT. 
Of ihe atlraSiive forces oj budks wJuck arc not oj a Jphn^rkal 

Jigure. 

PROPOSITION LXXXV* THEOREM XLIL 
If 4 Mjf be attra^tad by another, and it$ attradion be vaftly 
ftronger ^hen it is contiguous to the attra&ing body than 
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tvAen M^*!/ are ftparatcd from one another by a very fmail 
interval i tlw forces of the particles of the attra&ing body 
decremftf in the recefs of the body attra&ed, in more than a 
dmpUeait rmth oftkt di^nee of the pariieki. 
For if the foroes deoteafe Id ft duplicate ratio of the dilr- 
taiices from the particles^ the attm6%ion towards* a {\)h8erical 
body being (by prop. 74) reciprocaliy as the fquaic ot the 
dillance of the aLtra^led body from the centre of the fphere, 
will not be fenfibly ioaeafed by the contai^^ and it will be 
ftill ]g& imcxetdied by H, if the attra^Uon^ in the lecefs of the 
body attra^ed, decreafes in a ilill lelsr proportion. Hie pro* 
poUtion^ therefore^ is evideirt concerning attradlive fpheres. 
And Uie cafe is the lame of concave fphajrical orbs attradling 
external bodies. And much more does it appear in orbs that 
atlra^ bodies placed within them, becaufe there the attrac- 
tions diffufed through the eavities of thofe orbs are (by prop, 
7^) deftroyed by contrary afeb^ions, and (herefme have no 
even in the place of eonta<5l. Now if from theCe fpheres 
and fphserical orb3 we take away any parts remote from the 
place of conta<^, and add new parts any where at pieafure, 
we may change the figures of the aitrai&tve bodies at plea^' 
ftire ; but die parts added or taken away, being remote Aom 
the place- of oonta^ wfU caufe no remarkable exoedi of the 
abtoaAibn ariliiig from the contact of the two bodies. There^ 
fore the piopoiition hold:i good iu bodie:^ of all figures. 
Q.E.1). 

PROPOSITION LXXXVI. THEOREM XLIII. 
^'tkeforcei ike particles of which an attra^ivt bod^ ti com* 

pofid deeret^, in ike recefs of the eittraQed boAf , in a tri^ 

' 'pUeaio or more than a tripHcait roHo ef the dijianee from 

' tlie particles, the at tr a 61 ion will be vajlly jlronger in the 
point of contact than when, the aftrattifig and attratted bo^ 
f 4lies urefeparatcdfrom each other, though by never fo Jinali 
* m iutesval, 

'Ssv Ma ibe^alilraAio&4i infinitdy increafed- when the at^ 
4ra6bd corpnfele comes to 'touch an attrading {pheie of thit 

kind, appears, by the foiution of problem 41, exhibited in the 
fecond and third examples. The fame will alfo appear (by 
You L O 
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Comparing thole examples and theorem 4rJ together) of at- 
. tra^oQs of bodies made towards concavo-convex orbs, whe- 
ther tibe attrai^d bodies be placed without the ofbs, or m the 
cavities within them. Aod by adding to or taking from thofe 

fpheres and orbs any attra(^iive matter any where without the 
place of contact, I'o that the attiaciive bodies may receive 
anj afiigned figure^ the propoiiUoa will hold good of all bo« 
diet oniverlally. Q.E.D. 

PROPOSITION LXXXVtL THEOREM XLW. 
If two bodies fimilar to each other, and eonfifting of matter 

equally attractive, attraSi feparately tzvo corpnfchs propoT^ 

tioiial to thoft bodies, and in a like fituation to them, the 

acceierativc attraSiions of tfic corpujcles towards th£ entire 

ifodiei will be as the accelerative aitra&ions of the eorpufcles 

towards particle* of the bodies proportional to the wholes, 

and alike fituated in them» 

1 or if ihc bodies are divided into particles proportional to 
the wholes, and alike fituated in them, it will be, as the at- 
traction towards any particle of one of the bodies to tiie at- 
tra<^lion towards the correfpondent particle in the other body, 
fo are the attra^ions towards the feveral particles of the Bx& 
body to the attradBons towards the feveral coneQ^ondeot paiw 
tides of the other body ; and, by compofition, fo is the at- 
Uadlion towards the firft whole body to the attrai6lioii towaids 
the liicond wiiole body. Q.E.D. 

CoR. 1. Therefore if, as the diflances of the corpafcks^at- 
tradied increafe^ the attradbve forces of the particles deciseafe 
in the ratio of any power of the diftances, the acceleiiative| at- 
tra<5Hon8 towards the whole bodies wUl be as the bodies di- 
rectly, aud thofe powers ol' liie diftances inverfely. As if the 
forces of the particles decreafe in a dupUcate ratio of Uie 
diftances from the corpufcles attradied, and the bodies are as 
A' and B^, and therefore both the cubic ficles ol^the bodies, 
and the diflance of the attracted corpufcles from the bodies, 
^e as A and B; the acceierativc attradio^s towards the bodies 
A» B' 

will he as and that is; as A and B the cubic fides of 
ihoie. bodies*. If the forces of the partide* deofeafe in a Iri^ 
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plicate ratio of the diftaiices from the attra(5led corpufcles, 
the accelerative atUadioDs towards the wboie bodies will be as 

and -^j that is, equal. If the forces decreafe in a qua- 
druplicate latio, the attraSions towards the bodies will be as 
A' B' 

^ and ^% that is, reciprocally as the cobic fides A and B. 

And fo in other cafes. 

Cor. 2. Hence, on the other haad^ (rem the forces with 
which like bodies attra^ corpufcles fimilaily fitoated> may b^ 
colle6)ed the ratio of the decreafe of the attradive forces of 

the particles as the atUacted corpufcle recedes from them ; 
if fo he that decreafe is dire^ily or inverfely in any ratio of the 
diihinGes. ' ^ 

PROPOSITION LXXXVIir. THEOREM XLV. 
Jf the attroBhc forca of the equal particUi tf any bodjf be as 

the dijkmce of the places from the particles, the force of the 

7i)hoh body will tend to its centre o f gravity ; and r^ ill be the 
fame wilh the force of a globe, conjijling of jhnilar and 
equal oiatterf and Jiaving its centre in the centre of gra- 

Lh the particles A, B (PI. 23^ Fig. ?)> of the body RSTV 
attrad any corpufcle Z with forces- whicb^ fuppofing the par- 
ticles to be equal between themielvcs, arc as the diflances 
AZ, BZ ; but^ if they are fuppofed unequal, are as thofe par- 
ticles and their diftances AZ> BZ conjunctly^ or (if I may fo 
Q>eak) as thofe particles drawn into their diftances AZ, BZ 
lefpedively. And let thofe foices be esprefled by the con- 
tents under A x AZ, and B x BZ. Join AB, and let it be 
cut in Gj fo that AG may be to BG as the paiUele 13 to the 
particle A; and G will be the common centre of gravity of 
the particles A and 15. The force A x AZ will (by cor. 2, of 
the laws) be refolved into the forces A X; OZ and A x AG ; 
and the force B x BZ into the forces B X GZandB X BG. 
Now tfae-forces A x AG and 6 x BG, becanie A is propor- 
tional to B, and BG to AG, are equal, and therefore having 
contrary directions defii oy one another. There remain then the 
forces A X, GZaod B x GZ. Tbeie tend from Z toiar(jU 

O fl 
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ibe centre and'cbmpofe iht force A + ^ that is, 

the fftttief6ir^ a^if 'th6 MtrndKve panicles A'iittd B were 

placed ill tliiiif c^i^uion centre ot gravity coippofing there 
a little i^lobe. 

By the fame reafoning, if there be added a third particle C, 
the forffe^of.ii ^be fifompouuded with the force A + B 
X GZ tending to the centre the force thence artiing will 
tend to the common centre of gravity of that glo^ in G atfd 
of the particle C; that is, to the common centre of gravity 
of the three particles A, B, C; and will be the fame as if that 
globe and the particle C were placed in that common centre 
vompofing a greattir globe there ; and fo we may go on in 
ittfinitam. Therefore the whole force of all the parUdes of 
any body whatever HSTV^ is the fame as if that body^ with- 
out removing its centre of gravity, were to put on the form of 
a globe. Q.E.D. ' * 
Cor. Uence the motion of the attracted body Z will be 
the fame as if the attracting body RSTV were i^hsarical; 
nnd therefore if that atti^d^ing body be either at reft^r pro> 
ceed uniformly in a tight Ihie, the body attHEv^ied %m move 
in an ellipfis having its centre in the centre of gravity of the 
attracting body. 

PROPOSTTION LXXXTX. THEOREM XLVI. 
If there be feveral bodies conjijlitt^ of egtudl particles whofe 

farces aH as'the di/iahces of the plkees from eatA, the force 

' compovenSed of aU the forces by wki^ any corpufcfe h at--, 

' im6ied will tend to the common dentre of gravity of the at" 

• trafiittg bodies; and will be the fame as if thofe attracting 
bodies, preferving thdr common centre of gravity, Jhouid 
7mUe there, ttrtdife formed into a globe.' 
; Thisisdemotffinded afterthe IknAi^irvanAertis the foregoing 
propofitio'n* - ■ . 

♦ Ooft. ^beii^ofe' thetnotion of thfe attraded body be 
tlu' I'arrte as if the attra6ling bodies, pi Ici ving their common 
centre of gravity^ fliould unite thei*e, and be formed into a 
globe. And, therefore, if the commdn centre of gravity bf 
«be attracting \Mies be either at f eft, or probeed^ i^i^iforttlljf 
in '•ilf' rig^t-lme, ^ atbaded "body^will move in\ut- ^SR^ 
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having its oe^e m the coi^mox) ce^UQ ot gravity, of t})e a(« 
tradUog bodies. 

PROPOSITION XC. PROBLEM XLIV. 
Ifi» the JevcraJ points of anjf eireh ther^ tfnd equal centrlpe^ 

tal force*, increafifig or decrcafing in my ratio of the dil} 

tances ; it is required to find tlie force with which a corptif^ 

cle is atlra6ied, that is, fituatc any zchere in a, right Hue 

which Jiandi at rigitt angles tp tJic plane of {he circle at i(f 

cevire* . 

Suppofe a circle to be defcribed about the centre A (P]. 24^ 
Eig. J) with any interval AD in a plane to whicsh the right 
line AP is perpendicular; and let it be required to find the 
force with which a corpul'cle P is attradled towards the fame. 
From any point £ of the circle, to the attrad^ed corj)ufc]e P, 
let tbepe be diawa the right hne P£, In the right line PA 
take PF equal to P£^ and make a perpendicular FK^ eredled 
atF, to be as the force with which the potht E attrn^ls the 
corpufcle P. And let the curve line IKL be the locus of the 
point K. Let tliat curve meet the plane of the circle in L. In 
PA take PH equal tp PD, and eretSt the pei pendicular i-ll 
meeting that curve in I; and the attra<^ba of the corpufcle 
P towards the circle will be as the area AjHIL drawn into the 
altitude A P. Q.E.I. 

lor let there be taken in AE a very fmall line Be. Join 
Pe, and in PE, PA take PC, Pf equal to Pe. And be- 
caufe the force with which any point E of tiic annuJus tje- 
fcribed abput the centre A with tlie interval AE in the afore- 
laid plane attrads to itfeif the body P| is fuppofcd to be aa 
FK; and, therefore, the force with which that point attra^ls 

AP X FK 

tlie- body P towards A is as pp and the force with 

which the wiiolp annulus attracts the bpdy 1^ towards A is as 

AP X FK . 
the aauuius and ponjundUy; and Uial aonulns 

* 

alfp is as the re<^ang1e under the radius AE and the breadth 

Ec, and this redlanglc (becaufe PE and AE, liv a [id CE are 
|>rop9rtiontU) l& eqi^al jtv U^e ,re<^ngW P£ ^ Cfi» or i'E X ^T; 

' ' . ' .O 3 ' • . ' , 
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the force with which that annuluB attradis the hody P towardb 

AP X FK 

A will be as P£ X Ff and — cpDjuudtiy ^ thatia^ as 

the content under Ff X FK X AP, or as the area FKkf 
drawn into AP. And therefore the fum of the forces with 
which all the ancnli, in the circle deferibed about the centre 
, A with the interval AD, attradi the hody P towards A^ ia as 
the whole area AHIKL drawn into AP. Q.E.D. 

Cob. 1. Hence if the forces of the points decreafe in the 

doplicate ratio of the diftances, that i», if FK be as and 

therefore the area AUIKL as — i the attraction of 

PA • 

the corpnfcle P towards the circle will be aa ] » 

, . AH 
that IS, as pjj- 

Cob. 2. And univerfally if the forces of the points at the 
diflances D be reciprocally as any power D* of the diftances; 

that is, if FK be as and therefore the area AUIKL 

^ |>jj!j.i — {>H° — ' ^ attradUon of the coracle P 

1 PA 
towards the circle wiU be as pj^nJ.'* — Pfi?^*** 

Cor. 3. And if the diameter of the circle be increafed in 
infinitum y and the number n be greater ihaii unity; the attrac- 
tion of the corpufcle P towards the whole incite plane will be 

P4 

reciprocally as PA"* — *, becaufe the other tenn ^ti ^ 

vaniflies. 

PROPOSITION XCL PROBLEM XLV. 
To find the attraction of a corpufck fituate in the axis of a 
round fqlid, to whofe feveral points there tend equal centri- 
petal /area decreafing in any ratio of the difianees whaifo^ 
ever* 

Let the corpufcle P (PI. £4, Fig. 2) fituate in the axis AB of 
the fohd DECG, be attra<Sled towards that folid. Let the 
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S(iM be cut by any circle as RFS^ pcrpeadicular to the axis; 
and in its Cenit-diameter FS^ in any plane PALKB pafiing 
throagh the axis^ let theie be taken (by prop. 90) the length 
FK proportional to the force with whi<;h the corpufcle P it 

attra<Sled towards that circle. Let tlie locus ol the point K 
be the curve line LKI, meeting the planes of the outermoU 
circles AL and BI in L and I; and the attraction oi' the cor- 
pufcle P towards the folid will be as the area LABI. Q.E.L 
Com. 1. Hence if the folid be a cylinder defcribed by the 
parallelogram ADEB (PI. Q4, Fig. 3) revolved about the axis 
AB, and the centripetal fuices tending to tlie levcral points 
be reciprocally as the £quares of the diftances from tlje points; 
. the attra<5lion of the corpufcle P towards this cylinder will be 
as AB P£ 4- Pl>. For the ordinate FK (by cor. 1, prop. 

PF 

90) will be as 1 — jq^* The part 1 of this quantity, 

drawn into the length AB^ defcribcs the area I x ABj and 

PF 

the other part drawn into the length PB, defcribes the 

area 1 into PE — AD (as may be eaiily (hewn from the quadfa- 
ture of the cnrve LKI); and, in likemanner, th e fame part 

drawn into the kiigth PA defcribes the area 1 into PD — A D, 
and drawn into AB, the difference of PB and PA, defcribes I 
into P£ — 'PD, the di^Serence of the areas. From the firft 
content 1 x AB take away the laft content 1 into PE — Pl5^ 
and there will r emain the area LABI equal to 1 into 
AB — PE + PD. Therefore the force being proportional to 
this area^ is as A B — PC + PD. 

CoK. 2. Hence alfo is known the force by which a fphe- 
roid AGBC (Pi. i>4, Fig. 4) attrads any body P iituate exter*. 
nally in its axis AB. Let NKRM be a conic fe^ion whofe 
ordinate £R perpendicular to PE may be always equal to 
iSbe length of the line PD, continnally drawn to the point 
D in whicii tiiat ordinate cuts the fpheroid. From the vertices 
A, B, of the fpheroid, let there be ere<5led to its axis AB the per- 
^ndiculars AK, BM, refpedively equal to AP, BP, and there*- 
fommeeting theconicfe^n in KandM ; and joinl^Moatting 
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aff fiom It thft fcgmeot KMRK. Lei S tke centre of the 
Ijpheroki, and SC ito great«ft femi-diameter; and the fanst 
with which the fpheroid attnidb the body P will be to the 

force wilh which a i'phere defcrib< d with the diameter AB 

^ \ ^ AS X CS' — PS X KMRK. 

attracts the fame body, as ' ' ' p^* ' j. " 

AS' 

^pg;* And by a calculation founded on the fame principles 

may bo found the forces of the fcgmcnts of tti(^ fplirroid. 

Cor. 3. If the corpnfrli' be placetl within the Ipheroid .'Uid 
in its Hxis^ the ettradiion will be as its didance from the cen« 
tre* This may be eafily colle^ed from the ibllowing reaibo* 
Sng, whether the particle be in the axis or in any other given 
diameter. Let AGOF (PI. 24, Fig. 5) be an flItraAing 
fpheroid, S its centre, and P the body attra6led. liuough 
tlie body P let there be drawn the femi-diameter SPA, and 
two right lines DE, FG meeting the fpheroid in D and E, F 
and G; and iet PCM> ULN be the fuperficies of two interior 
fpheroids fimtlar and concentrical to the eacterior, the firft of 
which palTes through the body P, and cuts the right h'nes DE, 
FG in B and C; and the latter cuts the fame right lines in 
H and i, K and L. Let the fpheroids have all one common 
axiiy and the parts of the right lines intercepted on both fidefl 
DP and B£>FP andCG, DU and IE, FK and LG, wiUbc 
antaally equal; hecaofe the right lines BE, PB^and HI, are 
bife^lcd in the fame point, as are alfo the right lines FG, PC, 
and KL. Conceive now DPF, EPG to reprcfent oppofile 
«cones defcribed with the infinitely Imall vertical angles DPF, 
£PG^ and the iinesDH, El to be infin 1 1 1 !y fmali alio. Then 
the particles of the cones DHKF, GJUE, cut off by the fpfae* 
foidieai fnperfioies, by reafon of the equality of the lines DH 
and El, will be to one another as the fquarcs of the diftanccs 
from the I xly Pj?inrl willthereforeattnu^thntcorpufclcequaily. 
And by a hke reaioiiing if the fpaces 1>PF, EGCB be divided 
-into particles by tlie fiqperficies of iniiamerabie ^milar ^he? 
«oids concentric to the Ibnner and hawing one common axi% 
all tfaoie particles will eqpnOy atfamA on both fides the body 
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P towards contrary parts. Therefore the forces of the cone 
DPF, and of the conic fegmcnt EGCB, are e(juul, and by their 
contrariety deftroy each other. And the cafe is the fame of 
the forces of all the matter that lies without the interior fpbe- 
roid PCBM. Therefore the body P is attrAaed>>y the iote- 
• nor fpheroid PCBM alone, and therefore (by oor. 3, ])rop. 
72) its attraction is to the force with which the body A is at- 
tracted by the whole fpheroid AGOD as tlie diftance PS to 
the diftance AS. Q.E.D. 

PROPOSITION XCII. PROBLEM XLVI. 
An aiiraBmg body being given, it ti required to find the raii» 

' of the deereaff of the centripetatforcei tending to its feverai 

points. 

The body given muft be formed into a fphere, a cylinder, or 
fome regular figure, whofe law of attraction ani'wering to any 
ratio of decreaie may be found by prop, 80, S\, and 91. 
Tfoea, by experhnents, the force of the attra^ons mi^ be 
found at federal diftances, and the law of attra^ion towaida 
the whole, made known by that meanS) will give the ratio 
of the decreafe of the forces of the feverai parts ; which waa 
to be found. 

PROPOSITION XCIII. THEOREM XUTlL . • 
ijf afoUd beplane on one fide, and infinittfy extended on nH 

other fides, andeonfiji of v qua I particles equally attreMve, 

whofe forces deereafe, in the recefs from the folid, in the re^ 

tio of am/ power greater than the fquare of the diftances ; 

and a corpujclc placed towards either part of the plane is at" 

trailed by the force of the whole folid ; I fay, that the at» 

tra&iu force of the whole foHd, in the recefi from its plane 

fnperfcies, wiU decrenfe in the ratio of a power whofe fide k 

the diftance of tlie eorpufcle from the plane, and its indeg 

• hfs by 3 than the index of the power of the di fiances. 

Case i. Let LGl (Pi. (24, Fig. 6) be tlie plane by which 

the folid is lerminated. I^t the folid lie on that hand of the 

plane lliat is tovards and lei it be «elblved inio iiHMiBieFable 

planes mHM« oIN, oKO, &c. parallel to Gl. * And fiifi;<iei 

Che Attraded body G be pkieed iHibout the IfMd. Ii^<lMm 

be drawa CGHI pcrpeiidiriiW io thofe inaUmerable plauei^ 
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and let the attra^ve forces of the poiDts of the folid dc^^reafe 
in the ratio of a power of the diftances whofe indesr is the 

namber ii not lefs than 3. Therefore (by cor. 3, prop. QO) the 
force with which any plane mllM attracts the point C is re- 
ciprocally as CH" — *. In the plane mUM take the length 
HM reciprocally proporttooal to CH' — % and that force will 
be as HM. In like manner in the feveral planes IGL^ nlN^. 
oKO, &c. take the lengths GL, IN, KO, &c. reciprocally 
proportional to CG"— CI» — CK* — % &c. and the forces 
of thofe planes will be as the lengths fo taken, and therefore 
the fum of the forces as the fum of the lengUis^ that is, the 
force of the whole iblid as the area GjU>K produced infinitely 
towards OK. But that area (by the known methods of qua- 
dratures) is reciprocally as CG"— ^ and therefore the force of 
the whole foUd is reciprocally as CG° — ^. Q.E.D. 

Case 2. Let the corpufcle C (Fig. 7) be now placed on 
that hand of the plane iGh that is within the folid, and take 
the diibince CK equal to the diftance CG, And the pact of 
tiie folid I/jloKO terminated by the parallel planes IGL, 
oKO, will attra6l the corpufcle, fituate in the middle, nei- 
ther one way nor auolher, the contrary anions of the oppo- 
fite points deltroying one another by reafon of their equality. 
Therefore the corpufcle C is attra6ied by the force only of the 
folid iitaate beyond the plane OK. But this force (by cafe 1) 
is reeiprocally as CK*~^ that is (becanfe CG^ CK are 
^qual), reciprocally as CG* — ^. Q.E.D. 

CoK. 1. Hence if the folid LGJN be terminated on each 
fide by two infinite parallel planes LG, IN, its attractive 
force is known, fubdudting from the attrat^ve force of the 
whok infinite folid LGKO the attra6live force of the more 
difiant part NIKO infinitely produced towards KO. ~ 

Cor. 2. If the more diftant part of this folid be rejected, 
becaufe its attraclion compared with the altra6lion of the 
nearer part is inconfiderable, the attradlion of that nefuer part 
¥rill^ as the diftance increafes, decieafe nearly in theiVatio of 
tbepoworCG*— ^ 

Com. 8. And hence if any finite hody^ plane on one fide, 
.alU:ai!:t a cQipurde i^^uajte ov.^j(-agj|i|)it the mid^it^ of th«)i 
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plane, and the diflance between the corpufcle and the plane 
compared with the dimenfions of the attracling body be ex- 
iiemely fmall ; and the attracting body confiil of homogeneous 
particles^ whofe atlra^Ye forces decreafe io the ratio of any 
power of the diftances greater than the qaadrupti^te ; the at* 
ir^Bxve force of the whole hody will decreafe veiy neariy in 
the ratio of a power whole iide is that very fmall diftance, 
and the index lefs by 3 than the index of llie former power. 
This alTertion does not hold good, however, of a body conlift- 
ing of particles whofe attractive forces decreafe in the ratio of 
the triplicate power of the diftances ; hecaofej in that cafe, . 
the attraction of the remoter part of the infinite hody in the 
fecoad corollary is aiwa.ys infinitely greater Liiiin the attraClion 
of the nearer part. 

SCHOLIUM. 

If a hody is attraded perpendicalarly towards a given plane^ 
and firoln Uie law of attradion given the motion of the hody 
he required ; the problem will he folved by (eektng (by prop. 

39) the motion of the body defcending in aright line towards 
that plane, and (by cor. 2, of the laws) compounding that 
motion with an uniform motion performed m the dirediioa 
of lines parallel to that plane. And^ on the contrary^ if there 
he lequiied the law of the attrai^on tending towards the plante 
fai perpendicular dirie^ons^ by which the hody may he canied 
to move in any given curve line, the problem will be folved 
by working after the manner of the third problem. 

But the operations may be contradted by refolving the 
ordinates into converging feries. As if to a bafe A the length 
B he ocAnalely applied in any given angle^ and that length 

m 

he as any power of the bafe An ; and theiebe fought the force 
with whkh a body, either attni^fid towards the bafe or dri- 
ven from it in the dire^on of that ordinate, may be caafed 

lo mov^^ in the curve line which that ordinate always defcribes 
with its fuperior extremity; I fuppofe the bafe to be increaf- 
ed bjr^a very ^aii part and X refolve the ordinate 
»ra "1 m m — n mm— mn 

A-^oU infinite feries A*; + — OA §nn 
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OOA" n " &c. and I fuppofe the force proportional to the 
term of lius ienes in which O is of two dimeniioiis, that is^ 

to the term ^ OOA " ' Therefore the force 

don " 

mm — nin g» 
lought 16 as A ■ n-'' Off which » the famt- 



nn 

thing, as ^ m • As if the ufdinate defcribe ft 

pariibolay m being =i 2> and n =: 1> the force will be as the 

given quantity 2B°, and therefore is given. Therefore with a 
given force the body will move in a parabola, as Galileo liai> 
demonitrated. If the ordinate defcribe an hyperbola, m being 
— 0— l^and n = 1, the force will be as eA~^ or 2B^; andtberer 
fore a force which is as the cube of the ordinate will caufe 
the body to move in an hjperbola. But leaving this kind 
of piopofitions, I fliall go on to fome others relating to motion 
which I have not yet touched upon. 

SECTION XIV. 
0/ the motion of wy fmall bodies mkm agitated hy^ntripe^ 

ial Jhrcca tending to the feveral parts of any very great bodjn* 

PROPOSITION XCIV. THEOREM XLVllL 
Jf two jhnilar mediums be feparated J) om tqch oth^r by a fpact 
terminated on both fides by parallel planes, and a body in 
it^paj)age through that /pace be attracted or itn^lUd ]^cr*' 
pcndicularly towards either of ikofc medmmSj and not agi^ 
. \tateii or hindered by of^ other forcfi ; and tks at^n^&um he 
ettery whore the fame at equai diftanees fron^ either plane, 
taken towards the fame hand of the plane; I fay, tlmt thcjuie 
o f inciduiCi: upon either plane tcill be to the fine of emer- 
gence from the other plane in a given ratio, * ' ' : - 
Ca6B I. Let Aaand Bb(PI. 26, Fig. i)l>e t#opai^ld 
pianei^ and ]ei th« body Ugbt upon the firA plane Aa In th^ 
dife^on of llle line 6H, and iti -its whole pafFage through the 
intermediate Ipace let it be attra^d or impelled tov, ards the 
medium of incidence^ and by that a6lion let i* be made to de*» 
feribe a curve line HI, and let it emerge^ in the diredion oj 
the line IK. liet thei^.be«re€i;ed IM perpendicular to Bb-the 
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^ane of emergence, and meeting tbe line of incidefto^ . QVL 
pMomged m M, and tbe plane of jacideace Aaiia R ; ami let 
die fine of eibergence KC bepfodooeilaiid meet HM in lib 

About the centre L, with the inteival LI, let a circle be de- 
fcribed cutlitfg both HM in P and Q, and MI produced in 
and^ Erft^ if the attraction or impuUe be luppoied uui^na^ 
the curve HI (by what Galileo bat demonArated) be a para^ 
boia, whofe property tstiiatof ^ledangk tnnteittgiwA klas 
ledbra and the Kne IM is eqtiai lo tbe fquate of HM; and 
moreover the line HM will be bife^ed in L. Whence if to MI 
there be let foil the perpendicular LO, MO, OR wiii be equal ; 
and adding tlic equal lines ONi 01, the wholes MN, IR wiid 
be equal alfov Therefore (inoe IR l9.gben> MN is alfo gimHf 
voA the reAai^le NMi is to tbe lo^angle nnder .the btba 
FeAinn and iM, that is, toHM^in a'^ven vatie*. But Ibc 
rectangle NMI is equal to the redlangle PMQ, that is, to the 
difference of the fquares ML*, and PL^or LP; and HM^ hath 
a given ratio to its fourth part ML^; jther6tiaiaoti|e xatio «(f 
ML^ — LI* to ML" is giveta^ and hji? ^ennrerfiOA ' tbe ratidr 
of LI«tD M£%aftaits fflbdaftteBte, the mtidtor LI l^ML. 
Bnt hi'erery triangle, as ;LMI> tbeiines of the aagfles are pro* 
portional to the opp(3lite fides. Therefore the ratio of the 
line of the angle of incidence LMR to the iioe of tlie angle 
of emergence LIR is given. Q.E.D. ' : ' 

Cas£ d. Let now the body pafs fucceiUvely. thfMghi&veM 
rai fpaces telXddfittted with ptf&Uel planet AobB, McC, Sec. 
(PL Fig. £), and let it to fl6M on by a forae wbieh. ta 
nnifbrm in each of them feparately, but different in tlie dif- 
ferent fpaces; and by what was juil demonllrated, the fine 
of the angle oi iacidenoe on the iirft plane Aa is to the ilne 
of emergence from the iecond plane lib in a «^«iCQratb>; and 
thb-tee ^yfweieboe ii]^.lAitt iiBiM»MliplaQeBb wili be 'to 
the fine 'of irtmn r g ence firom 'llie ^trd ' pQaae Gc in a fiveft 
ratio: and this fine to the line of euiero-ence from the tourtl^ 
plane Dd in a given ratio; and fo on m iniijiitian ; and, by 
equahty^ tkeifineuDf incidence on the hril plane to the ^a^. 
of eMagtimaiiftM tbe litipflfanBisifr *^vBa <r^a. ' : iiiitinait 
the intervals of the planes be diminiihed, and their nnmber 
be infinitely incieafed^ fo that the adion pf attradlion or 
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ittpalfief exerted accord iDg to any afligned lair, may become 
telioQal^ and the ratio of tbe fine of iDckleiKce on the 
fiM plane to tbe fine of ctoergenoefrom the lad plane being aXL 
along given, wiH be giVeh then alfo. Q.E.D. 

PROPOSITION XCV. THEOREM XLTX. 
Tkc fame things being fuppofed, I fay, that the velocity of the 

body before mddtHce is to its velocity after emergence a§ 
' the fine of emergence to the fine tndeknee* 
' Make AH and Id equal (PL Fig. 3); and eaeSt the per- 
pendiculars AG, dK meeting the lines of inctdenee- and emer- 
gence GH, IK, in G and K. In GH take TH equal to IK, 
and to the plane Aa let fall a perpendicular Tv. And (by cor. 

of the laws of motion) let the motion of the body be refoly^i* 
ed into two, one perpendicular to the planes Aa, fib^ Cc, te, 
•od another parallel to them. The force of atlradion or war- 
pulfe, ading in directions perpendicular to thofe planes, does 
not at all alter the motion in parallel dire^iQns; and therefore 
the body proceedmg with this motion will in equal times go 
throngh thoie equal parallel intervals thai lie between the 
line AG and the point H, aad betweeft ihte point I and the 
KnedK; that is, thejr wiU defcribe the lines GH, IK in equal 
times. Therefore the velocity before inckkoce is to tbe 
velocity after emergence as GH to IK or TH, that is, as AH 
or Id to vH, that is (fuppoiing TH or IK radius), aa the iine 
af emeiy n ce to thie fine of iaeideaoe. Q.E.D. 

PROPOSITION XCVL THEORBM L. 
The fame things being fuppofed, and that the mathn brfare 

incidence is fwifter than afterwards; I fay, that if the line 

'. of incidence be inclined cQiidnudlly, the body zcill be at laft 

\ rejUMed, and the angle of rtfiexim will be equal to the an- 

' j^e of incidence. 

> For conceive the body paifing between the paraUel phmes 
Aa:^ fib, Gc, (PI. £5, Fig. 4) to defcribe parabolic ares as 
aliove; and let diofe arcs be HP, PQ, QR, &c. And let the 

obliquity ot th^ne of incidence GH to the firft plane Aa be 
iiich that the fine of incidence may be to the radius of the cir- 
ak whoia fina it is, in the ianafatioirfaiQh the fame fine of inn 
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^eiice faalh to the fine of emeigeiiGe firom tho {ikfl« Dd mtai 
the fpace DdeE; and becaiifii the fine-of emergence h now be- 
come equal to radius, the angle of emergence will be a right 
oae, and thereibre the line of emergence will coincide with ihe 
pkne Dd. Let the body come to this plane in the point R; 
tad becaofe the line of emeigeaoe coincides- with that pbuKi 
it ig manifeft that the body can proceed no &rther towacds 
the plane £e. But neither can it proceed in the line of emer- 
gence Rd ; becaufe it is perpetually attracted or ini{>Glled to- 
wacds the medium of incidence. It will return^ therefore, be- 
tween the planes Cc, Dd, defcribing an arc of a parabola 
QRq, .vhofe principal vertex (by what GaUieo haa deaioa* 
ftniCed)i8 in R> catting the plane Cc in the ikme angle at q, 
that it xiid before at Q ; then going on in the parabolic arct 
qp, ph, ^c. fimilar and equal to the former arcs QP, PH, 
&,c. it will cut the reft of the planes in tlie fauie angles at p, 
h^ &rC. as it did before in 6cc. and will emerge at lafl 

with, the lame obliquity at h with which it £rft iivpinged on 
that plane at H. Conceive now the intervals ol the planet 
Aa, Bb, Cc, Bd, Ee, Sec. to be infinitely dnoiRiiihed^ and tfab 
number infinitely increafed, fo that the action of aUrudlion or 
impulfe, exerted according to any afligned law, may become 
continual ; and, the angle of emergence remaining ail along 
eqnalto the angle of incadence^ will be ecpiai to the fame al£a 
atJbiL 

SCHOLIUM. 

, Thefe attrartions bear a great rcfemblancc to the reflexions 
and refra6fion!5 oi light made in a given ratio of the fecants, 
«8 was difcovered by iiiuiiius ; and conlequently in a given 
ratio of the fines, as was exhibited by De$ Carta* For it is 
now certain from thephssnomena of Jypittr*% fateUite% con- 
irnied by the obfervations of dtfierent idtroaomera, that light 
is propagated in fucceflion, and requires ahout feven or eight 
mmuLcs to travel from the lun to the earth. Moreover, the 
fays of light that are in our air (as lately was di£co\&ed by 
Crimaidus, by the admiifion of light into a darlc room through 
a finailholi^^ whioh i hava.alib Irtad) intharpaflage near the 
angles of bodies, whether tranfparent or opaque (fuch as the 
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circular and re^laiigiilai edges of gold, llivcr and brafs coina^ 
er of knives^ or broken piect^s of itoiie or glafs), are beat orixw 
fle^d round thoie bodies as if they were aUradcd to them ; 
ami tbofe mjs wblcb in tfavir paiTagie come wardl to the iio* 
(Iks < we the moft mBa&eA, ' as if ihey were ma& aAKa^ed i 
which thing I myfelf hava aHh caiefuUy obfenred. And 
thofe which pafs at greater diftaiices are lefs infleAed ; and 
thole at iiUi -greater diftauces are a litUe inileckd the contrary 
w&y, and form three fringes of CQk>urs. In Pi. 25^ Fig. 6j aie*. 
pa^emU the edge of a knife^ or anjr kind of wedge MB ; and 
gowog, Ibunfy eaitme^ dbkl^ aie mys infleAed towanb tha 
knife in the arcs owo, nun, mtoi, Isl ; which infle^Uon is 
greater or lefs according to their diftance from die knife. Now 
fince this iniiei^tion of the rays is performed in the air without 
the knife, it follows that the rays which fall upon the knife 
are firft iofle^Ml in the air beforoithe^ tench the knife, , And 
the cafe k the iiime of the rajrk ialling upon glafe. The re* 
fiaciion, therefore, is made not in the point of incidence, but 
gradiifilly, by a continual inflection of the rays; which is 
done partly in the air before they touch tliegiais, partly (if I 
ni&ake not) widuo the giafs, after ihay have entered it; as u 
wft efen t ed (PI. Ha, Fjg* 7) in the rays dcBc^ Inyb, ahsta^ feE* 
ing npon r, q, p, and iafladad between k and i and y, h 
mid X. Thereibre becaufe of the analogy there is between 
the propae^ation of the rays of light and the iiiotion of bodies, 
I thought it not amifs to add the foilowing proportions for 
optical afet; ndtataii confideriag the nature of tbe rays oC 
l%hty (ir«aqniring 'whedser they are bodies or Mt ; bat.aaly 
detennining the trajedanes of ^bodies -whioh ace eatMOiely 
[ike the trajectories of tbe rays, 

PROPOSITION XCVTT. PROBLEM XLVII. 

Sufipo^g the fine of incidence upBH amf^ juperficiet to be in a 
given ratio to the fine 0/ -mirgetunt ; Mnd that ike u^e&im 
Ji/tke patki of tiiofk hMei Aaar ftto fuparfieiesis^piiftrmid 
in 9 9ery,^ort Jpace, mhiih an^ eonftda/ied iit H fomi ; 
it is required to determhit jack a Japejjicies as may caufe all 

: the corpuj'fks ifmngfromSHif owg^mpluQt to coaitfl^iO 
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" Let A (PL 25, Fig. 8) be the place from whence the cor- 
pofcles dtTerge ; B the place to which th^ ihoald god verge; 
'ODE the carve line which by its revolatioD round the axis AB 

dercnbes the iapcriicies lought ; D, £j any two points of that 
curve; and EF, EG, perpendiculars let Fall on the paths of 
the bodies AD^ DB. Let the point D approach to and co* 
alefce with the point E ; and the ultimate ratio of the line DF 
by which AD is increafed,. to the line DG by which DB is 
duninifhed, mli be the fame as that of the fine of incidence 
to the fine of emergence. Therefore the ratio of the incre- 
ment of the line AD to the decrement of the line DB is 
given ; and therefore il in the axis AB there be taken any 
where the point C through which the curve CDE muft pafs, 
and CM the increment of AC be taken in that given ratio to 
CN the decrement of BC, and from the centres A, B, with 
the intervals AM, BN, there be defcribed two circles cutting 
each other in B; that point D will touch the curve fought 
CDEj and, by touching it any where at pieafure, will deter- 
mine that curve. Q.E.L 

* Cos. 1* By caufing the point A or B to go off fometinies 
tn if^mtum, and fometimes to move towards other pa^ts of 

the point C, will be obtained all thole figures which Carteftus 
has exhibited in his Optics and Geometry rclatini:- to refrac- 
tions. The invention of which CarUjim having thought fit to 
tonceal^ is here laid open in this propofition. 

* Cob 2. If a body lighting -on any fuperftcies CD (PI. 25, 
Fig. 9) in the diredlion of a right line AD, drawn according 
to any law, (houJd emerge in the dir€<5lion of another rights 
line DK ; arid from the point C there be drawn curve lines 
CP, CQ, always perpendicular to AD, DK ; the increments 
of the lines PD, QD, and therefore the lines, thcmfeives PD, 
QD, generated by thofe increments, will be as the fines of in- 
cidencie and emergence to each other, and ^ contra. 

PROPOSITION XCVITL PROBLEM XLVHl. 

The fame things fuppofed ; if round the axis i\B (PI. 2^, Fig. 

10) any attra&ive fuptr/icics be defcribed as CD, regular 
or irregular, through which the bodies ijfuing from the given 
' piaee A muji pafi ; it i$ required to find a fccond attraSive 
Vol. I, . P 
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fuperficks EF^ which matf make thojt bodits ci^ni^ergc tp a 
given place B. 

Let a line joining AB cut the tiiii fuper^cies in .C and th^ 
fecond in ]B, the jK>int D being ta|cea any faonr fi^jptleafiune. 
And fuppofing the fine of incidence on the fii^ foftecficies tp 
the fine of emergence from the fame^ 'and^the fine of emer- 
gence iVom the fecond fuperficies to the fine of incidence on 
the fame^ to be as any given quantity M to another givei^ 
quantity N ; t^en produce AB to G, fo that BG may be to 
C£ a8 K ^ N to V; and AD to U, fo that AH may he 
equnl to AG; and DFto K, fo tbfit D^mi^betoDH as N 
to M. Join KB^ and about the centre D with the interval 
DH defcribe a circle meeting KB produced in L, and draw 
BF parallel to PL^ and thepo^nt F will touch the hne EFj 
^hich^ being turaed round the axis AB, will defcribe the fuper* 
fides fought. Q.E.F. 

For conceive the lines CP> CQ to be every where perpen* 
diculai to AD, DF, and the hnes ER, ES to FB, FD re- 
fpectively, and therefore QS to be always equal to CE ; and 
(by cor. 2, prop. 97 j PD will be to QD as M to N, and there- 
fore as DL to DK^ or FBto FK; and by divifion a^ DL— F4 
or PH PB — FB to FD or FQ ^QD; and by compo. 
fition as PH — FB to FQ, that b (becanfe PH and CG, 
QS and CE, are equal), as CE-f BG— FR to CE — FS. But 
(becaufe BG is to CE as M — N to N) it comes to pafs aUo 
^hat CE 4- BG is to CE as M to N ; and therefore, by divi* 
fionj FR istoFSasMtoNj and therefore (t^ cor. % pn>p« 
97) the fuperficies £F 00J9iipe|s a body, falling upon it in the 
dire6^ion I)F> to go on in the line FR to the place B. 

SCHOUUM. 

In the fame manner one may go on to three or more fiiper- 
. ficies, Bi| t of all figures the fphaerical is the moil proper for 
optical nfes. If the objedi glades of telefcopes were made of 

two glafles of a fphaerical figure, containing water between 
them, it is not uniik( ly that the errors of the refra6lions made 
in Uie extreme parts of the fuperticics of the glaifes may be 
accurately enough conedied by the r^fradions of the water* 
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Such objedl-glalTes are to be preferred before elliptic and hy- 
perbolic glares, not only becaofe they may be foraied with 
more eafe and accuracy^ but becaufe the pencils of rays fitnate 
without the axis of the glafs would be more accurately re- 

fradled by them. But the different refrangibility of diilbicnL 
rays is the real obftaclc that hinders optics from being made 
perfect by Iphaerical or any other figures. Unlefs the errors 
thence arising can be corre6^, all the labour fpent in cor- 
recting the others is quite thrown away. 
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• ERRATUM. 

At the rn.! of the Nntr in pape LH a id the following words:---" Printed in tke 
4th V«Juioe of the MaoL! heller Moinuirs." 
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